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OBITUARY NOTICE 


5. H. BURBURY. 


SAMUEL HAWKSLEY BURBURY was born at Kenilworth, in 1831, and was 
educated at Shrewsbury School, whence, like many Salopians of that and 
later times, he proceeded to St. John’s College, Cambridge. His univer- 
sity career was one of great distinction in classical literature ; he obtained 
the Porson Prize for Greek verse, and was Craven Scholar in 1853; and 
he gained the second place in the Classical Tripos in 1854 and the second 
Chancellor’s Medal. To this he added in the same year the position of 
fifteenth wrangler in the Mathematical Tripos, thus constituting one of 
the most brilliant double degrees on record. In due course he became a 
Fellow of St. John's College and was called to the Dar. After an interval 
of more than twenty years he revived his mathematical studies under the 
influence of his friend Dr. H. W. Watson, afterwards F.R.S., who had come 
under the spell of Clerk Maxwell, and, through his advice and direction, 
wrote in 1876 (second edition 1893) the earliest systematic dynamical treatise 
on the Theory of Gases, expounding, in thorough fashion, mainly the work 
of Maxwell himself and his successor Boltzmann. In the preface Watson 
mentions his diffieulties with Boltzmann's deduction of the second law 
of thermodynamies, and states his obligation to his friend Burbury for an 
argument which he considered to be unexceptionable and applicable to all 
cases. This led to further co-operation; and under their joint names there 
appeared in 1883-5 a Treatise on the Mathematical Theory of Electricity, 
in two volumes, again concerned mainly with the exposition of Maxwell's 
electrical ideas, then still on their trial, and not yet fully accepted on the 
Continent of Europe. This treatise, a very valuable and original one for 
the time, contained extensive exposition and development of the difficult 
parts of Maxwell's own classical treatise of 1872, and at the same time 
incorporated much new mathematical material that had accumulated 
‘in the intervening years, with original developments of their own. 
Mr. Burbury's main original work lay, however, in the Dynamieal 
Theory of Gases, in which at first he communicated memoirs to the 
Philosophical Transactions and the Philosophical Magazine, defending 
Maxwell's law of equable partition of energy among the degrees of free- 
dom of the molecules against the attacks then current, including 
those of Lord Kelvin, and elucidating it in various directions. In course 
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of time he became convinced that the simple Maxwellian law of distribu- 
tion eC, where Q = Zm(u*--v*--w?), did not adequately include the 
interactions of a crowded set of molecules, and that Q should be replaced 
by Q' = Emt tw) 3-ZZb(uu'--vv'4-ww'); and he worked out a 
new gas-theory on this basis in various memoirs which he condensed into 
A Treatise on the Kinetic Theory of Gases, published by the Cambridge 
University Press in 1899. He remarks that for gases ander ordinary 
conditions the effect of the coefficient b is probably very small. But in 
denser gases it leads to local streaming effects, of course on & molecular 
scale of magnitude, while the equable partition of energy ceases to hold: 
and he criticizes the more recent developments of Boltzmann’s work in 
that regard. The difficulty of the subject has hitherto prevented many 
physicists from following him in this very acute piece of work: but signs 
are nob wanting that in the future his train of ideas may be needed in 
connexion with the modern developments relating to Brownian movements 
and the physical theory of emulsions. Whether in his own constructive 
work, or in his trenchant criticism of the work of others, Mr. Burbury's 
literary gifts always: stood revealed in the conciseness and elegance of 
his modes of expression. For many years he was afflicted by deaf- 
ness, which limited considerably his sphere of activity ; but he retained 
his vigour, both mental and bodily, and was to the last a very regular 
attendant at the weekly meetings of the Royal Society, and was closely 
interested in all branches of physical science. He was elected Fellow of 
the Royal Society in 1890. He died at the ripe age of 79 years. 


J. L. 


NOTES AND CORRECTIONS. 


Mr. G. T. Beunett sends the following correction of his paper on 
“ Deformable Octahedra ”’ :— 


P. 342, last line but three, for 8,, read Bi. 


Dr. W. H. Young writes :— 


Vol. 9, p. 459. —The argument taken from p. 467 of the companion paper does not apply. 
When the intervals concerned are finite, but then only, the behaviour of a periodic function 
of bounded variation can be inferred from that of a monotone function. 


Miss H. P. Hudson sends the following corrections to her paper in 
Vol. 9 :— 


Page 21, last line, for UzW? read Uzu’. 
» 22, line 7 from bottom, for I1 read 17. 
» 33, I4 diagram, transpose 3, 4. 
,, 90, L'1 diagram, dele 3. 
„ 98, P3, last equation, for z(Fx+ My) read Z (Fx+ My); P4, diagram, the 
vertex 4 should lie on the lowest line. 
» 99, Q, diagram, insert 4 at lower left-hand corner. 
,, 41, T 4, left-hand diagram, transpose 1, 2; insert 4 at lower right hand corner. 
» 42, T7 right-hand diagram, transpose 1, 2; T9 diagram, transpose 1, 2, also 3, 4. 
», 49, U2, diagram, for 3 read 4; U 3, diagram, for 2, 3, 4, read 1, 4, 3. 
,, 44, U 44, right-hand side, for Q read Q,; Vj, left-hand diagram, for 3 read 4; right- 
hand diagram should have three adjacent lines I4. 
45, W ly, right-hand side, for V, read V. 
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PROCEEDINGS OF THE LONDON MATHEMATICAL SOCIETY 


ON THE FUNDAMENTAL THEOREM IN THE THEORY OF 
FUNCTIONS OF A COMPLEX VARIABLE 


By W. H. YovNa, Sc.D., F.R.S. 


[Received December 24th, 1910.—Rcad January 12th, 1911.) 


1. The fundamental theorem in the Theory of Functions of a Complex 
Variable states, as is well known, that, if dw/dz exists at all points in the 
interior of a circle of radius c, the function w of the complex variable z is 
analytic, so that, in particular, all the higher differential coefficients of 
w exist. There is no difficulty in translating this theorem into one which 
employs the language of the real variable, and the question has thus been 
raised as to whether it is not possible to prove the theorem without the 
use of the complex variable. I understand, indeed, that this very matter 
was the subject of conversation at a meeting of the Society held early in 
the present year. 

The progress of the Theory of Functions of a Real Variable has been 
recently very rapid ; but, regarded as a science, in the modern sense of 
the term, it is but a younger brother of the Theory of Functions of a 
Complex Variable. This has been largely owing to the great simplicity 
brought about in the latter theory by precisely the theorem of which 
it is the question. On the other hand, from the point of view of the 
Theory of Functions of a Real Variable, it is certainly unsatisfactory that 
a theorem so important, and in any but its most recent formulations long 
well known, should not yet have been proved except by the use of the 
complex variable. 
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I hope, therefore, that the present contribution, though not a complete 
solution of the problem in all its generality, will be regarded as of interest, 
more especially in view of the fact that the only restriction introduced is 
that of the boundedness of dw/dz. In point of generality, therefore, the 
result arrived at comes between those of Goursat’s former and latter 
papers on the subject. I may add that the nature of the reasoning em- 
ployed admits obviously of a slightly more general statement than that 
given, and it is not impossible that further knowledge of the properties 
of functions of a real variable may admit of the argument used below 
applying mutatis mutandis to the most general case. 

As to the importance of the method exposed, two further remarks may 
be made. The one is that the actual expression of the function is obtained, 
so that in point of length the present method compares favourably with 
the classical one, as completed by Goursat. Further, just as even mathe- 
maticians of the calibre of Kronecker endeavoured to minimise or even 
banish the employment of irrational numbers in mathematics, so there 
have always been, and it may be expected there always will be, mathe- 
maticians who regard a theorem as only then completely established when 
the mode of proof employed avoids the use of the complex variable. For 
such mathematicians the complex variable is only a powerful method of 
investigation. In the present case, the theorem with which we are con- 
cerned is that which is fundamental in the whole Theory of Functions of 
a Complex Variable; it consequently opens the door to the use of chains 
of reasoning by which the real results of that theory are established from 
first to last by the methods of the real function theory alone. 

It may be added that Goursat’s extremely elegant and skilful proof 
is one which, besides involving the complex variable, employs considera- 
tions which offer numerous difficulties to the reader. Only a select few 
can be expected to be able to judge, in the present state of mathematical 
teaching, of the validity of that proof. 


2. It is known that the necessary and sufficient conditions that 
w = w--iv should possess a differential coefficient dw/dz with respect to 
the complex variable z = z-Hiy are that w and v should possess first 
differentials and that d 
s A RL 
dx dy dy dz' 
Let, then, u(x, y) and v(z, y) be functions of (x,y) which have the 
following properties :— 
(i) Uz, ty, Vr, v, all exist, and u and v possess differentials at all points 
of & certain circle of radius c and centre the origin. 


—— m aM nA -—— — 
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(ii) Us = Vy and u, = — Vr (1) 


(iii) w,, Wy, Vz, and vy are bounded functions of (r, y) in the circle 
considered. 


Then, since u(x, y) possesses a differential, 


du _ „dz, dy du _ „dz, dy. 
T e E TU, and d 7 Me 19 +" 76 : 
therefore 
du — . 4 1 dv 
dy 7 Ux COS 0+-u, sin 0 = - 20 
1d d a 
u Í v 
and T dà ^ "sin 0-F-u, cos O = — T 


We may evidently suppose, without loss of generality, that u = 0 and 
v = 0 at the origin. It follows also, from (2), that w,, v, and we/r, vefr 
are all bounded functions of (r, 0). 

Hence, by the simplest case of Lebesgue's theorem,* 


0 
uw = ur, y) —u(r, 0) = | ug dO, 
0 


and we may integrate both sides of this equation with respect to r after 
dividing by r. 
Again, since 1/r.du/dO is a bounded function of (r, 0), 
r 8 1 8 r 1 
Í ar | — udh = | ao | - - ugdr, 
0 o r n i 


0) 
r 1 0 

whence | P (u—u) dr = -| v dé. (3) 
0 0 


Thus the left-hand side is an integral when regarded as a function of 6, 
so that we may expand it in a Fourier series. 


Similarly r1] 8 
| P (v—v dr = | udo, (4) 
0 0 


w 


We have then 
| i (u—ugdr = Aat z (An cos n0 4- D, sin 56). (5) 
0 „= 
Also, since we is bounded, u is an integral with respect to 0, so that 


u = > (a, cos n0-1- b, sin 76), 


* For a proof of this theorem without the use of Cantor's numbers, see W. H. Young and 
Grace Chisholm Young, “On the Existence of a Differential Coefticient,’’ Appendix II, 1910, 
Proc. London Math. Soc. (to appear). 

n 2 
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where the constant term has been omitted, since, by (4), the integral of u 
with respect to 0 is periodic. Here 


A= = | do (cos nO | (utu) ar), = = | u cos nÂ dO. 
T Js" 0 r T Jer 
Now for all modes of variation of (r, 6), as we approach the origin, it 
follows from the Theorem of the Mean for funetions of two variables,* 
bearing in mind that u is zero at the origin, that 


=Lqy+V w, 

r r r 

where (z', y') is a certain point between (0, 0) and (z, y), whence it follows 

that u/r is a bounded function of (r, 0) in the whole circle. The same is, 

of course, true of u,/7, since it is the result of putting 0 = 0 in ur. 
Hence in the expression for A, we may change the order of integration, 

which gives us at once 


EP — f MS dr. 
o 7 
Similarly B= | “2 dr. (6) 
0 


We remark also that a,/r, and similarly b,/r, since it is the result of 

a single integration with respect to @ of a bounded function of (7, 0), is 

certainly a bounded function of r up to and including the point r = 0. 
Now v is an integral with respect to 0. Hence we may write 


@ 
v= 2 (a, eos nO+ bi, sin n0), 
n= 


where, as before, the constant term has been omitted, since, by (8), the 
integral of v with respect to O is periodic. Hence, by the theory of 
Fourier series, we have 


0 oo 
| vd0 = 44, + > (a, sin n0— D; cos n0)[n, 
0 n= 


whence, by equations (3), (5), and (6), we see that 


* See, for instance, § 22 of my tract, On the Fundamental Theorems of the Differential 
Calculus, Cambridge University Press, 1910, where Case (i) of the Theorem of the Mean, § 15, 
is used. Using Case (ii), the result is in the form here required. 
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Similarly, using (4) instead of (8), we see that 


| 8 dr = — 2 and EZEL (8) 
o 7 n o r n 

From equations (7) and (8) we see that a,, bn, a;, and bn are all continuous 
funetions of r, and therefore, except possibly for the value zero of r, 
this remains the case when they are divided by r. Hence the integrands 
of the integrals in (7) and (8), except possibly for the value 7 = 0, are 
the differential coefficients with respect to 7 of their integrals. From 
(8) it therefore follows that 


an = — T 7 (s ) (9) 
1 i — e € d an, 
Similarly b,=—r i ( = ) (10) 
From (9) and (10) we have «wb, = r — r — bn, 
dr dr 


which has been proved to hold for all values of r except zero. Hence, 
writing = 
t = log r, 


we see that, for all values of ¢ corresponding to positive values of r < c, 
that is, for all finite values of ¢ less than log c, 


da 

an — 

n b, -— dà Dn, 
which gives b, = Kaer" H Lnr". 


Here we may at once put L, = 0, since b,/r is bounded up to and in- 
cluding r — 0. Thus b = Kr 


Hence, by (7), a, = — K,r^. 


In precisely the same way we see that b, and a, are equal with the same 
sign, and have a value of the same form as 5, and a;. 
We may, therefore, with a convenient change in the notation, write 


u = > r"(a, cos n0+-b, sin nO), 


(1) 


[e 2) 
v = z 1* (— b, cos n0-l- a, gin 26), 
r= 


these equations certainly holding for all points in the mterior of the circle 
of radius c, the origin being obviously included. 


6 THE THEORY OF FUNCTIONS OF A COMPLEX VARIABLE. 


Now, regarded as functions of r, u and v are here expressed as power 
series; hence all their differential coefficients with respect to r exist. 
Henee it also follows that all their differential coefficients with respect to 
O exist. 


To see this, let > r" (A, eos n0+- D, sin n0) 
E (II) 
and z r*(— B, eos 10 + A, sin nô) 


n= 


be the series got by performing the operation (rd/dr) term-by-term on 
the above series (I) representing u and v respectively. Then, since both 
these series converge for 0 = O, the series A„r” and B,7^" both converge, 
and therefore, by the theory of power series, the series | 4,|7" and | B, |" 
both converge, and therefore the series (| A„| + |B„|)r* also converges, 
for all positive values of 7 less than c. Hence, by Weierstrass’s test, it 
follows that the series (II) converge uniformly for all values of the 
ensemble (r, 0) inside any circle of radius less than c. 

But, apart from sign, these series (II) are the same as the series got 
by differentiating the series (I) p times with respect to 0. Hence, by the 
theory of term-by-term differentiation of series, these latter series, being 
uniformly convergent series of functions of 0, represent the p-th differen- 
tial coefficients of the two series (I). 

Thus all the differential coefficients of u and v with respect to r and 6, 
and therefore also with respect to z and y, exist. Moreover, we have 
obtained analytical expressions for u and v which can be differentiated 
term-by-term as often as we please, namely, the series (I). 

Finally, u+iv is, of course, a power series in z--?y. Hence, trans- 
lating into the language of the complex variable, we have the theorem 
stated in the first article, with the restriction there noted. 
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THE TRANSFORMATION OF A PARTICULAR TYPE OF ELECTRO- 
MAGNETIC FIELD 


By H. Bateman. 
(Received November 7th, 1910.—Read November 10th, 1910.] 


1. In a former paper* a short statement was made of some results 
connected with a transformation of the type 


f^ (dx? + dy? tde? — dt?) + (s, d.c + s, dy 4- s. dz — s dt? 
= dz"-Fdy"-rFdz?—dt^, (1) 
where Sz, Sy, Sz, 5 are functions of z, y, 2, t connected by the equationt 
ss si = s. (2) 


I have recently come across an interesting class of transformations of 
this type, and have thought it worth while to give some account of the 
analysis. The transformation was suggested to me by a remarkable solu- 
tion of the equation of wave motion which was discovered some years ago 
by Forsyth. This solution is obtained as follows. 

If a(u), (u), y(u), c(u) are four functions satisfying the equation 


a^(u) = alu) + B2(u) H- 3 (9), (3) 
and if u be defined in terms of z, y, z, t by means of the equation 
F(u) = za(u)+ yB8Q) +zy(u) — to (u), (4) 


then $(w) is a solution of the differential equations 
Ou\? , (cu\? , (eu\? _ (cu\? l 
(Ge) + (5) +E) = Gaz) 


Qu , Pu, Pu _ Ou 
an toy tas = od" 


* These Proceedings, Vol. 8 (1910), p. 469. 

t The units of length and time have been chosen so that the velocity of radiation is 
represented by unity. 

t Messenger of Mathematics, Vol. 27, p. 114 (1898) ; Phil. Trans., A (1898). 
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x (u) 
F" (u) — xa! (u) —yB' (u) — zy! (u) + to (u) 


is another solution of these equations. 


and the function 


2. The transformation is obtained by putting 
z = s+Xu), — y =ytYu | (5) 
z =z+Z(u), t —t--T(w) 
These equations give 
da"? + dy? +dz"—dt” 
= da? +dy?+d2—dt + 2du[X' (udr + Y'(u)dy+ Z' (u)dz— T' (u) dt] 
+ du? [X? (uà) + Y? lu) 4- Z? (u) — T? (u) ]. (6) 
Now, if the variable u is defined by means of the equation 
F(u) = za(u) +yB (u) +zy (u) — ta (u), 
a (u) a(u) 


we have Qu Z DZ (7) 
z — F'(u)—za' (u) — yB' (u) zy (ute) M’ 


and three similar equations. Accordingly, if we put 

Xw =a),  Y'()0-28(w,  Z'u) = yu), T(uzolu), 
we shall have 

X' (w da+Y' (wdyt+Z' (u) dz — T" (u) dt 


Ou eu 
= (ds r+ dy + 9t “de+ St dt) M = M du, 


and X" (w+ Y? (i) tZ’ (u) — T"? (u) = 0. (8) 
Equation (6) thus reduces to the form 
dz"? -- dy? +d?” — dt? = d? - dy? -- dz —dt'+2Mdu". (9) 
— ÓW — O 
Putting s, = V2M 52s sy = V2M "t 
Ow — Ou 


we see that the equation ss+sy+s; = s” 


is satisfied in virtue of the relation 


(32) + Gy) + Gz) = 


and so the transformation is of the type (I). 


Qo 
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8. The results stated on pp. 478 and 474 of my former paper indicate 


that if V is a solution of 


e? ri a Td AE oy 
ox? ' dy” ' Oz OF 
ou OV , dudV , Ou OV | Ou OV 
Ane por c yoy? 0-5 OF OF 
then V is also a solution of 
OV EV , eV ev 


ez" oy" oz’? 


Secondly, if U is a solution of 


(se) + (zy) + 


ot’? ' 


(2) = (a) 


us BETES 
then (5) +(5) + + (23) = (u 


Again, if the components (£,, E, Ej, (Ha H, H;) in an electro- 
magnetic field are connected with w by the relations 


St (Ez “H+ St H,) = 
at (ap P ge Het SEH.) = 
Ou TP H,+ mH J= 


Ou (cu Ou p 
Ox se (st E y Esty E. 
Ou Ce ou up 
Ou Ou p Qu Ou 
Jz ex EU UE" * 


and the quantities (E;, E, E.), (Hi, H}, H.) are defined by means of 


the equations 


rO(y', z^) 1 O(z', z) Ox, y!) 

Bara M; 0 (y, 2) tE, O(Y, 2) PR O(y, 2) 
_ pr c, t) ey’, O) pol, t) 
Hs o (y, 2) mn oly, 2) * Oy, 2) 

oly’, 2’) „O(z', x) » C(z', y) 

—H,= E, olz, t wa ” olx, t) TH O(a, t) 
KZ t^ — Ho" t) — ,O(2', t’) 

A "Ia, B ` olz, 0 ' 


, (12) 
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then (E, E, E), (Hi, H,, H!) are the components of the electric and 
magnetic forces of a corresponding electromagnetic field in the (w’, y', z', t") 
system of coordinates. 


To prove this we shall first show that the equations 


H, = H 9^ 2) 4 pp OL ©) y po y) 


* O(y, 2) ” Oly, 2) * Oly, 2) 
, Oz, t) ro (y', t) rlz’, t) 
+E; o (y, 2) TE, (y, z) TE; aly, 2) m 
— pr Oly’, 2') 10(2', x") | prol, y) 
E, H; o(z, t) +H, O(z, t) TH: € (x, t) 
' C (x^, t!) D oly’, t) relz, t’) 
THs Qr, t) +E, olz, t) TE: C(x, t) 
may be deduced from the equations given above. 
By differentiating (5), we get 
Oy’, 2!) __ Ou Ou O(z,z) | | Ou O(r',y) | | Ou 
o (y, 2) —ASER OG Yaa 0,2 oy’ ya Dz’ 
Q(z', t) __ o(y', t) — > Ou ON | » Ou 
oyd  ' OQ) oz’ oyd Oy 
Q(z', t) — Qu Ou ay’, t) | pou O (2, t) _ _ Ou 
Qr g be PES "m Lu. 0,0 lde’ 


, , 


oly’, 2') _ 0 O(z', x) . Cu Q(z', y) a. ese 
MD d: r 


00 ^" O@ ‘ot’ ^O, 
The equations (12) thus give 

SE” Qu Qu OU pr OU qu OU pyr OU pp 
E, = E (1485! +y5t)—a gy E ae Eio StH to st His 

=. aot ou Qu OU pyr, OU pp LLL OU pr QOU pu 
H, = Hi (1a post) +8 rt Hy se ity ap Ey Bar En 


and in the same way the equations (18) give 


"E Qu ^m QU m! OU Luo. ÓW py OU rp 
E, = E; (1+a% +o gp) +B gy Byty gp ZY gg Hi B ge Ha 


| ; Qu Ou Ow pp OU ip y _ÓW par _ ÓW py 
H, = H, (1+87, +y g) ast Hs a Hito je Ey—o 2 Es. 
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Now since a=M~, 8 — nu, ye 


dy Oz 


=-użt, (5) + (ży) + (G2) = Ge) 


it is easy to see that the two sets of equations are equivalent if 


Ów Qu m, Qu ÓW py MH 
20E; +2a a (= ELS Ey = E) = 2y tH —2857 
t.e., if 
Qu [ou Ou ÓW p M - rj OW pi, OU 
ot TEM a, Ht Oz Hy) =5 TES "ED E: | 
and two similar equations are satisfied identically. 
Now the first set of equations gives 
Ou Ou p AU ps + ÓW qar 
Ox E. S By + DE, S ELTE E,+ a Ho 
Cu Ou Ou ou ; i aso soy. 
Ot E,— oy A+ a Hy = a E gy PE BM H, , 
hence the equations which ought to be satisfied are 
Qu [Ou E eu eu H _ bu Ou gp Ou 


ale Sy oe PET Be Loe EG Byt 5, Bs} 


and these are satisfied in virtue of the conditions imposed upon the 
vectors E and H. 


4. The fact that (E;, E, E.), (Hi, Hy, H.) are the components of the 
electric and magnetic forces in an electromagnetic field may be deduced at 
once from the equation (12) and (18) for we have 


m oH 


- 9H, _¢ 


aly’, z', "mE" SB; GE,] , O(2', z', t') (eH, oH: d 


oly, z, 0 Loy’ Ot O(y, z, 0 Loz’ ox’ ot 
C (x, y, t) oH, OH, 2E: _ olz, y, 2') CE DE, oF; 
ely, z,t) Lez’ òy ol Td z, 0) Oz! 
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and similarly 


QE. OE, | 0H, 


Oy cz Gt 
C^, 2, t") QE; _ OE; (z,z', ()[OE;, OE: , 0H, 
oly, z, t) Loy’ oz ud RUE ty Loz — oe Ce 


PRU UCZE KKA OE; _ OF; , 0H: _ ol, y', 2’) oH, = 
ma. t) IE -a to] 0,2, 0. pO WE 


There are clearly four equations of each type. 


Hence the equations 


curl’ H’ = sc = +p’ curl’ E' = -H 
div’ E' =p, div H' — 0, 
are & consequence of 
_ CE _ oH 
curl H = "d + pi, eurl E — FE 
div E — p, div H — 0, 


if p’, w;, w,, w: are defined in terms of p, Wz Wy, w. by means of the 
equations 
= roe C y, Ze t’) ' , C(z', r', t’) 
pis = phum TPH OG, 2, 1) 


, oy’, t) O a, y, 2’) 
tp w: Oly, 2, t) =P O(z, y, 2) 


ay’, 2’, t) rot 9G ay t) 
dad O RONA "OG, y, 2) 


E ot e (zy, t) ng ZUCH y', z) 
* O(a, y, 2) Ole, y, 2) 


just as in my paper on * The Transformation of the Electrodynamical 
Equations.’’* 
It may now be shown by the methods used in this former paper that 


* These Proceedings, Ser. 2, Vol, 8, p. 223. 
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the integral forms 

H;,dydz-4- H,dzdz--Hi;drdy-- E.dxdt-- E,dydt-- E.d: dt, 

E,dydz +-E,dzdz+-E.dxdy —H,drdt— Hydydt — H. dz dt, 

pw, dy dz dt-- pw,dz dz dt -- pw.dz dy dt —pdz dy dz, 
dz dy dz dt, 
(EF Ei + E;— H;—H;— H?) dzdy d: (dt, 
(E,H,4-E,H,-4 E.H.)da dy dz dt, 
are invariants for the transformation. The invariant 
V(s,dx+s,dy+s,dz—sdbt), 

which is mentioned on p. 474 of my former paper, is in this case simply 


du or 9 ^ 5 5 
u u u ul 
a at oe og Arr dz + dł. 


[May 19th, 1911.—The following is an example of an electromagnetic 
field which is transformed into another electromagnetic field by the above 
transformation. Let 


_ a (u) _ B'(u) _y' lu) _ a'(u) 
foci pu Gy» Aare gg mage 


These potentials have the same values at two corresponding points 


(x, y, 2, t), (2', y' 2, t), provided the function F(u) a wi to 
F(u) is given by the equation 


Fu = Futa) XHB Y Q0 H-y (a) Z (u) —e (u) Tiu). 


The values of u and M are unaltered by the transformation. | 


5. It should be mentioned that the transformation which has been 
considered in this paper may be generalized. 


Let us put  z' =zf(u)+X(u), t = tft T (u). 
y'-— yfa)dt- Ye), z =zflu+Z(u), 
where f'(u)[a?++y?+2?—¢?]+2X' u) z 4-2Y'() y 
+2Z' (u)z — 9T" (u) t+2F(u) = 0. 
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Then it is easy to see that 


Ou _ _ 2[zf'(u) J- X' Q0] 
or (wt ty? +2272?) f" (uw) + 22X"(u) + 2y Y" (0) +222" (u) 
—2tT" (u) +2F"(u) 


or zf' (u)+ X (u) = M eu . 
OL 


Calculating dz'?+dy"*+dz"—dt", we find that 
dz"? -- dy"? -- d? — qt"? 
= f? (u) [dx*+ dy? + dz — d£] 
4-2Mdw? 4- [ X? (u) J- Y" (u) 4 Z7 (u) — T"? (u) | du”. 


The transformation is thus of the general form (8) considered on p. 474 
of my former paper. The transformation reduces to the type in which 


S++ = s! 
if X" (u) J- Y? (wu) + Z? (0) Tu) = 2F(w f'a, 
and in this case the equation for « is 
[zf' () 4- X' (Ww P -- [yf ' Q0) 9- Y' Q) P --[zf' Q2 +Z' lu)? = [tf' Q0 4- T" (wf. 


When w is kept constant this equation may be regarded as defining a 
system of spherical waves. 
The function u is again a solution of the equation 


Ge y= Gy 
Cr cy Cz ot 


and also satisfies the equation 


AN 4 2 (1, gu) 9 an 9) — 2/1 ua 
Cx AM? ox] Oy \M? cy] ` Oz (re oz) ot Gre ot 
The formule for the transformation of the electric and magnetic forces 


are the same as before, but now the invariant dzdydzdt must be replaced 
by an invariant of the form 


Adzdy dz dt, 


where A is some function of u. 
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ON THE 8-8 BIRATIONAL TRANSFORMATION IN THREE 
DIMENSIONS* 


(SEconD PAPER.+?) 


By Hitna P. HunsoN, M.A. 


(Received January 4th, 1911.—Read January 12th, 1911.) 


CONTENTS. 


General considerations on lines of contact. 
Investigation of the possible cases. 
Discussion of a nodal line. 


PMR 


Formule and diagrams of the transformations discovered. 


1. 


In continuation of the discussion of Cayley's bilinear space-transforma- 
tion, those cases are here considered in which the first fundamental sextic 
degenerates into six straight lines, some of which coincide. The geo- 
metrical language of actual and apparent double points ceases to have an 
obvious meaning, and more help is derived from the analytical discussion 
of the numbers of conditions and of independent surfaces, although it is 
possible to trace the geometrical meaning in some cases by reference to an 
adjacent position in which the lines do not coincide. If this adjacent 
non-coincident pair intersect, there is a distinction between lines in the 
plane of the pair, which meet both, and other limes which may meet one 
or neither ; so, for the coincident pair which is the limit of this, we expect 


* I am indebted to Professor C. A. Scott for kindly reading the manuscript of this paper 
and making some valuable suggestions. 
t The first paper appeared in these Proceedings, Vol. 9, p. 51. 
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to find & special plane tangent to all the surfaces at all points of the 
line, and any line in this plane meets the surfaces in two points on the 
line. If the adjacent non-coincident pair do not intersect, there is still 
the distinction between lines meeting both and lines meeting one; the 
former are the sets of generators of all the quadries containing the pair 
of lines. So in the limiting case we expect to find a special 
family of quadrics touching the surfaces all along the line. But the 
cubic surfaces can touch each other all along the line without so 
touching any quadric or plane; in this case the adjacent non-coincident 
pair, if it existed, would have to be treated as intersecting in —1 
points. 

The fact that certain cases cannot be derived from cases of non- 
coincident lines becomes apparent on comparing the diagrams of the 
second fundamental sextie, given at the end of this paper, with those in 
the former paper. Some of these involve non-degenerate quarties or 
pairs of conics, which cannot be derived from any of the former set, which 
all consisted partly of three straight lines. 

If the intersection of two surfaces consists partly of two 'or more 
coincident straight lines, the surfaces have contact of first or higher order 
at every point of that line; analytically, in the general equation of the 
family, the independent terms or groups of terms, ż.e., those by which 
any two members of the family can differ, are small of the second or 
higher order in the neighbourhood of the line. 

Let the equations of the straight line be 0 = z = w; the terms in- 
dependent of z, w are absent from the equation of the general cubic 
surface containing the line, and the remaining terms fall into three groups 
according to their degree in z, w, which is in general the same as their 
order of smallness; these are 


linear terms of first order z (Ex? 4- Fry 4- Gy?) 4-w (Ha? +Jxy+Ky”), 
quadratic terms of second order z*(Lz-4- My)d- zw (Nr - Py) J-w* (Qx 4- Ry), 
cubie terms of third order S23 + Tzw-- Uzw?+ Vi. 


T wo cases are excluded from present consideration, in which 


(i) the general surface degenerates; for then the transformation, if it 
exists, i8 of lower degree; 

(i) the linear group disappears entirely; then the line is a 
common nodal line on all the surfaces, and the transformation is of 
a different type. This is treated separately in § 3. 


If no special relations hold, then if two cubic surfaces touch all along 
the line, their linear terms must be the same; if they have contact of 
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second order, their linear and quadratic terms must be the same; and they 
cannot have higher contact without coinciding. Although in general the 
order of smallness of any group of terms is equal to the lowest degree in z, w 
of any one term of the group, yet the group of linear terms as a whole, 
though apparently of first order, is really of second order, for it can be 
equated to quadratic and cubic terms; and the group of linear and 
quadratic terms together, though apparently of first order, is really of third 
order. Any group containing either of these groups as a factor is also of 
higher order of smallness than appears from considering its separate 
terms ; but such a group is more than cubic in z, y, z, w, and cannot enter 
into the equation. But if the linear or linear + quadratic group falls into 
factors, one is necessarily finite (since, if both factors were small, there 
eould be no linear terms in the product), and the other contains terms 
linear in z, w, so that it is apparently of first order, but its order is really 
that of the group. If this special factor ¢ is quadratic in z, y, z, w, then 
the cubic functions z, yd are of the same order as 4, and zø, wọ are 
of higher order. If the special factor 6 is linear, the same holds of 
multiples of 0 and of 6. Again, if the linear+ quadratic group has a 
factor ¢ and also the linear group a factor 0, the product 0% must be con- 
sidered ; again, if Ó or 0? is also a factor of the cubic group (but not of the 
quadratic group, for if so the general surface degenerates), then the cubie 
group is of fourth or higher order, and ¢ is of the same order. 

In all these ways certain groups may occur, which are of higher order 
of smallness than appears from considering their separate terms, and so 
increase the number of groups that are independent for a given order of 
contact all along the line, ż.e., for a given number of lines of inter- 
section coinciding in 0 — z — w. Table I (p. 18) gives the terms which 
may occur in the various forms which the cubie equation ean assume from 
this point of view. In the first column are the functions 0, ¢, which in 
each type have orders of smallness higher than appears, reduced to their 
simplest forms by choice of a frame of reference. The order of smallness 
is found in the second column. The rest of the table gives the terms or 
groups that can then occur, arranged in ascending order of smallness. If 
one of these is not cubic, it will appear in the equation multiplied by an 
arbitrary function of z, y only, of proper degree. The frames of refer- 
ence are so chosen that w is always small of first order, © occurs in the 
form z, and ¢ in one of the forms gy, gy. 

To obtain the types of cubic families which have k straight lines 
of common intersection coinciding in 0 =z =w, and have therefore 
contact of order k—l all along this line, we must consider terms or 
groups of order of smallness k or higher to be independent ; such a family 


SER. 2. vor. 10. wo. 1099. Cc 
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TABLE I. 


| 3 4 


£,w s* zw, w? | 2^, zd, zwi, w” | 


zł zw, w?' e” Zw, zw , w” 


$1 i sev uem 
| a zhy, P w^ 
bii wọ 


Number of independent 
groups 


* Here the groups 29, wę are counted under their separate terms, and do not give addi- 
tional groups. 
Y Here zę is counted under its separate terms, but wę gives an additional group. 


‘ 
+ 1 . 
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will not arise in a type in which there are no terms of order as high as k, 
nor in a type in which there are no terms of order as low as k, for then 
there is necessarily contact of higher order. 

Table II (p. 18) gives the numbers of independent surfaces wbich have 
any given number of coincident lines in each type. 

. Since the surfaces touch all along the line, the tangent plane is 
assigned at each of its points. Now the equation of the tangent plane is 
given by the linear group, (z,y,0,0) being the point of contact ; and to assign 
this plane for all values of z: y is, in general, to assign all the coefficients 
of the group (type i. But if the group has a factor V involving z, y 
only, this does not affect the position of the plane, and the coefficients 
contained in the factor remain independent. If V. is linear (type ii), the 
surfaces all touch the quadric ¢, = 0, or any one of the family of quadrics 
$1 - az? - Bzw 4- yw? = O, all along the line; in type iii the surfaces all 
oseulate the special quadric ¢, = O of this family. If y is quadratic, the 
surfaces touch the plane 0 = 0 all along the line (type iv); in type v they 
osculate the plane 0 — 0; in type vi they osculate any one of the family of 
cones $,+6(az+8w) = 0; in type vii they have contact of third order 
with the more restricted family of cones $44-a0? = 0; in types viii and ix 
there is contact of fourth and fifth orders with the special cone ¢, = 0. 

- Using the notation of the former paper, a line b meeting the coin- 
cident pair a will not in general lie in the given tangent plane at the 
point ab. If it does not, a surface which also contains b must have 
w conical point; therefore, in calculating the reduction in the num- 
ber of conditions imposed by b, due to its intersection with a, we 
must consider separately those lines which do or do not lie in the given 
tangent planes at their points of intersection with a. In type iii a further 
particularity attaches to generators of the special quadrie ; in types vi and 
vii, to lines through the vertex of the family of cones; and in types viii 
and ix, to generators of the special cone. 

The same idea appears in analytical form as follows. In any one type 
a certain number of the coefficients, though arbitrary, are not independent, 
t.e., they are the same for all the members of the family; these are the 
coefficients that occur in the group of all terms that are not independent 
im the case considered, and also those contained in the special functions 
0, b; such coefficients will be distinguished by circumflexes. Now, if a 
Inte b imposes a condition involving these alone, this condition is not to 
be counted for the purpose of this investigation; for it does not reduce 
the number of independent surfaces, but merely restricts the generality 
of the assigned set of tangent planes, causing it to have some particular 
relation to b. | : oO 

c 2 
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The 127 transformations investigated are classified as follows, where, 
e.g., the symbol 1*.2 denotes four distinct lines and one coincident pair. 
The first set are those given in the former paper. 
| 
| 


Reference... | AtoH| ItoM | NtoQ|RtoS| T U V W X Y Z 
| 


a =s mj nm | zm | ry 


Symbol ...| 1% 14.2 | 12,22 2 1.8 1.2.3 3? 1°.4|2.4 | 1.5 6 
| | 

Number 7 28 26 | 19 | 9 14 14 8 

| 


| 
! 
steli 


! | 


We have seen that the nature of the sextie curve is not enough to 
determine the transformation. The fact that a certain number of the six 
straight lines coincide is capable of interpretation in several ways; we 
need to know something of the set of tangent planes, osculating quadrics, 
&c., given all along the coincident lines. In the set of formule and 
diagrams in § 4. the classification according to the form of the sextic has 
been retained; but in the investigation of $ 2 it has been found more 
convenient to arrange the transformations, to a certain extent, under the 
different types to which they belong. 

In this second paper the interest lies in coincidence of lines and its 
interpretation, rather than in coincidence of intersections. No separate 
investigation is given of the cases in which coincident intersections can 
be deduced from distinct intersections by obvious changes. The references 
to the deduced transformations are given, and their equations and dia- 
grams will be found in their places in $ 4. In the latter part of § 2 
certain cases of coincidence of lines are dismissed in the same way. 
When three or more lines coincide (T to Z), coincident intersections lose their 
interest still further, since one arm of the triple point must be of higher 
multiplicity than any of the others ; these varieties do not receive separate 
letters of reference. When distinct transformations arise from the same 
form of sextic, they are grouped under the same letter and number. 

The method of enumerating the possible transformations is as follows. 
Considering in turn the cases in which 2, 8, 4, 5, or 6 straight lines 
coincide, the general cubic equation is written down for each of the 
possible types ; the rest of the six lines have then to be arranged so as to 
reduce the number of independent cubics to four. Every such arrange- 
ment gives rise to a transformation. | 

It is clearly useless to consider a case in which there are fewer than 
four independent cubics; it is also useless to consider a case in which 
there are more than four. In Cayley's language, the condition of 


1911.] THE 9-8 BIRATIONAL TRANSFORMATION IN THREE DIMENSIONS. 21 


equivalence implies the condition of postulation. For, in general, let 
F, Fo, F3, F, F, be five members of a linear family satisfying the con- 
dition of equivalence, ż.e., such that any three independent surfaces of the 


form 5 
2 (A,F,) = 0 
1 


meet in one and only one point not common to all the surfaces of the 
family. Take the general points P’, P", and let F" be the value of F at 
P', &e. Then the three equations contained in 

if: Fy Fs Fy F; |=° 
iF, Fi Fy Fy F; | 


i 
FU FY Fy Fi FY) 


represent surfaces which intersect in the two points P", P” not common to 
the family. They are therefore not independent, but connected by a 
linear relation, which is a linear relation connecting PF, Fy, F4, Fi, Fs; 
therefore the family does not contain more than four linearly independent 
members. 

With regard to the connection between the first and second funda- 
mental sextics of any of these transformations, it may be remarked that if 
one has an ordinary triple point, the other contains a real or degenerate 
plane cubic, and vice versa. | 

It may also be remarked that the transformations B4 and B5, and 
those deducible from them, may be obtained as squares of the quadri-quadric 
transformation; A8 and W as squares of the quadri-cubic transformation ; 
and D as the product of a quadri-quadric and a quadri-cubic trans- 
formation. 


2. 
Ito M. Two coincident and four distinct straight lines. 


A reference to the second table shows that types i, ii, and iv are the 
only ones to be considered, and that the four distinct lines must give 
exactly 7, 8, and 9 conditions in the respective types. 

Type i. | 

^ ^ ^ ^ ^ ^ 
z (Er? + Fry+ Gy?) +w (Hz? -J zy 4- Ky’) 
+2 (Lz+ My)Hr zw(Nz4- Py) +w'(Qz+ Ry) 
+ SZ 4- T24w0 + UzW?+ Vac? =.0. 
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À line b meeting a gives two conditions. (Here, as in all that follows, 
« condition " is used in the sense of “condition which reduces the number 
of independent surfaces.” Of the four conditions imposed by J, one js 
satisfied identically, one causes the given tangent plane at the point ab to 
contain b, and two are effective for our purpose.) 

If bcde all meet a, then two of them meet, say, bc; this may be 
specialized by allowing intersections to coincide [I1; J1; J'1; Kl; 
L1; L'1; M. Since zì is absent, and the terms in z? are not independent, each 
line through the vertex (1, 0, 0, 0) gives only two conditions, and a quadruple point does 
not offer the peculiarity noticed in the former paper (F). An ordinary triple point acd gives a 
degenerate system unless another arm passes through the point. | 

If only bcd meet a, then 

either e meets bed [[2; J2; J8; K2]; 
or e meets bc, and d meets b [I8; J4; J5; J'2; L'2]. 


If only bc meet a, the system imposes too many conditions. 
Type ii. | x 
(zz+wy)(Ez+ Fy) +2(La+My)+20(Ne+Py)+w(Qe+Ry) > 
+ S2-F Tzw + Uzw?+ Vw? — 0. 


A line b meeting a and lying in the given tangent plane at the point ab 
gives two conditions. A line meeting a and not lying in the given 
tangent plane gives a relation between E, F and reduces this to a par- 
ticular case of type i; therefore we need not consider a triangle nor an 
ordinary triple point on a, for in these cases one line could not lie in its 
tangent plane. A pair of lines meeting on a and both lying in the same 
tangent plane also gives a relation between E, F; therefore we need nos 
consider a special triple point on a. 

Then bcde may all meet a [I4]. 

If only bcd meet a, then e meets two of them [I5]. 

If only bc meet a, then d meets both, and 

either e meets bc [I6 ; J6]; 
or e meets bd [I1; J'8]. 


- If only b meets a, there are too many conditions. 
Type iv. T 
z (Ez? - Fry Gy) 3-z (ox 4- My) 3- zw (Net Py) d- we? (Qa -- Ry) 
+ 82+ Tzw + Uzw?+ Vw? = 0. 


A line lying in the tangent plane z = 0 gives two conditions. A line 
meeting a and not lying in the tangent plane gives three conditions. 


eS ZZA w M a 
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There are too many conditions unless there is a line b in the tangent 
plane ; there cannot be more than one. 

If only b meets a, there are too many conditions. 

If only bc meet a, there must be four more intersections; the con- 
figurations are the same as in the corresponding cases of type ii. Taking 
c to be 0 = w = z, then G = 0, and these are particular cases of those of 
type ii, obtained by omitting the term wy from the quadratic factor. 

If only bcd meet a, we have in the same way particular cases of type i 
with two relations between E, F, G; except in the case there excluded, in 
which acd form an ordinary triple point ; then 

either e meets bc [J7; L2, ; bce cannot concur, for if so, c lies in the taw- 
gent plane | ; 

or e meets cd; then b must meet one side of the triangle cde, and 
therefore passes through the vertex acd [L2,]. 

If bcde all meet a, there must be two more intersections, and b can 
meet no other line; the system degenerates unless there is a triple point, 
and gives a particular case of type i unless there is a quadruple point 
acde [L3]. A quintuple point at (1, 0, 0, 0) causes z to disappear entirely, 


N to S. Two coincident pairs and two distinct straight lines. 
First let the coincident pairs not intersect. Then let them be 
(a) O=z= 2, (b) =g = y. 
The cubic containing these can be rearranged in the form 
z (Ex? + Fry + Gy?) d-w (Hz) + Jzy+ Ky’) 

+ r (L2+Nzw+ Qw”) 
+y (M ZH + Pzw+ Rw”) = 0. 

Each of a, b may belong to any one of the types i, ii, or iv. 


Type ai, bi gives only two independent surfaces. 
Type a ii, bi gives only three. 


Type a iv, bi gives four, all containing the line (c) 0 =z = Oct Ky, 
but no other line. 


Type a ii, bii gives four, the general form being 


(2n-+wy)(Ba+Fy) +e N+ Pu) +y Q+ Ro] (Lz-+Mw) = 0, 


all containing c, d the two remaining lines of intersection of the two 
quadries ; cd both meet ab[N1]. 
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Then cd may coincide, type ii [R]. 


Type a iv, bii gives five independent surfaces, the general form being 
z(Ez-E- Fry + Gy”) + (2z d wy) (Lz4- Mw) = 0, 


all containing (c) 0 = y = z, which meets ab. Now d must give only one 
condition ; but it cannot meet abc, for if so abcd would be in a plane; it 
cannot lie in the tangent plane along a, for if so the system would 
degenerate; therefore d meets b and lies in the given tangent -plane at 
the point bd and also meets another line, which cannot be c, but must be a, 
giving a particular case of N1, in which the first quadric degenerates. 


Type a iv, biv gives six independent surfaces, the general form being 
z(Ex*+ Fzyd- Gy?) --z (L2-- Nzw--Qw?) = 0, 


all containing (c) 0 — z — z, which is the line of intersection of the tangent 
planes. Then d must give two conditions; but it cannot lie in either 
tangent plane, and therefore cannot meet ac; therefore d meets ab, 
giving again a particular case of N1. 


[The transformation R is the only one with three pairs of coincident lines which do not 
concur ; this arrangement need not be sought again.] 


Next let the coincident pairs intersect. Then let them be 
(a) -—£-Ww, (b) O=y=vw. 
Type a 1, 61. 
^ ^ ^ ^ ^ ^ ^ ^ 
zy(Fz+Gy+ Mz) J-w (Hz? -Jzy 4- K y?) + wz(Nz+- Tz) 
T Pzwy+w?(Qz+ Ry 4- Uz+ Vw) = 0, 
giving six independent surfaces, unless P= = 0, in which case there 


are seven, for then the terms linear in y, w are independent of those 
linear in z, w. 


^ ^ 
If this is not so, the surfaces all contain (c) 0 = w = Fz--Gy4- M Z. 
Then d must give two conditions and therefore meet a only [N2 ; P1; 
P2; P'1 ; Q'1. If cd coincide, there are too few conditions. | 


^ ^ 
But if F = H = 0, we must have three conditions. A line in the 
plane ab reduces this to the last case. 
If cd meet a, they meet each other; then if the plane of the triangle 
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is z = 0, one side is 0 = z= Jy-- Qu forming a triple point with ab 
[P8, $ Q'2 : 8i (cd. coincide, type iv, the tangent plane containing a) . 

If only c meets a, then d meets bc; the case immediately following 
includes this [N3]. 


Type a ii, b i. 
(zy J- wa) (Ez - Fy) J- My +w Net T) 
+Pzwy +w7(Qz+Ry+ Uz+Vw) = 0. 


We have seen that any line meeting a lies in its given tangent plane, 
and that there are no triangles nor triple points on a. A line meeting 
either a or b gives two conditions. | | 

If cd both meet a, they cannot meet each other, and there are too many 
conditions. 

If only c meets a, then d meets bc [N8]. 

If no line meets a, then bcd form a triangle [N4; P’2]. 


Type a iv, bi.—First let (b) 0 = y = w not lie in z = 0, the tangent 
plane along a 


zy (Ez --Gy - M2)+wz Wait Ta) J- Pwzy u? (Qz 4- Ry + Uz+ Vw) = 0. 


If G is not independent, a is type i; therefore any line meeting a 
either lies in the plane z = O (but there can only be one such), or forms a 
triple point with a5, giving in either case two conditions ; therefore 

either c meets a, then d meets bc (a particular case of N83); 
or bcd form a triangle; then if its plane is y = 0, one aide is 
^ 
0 = y = Nz-FQw, forming a triple point with ab [P8,]; 
or there is an ordinary quadruple point [Q; ; Są (cd coincide, type iv). 
Next let b lie in the tangent plane w — O along a. 


^ ^ ^ ^ 
w (Hzi-FNzz-- Te?) + Myz 
+wy(Jz + Ky+Pz) +w* (Qx+ Ry+ Uz+ Vw) = 0. 
No other line can lie in w = 0. A line meeting a gives three condi- 


tions and a line meeting b gives two. Therefore 


either c meets a, and d meets bc (a particular case of N8); 
‘or cd both meet b [N5,; ifbcd concur, the system degenerates; P4, ; Q3; 


if ca coincide, we have S, with a, c interchanged |. 
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Type a ii, b ii. | 
(zywa) (Ez + Fy + Mz) - Pzwy 4-w? (Qr+ Ry 4- Uz4- Vw) = 0. | 


There are no triangles nor triple points. Any line meeting a or b gives 
two conditions. "Therefore RE 


either cd both meet a [N5;]; 
or c meets a, and d meets b [N6]. 


Type a iv, bii cannot occur, since it requires more terms linear in y, w 
than are present in either form of type aiv, bi. 


Type aiv, biv. First let (b) 0 = y = w not lie in z = 0, the tangent 
plane along a, nor a in y = 0, the tangent plane along b. 


zy (Fr++Gy+ Mz - Pw) J-w*(Qz + Ry 4- Uz+ Vw) = 0. 


A line in the plane z = 0 gives two conditions, but two such lines would 
make the system degenerate. A line c meeting a, but not lying in the 
tangent plane, gives a relation between F, G and reduces a to type i, 
except in the case in which abc form a triple point; then c gives two 
conditions, but two such lines would cause z to disappear entirely. 

Therefore abc form a triple point, and d lies in one of the tangent 
planes [P4,]. 


Next let b lie in w =0, the tangent plane along a. Then in the © 


second form of type a iv, bi, 
either the tangent plane along b is y = O not containing a; then 
^ ^ ^ 
H=N=T=0, and b is type i; 
or the tangent plane along b is w =O containing a; then 


A 
M =0, and the system degenerates. 


T to V. Three coincident and three distinct straight lines. 


Type i gives five independent cubies, and the three distinct lines give 
too many conditions. | 


Type ii. 
(zz J-wy (Ez 4- Py - Lz4- Rw) - Mel +w (Nz-- Py)+ Quz 
+ S22-- Tzw + Uzw?+- Vw? = 0. 


A line (b) 0 = y = w, not lying in the tangent plane at the point ab, 
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^ 
gives two conditions .& = L = S = 0, and then all the surfaces contain 


(o) 0 = w= Pr Mz, lying in the tangent plane at the point ac, which 
is the plane ab. A line b in its tangent plane gives one condition. Therefore 


either bed all meet a, each in its tangent plane [T1,; T7; U2, 
(bc coincide, type ii) ; U2, (bc coincide, type iv) ; Vi (bcd coincide, type iii); 
V, (bed coincide, type iv) | ; 

or bc meet a, each in its tangent plane and d meets ab [T2; T4,; 
U1, and U5, (bc coincide, type i) |. 


Type iii. 
(zz d- wy) zz 4 - Fy+ Lz 4- Rw) + S2”+- Tz*w + Uzw?+ Vu? = 0. 


The surfaces osculate the quadrie zx+wy = 0 ; therefore if they con- 
tain any other point on the quadrie, the generator through that point 
which meets a meets the surfaces in four points, and therefore lies on 
them all. 

Therefore a line 6 not meeting a fixes two generators cd and imposes 
four conditions [T8, ; U8, (cd coincide, typeii)]. 

A line b meeting a, not a generator, fixes one generator, but reduces @ 
to type ii. | 

Three generators bcd give too few conditions unless bc coincide, type i, 
[U2,], or bcd all coincide, type ii [see above ; if bed coincide, type iv, a becomes 
type ii ]. 


Type iv. 


^ ^ 
z(Bat+ Fry + Gy) +? (Qz+ Ry) +2(Le-+ My) +20 (Nz 4- Py) 
FS2-4- Tzw--Uzw?-rF Vw? = 0. 

A line in the tangent plane gives one condition ; there can only be one 
such line. A line meeting a and not lying in the tangent plane gives two 
-conditions. | 

It b lies in the tangent plane, 

either cd meet a [Df T5, (acd concur) ; T5, (abc concur); T8; U2, 
and U4, (bc coincide, type i) ; U2, and U4, (cd coincide, type iv); if bcd 


all coincide, a is type iii ] ; 
or c meets a, and d meets bc [T8, ; T6, ; U8, (bc coincide, type i) ]. 


If no line lies in the tangent plane, bcd all meet a, and c meets d; buf 
this causes the linear terms to vanish entirely unless there is a triple 
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point abc [T4,; T9; Ul, and U5, (bc coincide, type i); if cd coincide, type i, we 
have a particular case of U4, ; Vs (bcd coincide, type y). 
Type v. 
z (Ez* 4- Fry 4- Gy?) +e (Lz+ My) 3-zw (N x -- Py) 
+ 82+ Tz*w + Uzw?+ Vw? = O. 
The plane z = 0 meets the surfaces in a thrice, and therefore every 
other line meets a and does not lie in z = 0, giving three conditions. 


There would have to be two intersections between bcd, but then abcd 
would all lie in a plane. 


Type vi. 
(zz + ww?) (Ex+ Fy) 3-2 (5x 4- My) + wz(Nz+-Py) 
+ S2+ Tzw + Uzw?+ Vw? = O. 


If E, F are related, this becomes type iv; therefore the only lines 
to be considered are those which do not meet a, giving four conditions, 
and those through the vertex of the special cone and not lying in the 
tangent plane, giving two conditions. 

If bcd all pass through this point, y disappears entirely unless bc 
coincide, type i, but then a is type iii unless further bcd coincide, type iv 
(see above). 

If only bc pass through the vertex, the triple point cannot be special 
and d meets bc [ T6, ; U4; (bc coincide, type i) |. 


W, X. Four coincident and (wo distinct straight lines. 
Type iv.— 
^ ^ ^ ^ ^ ^ ^ ^ 
z(Ez?-- Fzy-- Gy?) J-zw(Nz 4- Py) 3-w?* (Qz 4- Ry 4- Vw) 
+27(L2+My)+824+T2w+ Uzw? = 0, 
all containing (b) 0 = z = Qz+Ry+ Vw. 


Then c must give two conditions, and therefore meet a [W1,; W8,; 
if bc coincide, there are too few conditions ]. 


Type v. 


2(Eix?-+ Pry + Gy) + Po 2 (Luz 4- My) - zw (N  - Py) 
+ S24 Tz*w+ Uzw? = 0. 


No other line can lie in the tangent plane: bc must both meet a 
[W1;; ; if abc concur, we have a particular case of type vi |. 


If bc coincide, let them be 0— y = w ; therefore Ê = L=S=0, 
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and the terms linear in y, w are yz(Fz TMz-J-wz(Nz--Tz). Then 


either Ê= 0, so that this group is independent of the terms linear 
in z, w, and b is type i[X,]; 
or F 3-0; then b must be type iv, the tangent plane along b 
containing a, giving & particular case of type vi. 
Type vi. 
^ ^ ^ ^ ^ 
(zz 4-0?) (Ex+Fy+ Fw) J-wz(N z - Py)+ Vw? 
+2 (Lz+My)+S2*+ 720+ Uzu? = 0. 
A line in the tangent plane would make R not independent and reduce 
a to type iv. A line meeting a and not lying in the tangent plane gives 
two conditions; but two such lines cause the linear terms to disappear 


entirely, unless one passes through the vertex of the cone; a second line 
through the vertex gives only one condition ; therefore 


either abc form a triangle with one side through the vertex [W2 ; 
W4; X4; X, (bc coincide, type iv, the tangent plane containing a) |, 


or abc form an ordinary triple point at the vertex of the cone 
[W 3,]. 
Type vii. 
(zz +w’ (Er+ Fy + Rw) 3-2 (Lz + My) + 824+ T£w + Uzw? = 0. 


If E, F are not independent, this reduces to type vi; therefore bc 
coincide, type i, and pass through the vertex of the cone, but do not lie 
in the tangent plane [X,]. 


Y. Five coincident straight lines and one distinct. 
Type v. 
^ ^ ^ ^ ^ ^ 
2 (Ez! 4- Fryt Gy?) +zw(Nz4-Py)+ Vu? 
+2 (Lz+ My) + S27+ TZw-- Uzw? = 0. 


No other line can lie in the tangent plane; b must meet a, giving the 
two conditions required [Y, ]. 


Type vi. 


^ ^ ^ ^ ^ ^ ^ ^ 
(zz 4-w?) (Ez - Fy +Q) g- z (Lx +My) t+ zw (N z 4- Py) - Uwt Vo? 
4S2 -4- Tzw = 0, 


30 Miss HrLDA P. Hupson mE [Jan.'19, 


^ ^ 
all containing (b) 0 = z = Ex+Fy+ Pw, and giving four independent 
surfaces [Y>]. 


Type vii. 
A A A A 
(exw? (Ex+ Fy +Qz+ Ru) +2 (Let My)+ Uzw? + S2-- Tzw = 0. 

If b lies in the tangent plane, R is not independent, giving type vi. 
There are too many conditions unless b passes through the vertex of the 
special cone [Y]. 

Type viii. 

(zz +w’ (Hx+Fy+ Qz+ Rw)+S24+T2w = 0. 

A line in the tangent plane reduces this to type vi. A generator of the 
special cone gives too few conditions; an arbitrary line through the vertex 
causes y to disappear entirely. Any other line gives too many conditions. 


Z. Six coincident straight lines. 
Type viii is the only one giving exactly four independent surfaces [Z]. 


8. 

_ It remains to consider the case of a common nodal line, reserved (p. 16) 
for separate treatment. Cayley’s investigation excludes this, but the ex- 
tended formule, given without proof at the end of his paper,* show that, 
besides one nodal and two distinct straight lines, the fundamental system 
must contain two additional points. The birational transformation which 
results is not in general bilinear. It will be shown that if it is so, the 
fundamental points must both lie on the nodal line, 2.e., at each of two 
fixed points of this line one set of sheets of the cubic surfaces touch a 
fixed plane. 

Only a particular case of Cayley’s formula is required, the proof of 
which may be outlined as follows :— 


Lemma.—The two distinct lines bc of the sextic must meet the nodal line a, and cannot 
meet each other unless abc form a triple point. 

For the terms linear in z, w are absent, and if b does not meet a, we may take it to be 
0 = x = y, and the terms cubic in z, w vanish. Then XYZW are all formed from terms 
quadratic in z, w and linear in z, y, and their ratios are functions of the two quantities z : w 
and z : y only; therefore b and c must meet a. Now any plane through a meets the surface 
in only one other line, therefore bc cannot lie in a plane through a and so cannot meet each 
other except on a. 


We may therefore assume (b) 0 = y = w, ()0— x =z. Then XYZW 
are formed from the terms z*%y, w*z, zwz, zwy, zw, zw”, and may be 
chosen so that the first two of these terms do not enter into Z, W, which 
are therefore ziwp,, zwps, where py, p, are linear in z, Y, 2, W. E 


* Cayley, Proc. London Math. Soc., Vol. 111, p. 179. 
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. Now three of the cubie surfaces can meet in only one point not 
belonging to the fundamental system; but Z=0, W =0 meet the 
general surface in three points lying on the straight line 0 = p; = Pe; 
therefore two of these points are fundamental, and either are isolated 
fundamental points or lie on the fundamental lines. In the former case 
we can proceed to construct the transformation; the latter case can be 
obtained from the former by letting the straight line 0 = p; = p, move 
from its general position to intersect two or coincide with one of the funda- 
mental lines. The surfaces wil then be found to have contact at the 
limiting positions of the isolated fundamental points which have come to 
lie on the fundamental lines. | 

If the isolated fundamental points are (aByó) and (£5£0), the equations 
of transformation are | 


X:Y:Z: W=  w'ry((0( —y0)-- zw [z08(ać — yć ) — w (aóq? — y?*£0)] 
: zysh (6(— 0) +zw [z (By — ni — y £(80 — à5) ] 

zw [z (66 — y0) 3-2 (40 —6£) — w(a$ ys], 

zw [y(66—y0) +z (80 — 65) — w (86 — y»), | 


which will be found to be birational and symmetrical, but not in general 
bilinear. 


Now, if three bilinear relations exist, and the matrix of coefficients of 


XYZW is 
Pı an n “je 


Pa d2 n2 $8 
Ps Qs "s $3 
the surfaces X = 0, Y =O meet in the fundamental sextic and a cubic 


curve given b . 
y Ty Tą n| = O. 


If P(1, O, O, 0) is a fundamental point, it lies on all these cubic curves, and 
its coordinates annihilate all the determinants of order two contained in the 
first matrix. This implies that the terms in z in any column are propor- 
tional to those in any other column, so that the terms in z?, z? vanish 
in all the four determinants X, Y, Z, W. 

Therefore P is a conical point on all the surfaces, and lies on the 
common nodal line; for if not the surfaces degenerate, containing the 
plane a P. 

Therefore both the fundamental points lie on the nodal line. 
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This gives the transformation W1. Then bc may meet on a [W3], 
or coincide, typei[X]. Or b may coincide with a; then one sheet of 
every surface touches a fixed plane all along the line [Y]. Or, finally, 
bc may both coincide with a; then either both sheets of every surface 
touch fixed planes all along the line [Zi], or one sheet osculates a fixed 
plane [Za]. 


4. 


This section contains the actual bilinear equations of all the transfor- 
mations discovered in the preceding investigation. In each case the frame 
of reference has been chosen so as to give these equations in their most 
simple and symmetrical form. All superfluous constants have been 
absorbed ; of those which remain, Greek letters denote constants depend- 
ing on the position of the straight lines, and Roman letters those depending 
on the position of the given tangent planes. Coincident lines are repre- 
sented by parallel lines drawn close together and the conventions explained 
in the former paper are observed. 


Xz = Zr 
Y(w+z)=Z(z+y) 
Ww = (X— Y)(az + By) + y Xy 


(X * Y)w 2 (W—X)z 
Zz = X(H(z*y)— Fy]* Y(J(z *9) * Fx] 


Zw = W (Hz + Jy) -X(H (z * y) — Fy] L^ 


Xy = Yar 
Xw = Zz 
Ww = Y(z+y+2)+Z(Hx+Jy) 
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a(Xw — Wz) = 8(Ys—Z (y *2)] 


= y (Xe— Wy) I4 
= 8 (Zx— Yw) 
Xy = Yx 
X(ze+w)=2(Z+W)-Ww 15 


Y (2+ w) = y (Z + W) + Zz 


Zw = Wz 
aXy —BYz = Zy + We I6 
= Yz + Xw 


De Paolis, Rendic. R. Acc. Linc. (4), 1, p. 740, 2°; p =n =n=l. 


2 1 
Zw = Wz 
Xz = Y (y+z+w) 
Yw = Zy+Wr 
17 


i Xz = Ze 2 
Y(z-w)-2Z(rx*y) 
Ww = X (x + Hy)— Yr 
J1 ! 
Xy = Yr 5 
Xw = Wz D 
Zw = Y(x+y)+ W (Hx + Jy) 


SER. 2. VOL. 10. No, 1100. 
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Zw = Wz 
Yz = Z (Fr + Gy) + (J— F) Xy 
Yw = W (Jz + Gy)—(J— F) Xy 


Xy = Yr 
Yw = Zz 
Ww = Y(z+2)+Z (Jz + Ky) 


Xy = Ya 
Xw = Zz 
Ww = Y (x + z) + Z (Hz + Jy) 


Zw = Wz 
Zz = Xy— Yr I6 
= Yw-Wy 
Xy = Yr 
Y (z +w) = Z (y +w) N3 


Ze = X(s+w)+ Wz 


Xz = Zz 
U 
Y (z + w) = Z(z+y) > 
Ww = HXy+(X—YV)(Ilr+y+ 2) 
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Xy = Yr 
Xw = Zez 
Ww = Y (y+ 2z)+ Z (Hz + Jy) 


Zw = Wz 

Xy = Y(T +2) 

Yw = Wy + Zz 

Xs = Zz 

Zy = Y (z+ w) N3 
Ww = JXy + Yr 

Xy = Yx 

= Zw + W (Hz + Jy) 
Xw = Wz 
Xw = Wz 
X (z+ w) = Zz or 
Yw = y (X + Z) + W (Hz + Jy) 
7 Xy = Yor 
Zw = Wz P 3, 


Y(e+w) = Z (y+ w) 


L2, 
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Xy = Yz 
L 2. Zw = W(e+ bw) L 2 
Y(z+w) =y(2+W)+Wz 


Xz = Zz 
Y (yz + w) = W (y + w) L3 
Y (z +w) = y(Z+ W) 


Xz = Zz 
Zy = Y (z+w) T1 
Ww = J(Xy— Ya) + (By + yz(Y —Z) 


Xy = Yr 
Yw = Zz 
Ww = Y(y+2)+Z (Jx+ Kn) 


Yy = Zz | 
Zw = W(z*w) M 
Xw = Wx+(Y—Z)(By + yz) 


Xy = Ya 
Zw = Wz N1 
Xw + Zy = JWz+NYz 
L 
Xz = Wx 
Yw = Wy 2 


Zw = Y (x +y)+ X (Hz + Jy) + W (Nx + Tz) 


(One line is a tangent at 
the node of the quartic.) 
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N 5, 


N 5, 


Yw = Wy 
Xy = Y (Ex + M3) -(M — N) Zz 
Xw = W (Ex + Nz) + MZz 


Zw = Wz 
Zy = Xw— Wx 
Yy = M(Xz—Zx)+2(X+Z) 
4 


Xy = Yr 
Zy = Ys+w(X+Z) 
Ww = Zz+ M(Xz—Zz) 


(Two coincident conics.) 


Xy = Ya 
Xw = W (x+ Nw)+ Zy- Y: 


Xz = Zz 
Yz = Zy + Ww N6 
Y(z-w) =y(X—W) 


= 
Yw = Wy = 
Xz = Wz 
Zw = FYx+ X(Hrz + Jy)+ W (Nz + Tz) 
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aj 
> Yy = Zz 
= Ww | 
Xw = Wz+Y (Nz + Tz) + Z (Jz+ Ky) 
3 £N 
PQ | 


(Plane nodal cubic.) 


Yw = Wy 
Zy = MXz—Y (Jz + Ts) 
Zw = GY: + W (Nz + Ts) 


Yy = Ww 
P3, Zw = W: 
Xs =z(YV+W)+z(Fx+My) 


Xy = Yr 
Y (z +w) = Z (y + w) U 2, 
Ww =Z(:-2)+X (z+ w) 


Xy = Yz 
P4, Zw = W (s + w) P 4, 
Z (y—w) =z(Y—W) 


Xz = Zz 

Yw = Ży 

Ww = Y(y+:)+X(Hz + Jy) + Z (Nx + Tz) 
4 3 


(One line is a tangent at 
the cusp of the quartic.) 
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Xy = Yer 
Zw = Wz | N 9i 
Yw = Zy+ W (x +w) 


Yw = Wy y 
Xy = Yzx + MZz Qi 
Xw = W2—-MZz + (2 + w)(JZ + MW) 


Xw = Wz-Zz 
Q: Yw = W(y—w) | Q: 
Yz = Z(y*z) 


2 1 
3 
Qi 
NIŻ 
Z Yy = Zz 
= Ww 
Xw = W(y*s) -Y(Nz & T: - Z(Jz * Ky) 
3 4 
Q'1 
1 
3 A 
Q'2 


2 
Zw = Ws 
Xw = Wz + Zy W 3; - 
Xz = Yy tZ (z—z—w) 


Xy = Yr 
Zw = Wz R 
Xw + Y(z+ Nw) = Wz+y(2+FW 


Zw = Wz 
Xw = Wr + GZy X, 
Xz += Zæ + M(Yy+ Zz) 
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Yw = Wy 
B, Xy = Ye+TZ 8, 
Xw = W(z + T») + Z(Fz + Jw) 


Zw = Wz 
Xz = Yy+ Z (Ezr 4 Fy+ w) 
Xw = Yo+ W(Ezx + Fy +s) 


Ne 


Xw = Wz 
T1; Z (z * w) = W(z+y) 
Yz = X (xz + y)— Zz + RWy 


Zw = Wz 4 
Yw = Wy + Za 
X2 = Y(r+y)+Z(Nz+ Py) 
1 


Xy = Yz 
Zw = We T 8, 
Xs = Zx+ Yw— W (y—2) 


Y 
[NY 


T8, 


De Paolis, l.c., p. 741, 1°; p. 754,1; u 1, » — 2. 


Xy = Ya 
T 3, Az = Zw P 
Wa = RYw+Z(Ez+ Fy) 


=- m- mm 


eana NE nos gu pu m na 
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Zw = Wz 
Xz = Zc+Wy 
Xy = Yw+ W (Nz + Py) 
- 


Zw = Ws 
T 4, X(w+2) = Zz 
Y(y+ Qu) = Yw4W(Qz + Ry) 


Xw = Wa 
Y (s* w) = Wy U 2 
Yw = Z2+ F(Xy — Yz) 


Xz = Zw 
T 5; X(2+w) = Wx 
Yz = Z (Ex + Fy) + Wy 


Xyu = Yx 
Yz = Zw 
Yw = Wz+Z(Fz + Gy) 


T6, 


Xy = Yx 
T6, Zw = Wa T 6, 
Xs = Zx+(W+Z)w 
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Zw = We 
Xz = Zæ + Wy 
Yw = EX (x+4)+ W(Nz + Py) 


Zw = Ws 
Y(y+w) =W (s + w) M 
Xs = Zz + Yy 
2 
Xs = Zz 
Zw = W(s—w) T9 
X(x+2) = Yw— Wy + Q(Xw— Wz) 
3 4 
T9 
2 
Zw = Wz 
Yw = Wy+ Za 


Xw = Yy+Qwr+Z(Nx+ Py + Te) 


(Two lines coincide in a tangent 
at the node of the quartic.) 


Zw = Ws 
Xw = Yr+ TZe + W(Qz + Ry) 


(Plane nodal cubic.) 


Zw = Ws A 
Xs = PYy+Z(Ex+ Fy) iz >= 
Xw = PYx+ W(Exz+ Fy+ Pz) 


C/A 
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Zw = Wz 
U 2. Yw = Zx+ Wy 
Xz = Yy * Z(Nz + Py) 


Yz = Zy 
U 2, Xy = Y(Ex + Rw) * Zw * Wz 
Xz = Z(Ez* Rw) + Ww 


Yz = Wy 
U2, Zw = Wx 
Xz = Yw + Z(Ex + Fy + Nw) 


Ys = Zy 
U2, Yw = Wz 
Xw = Z(z* Tw) + W(Jz + Ky) 


Xy = Yz 
Zw = Ws U3, 
Xz = Yw + Zz— W(y—w) 


U 3, 


Ay = Yr 
U 3, Ye = Zw 
Zz = Ww + X (Hx + Nz) + Y (Jx + Ky) 


44 


U 4, 


U 4, 


Ub 


ME 
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Yw = Wy 
= ZZ 
Xs = Zw + Y(Fz* Gy) + W(Nz + Uw) 


Xs = Zx+RYw 
Zw = s(FY4QW) 
Xw = Y(Fz + Rw) + W(Qz— Ry) 


Yw = Wy 
Xw = Wz + TZ3 
Yo = Xy+ T(Z—W)(s*w) 


Zw = Wz 
Xw = Wz + Zy 
Yw = GX (y+ 2)+ RWy+ Z(Nz + Py + Tz) 


Zw = W3 
Yw = Zy 
Xw = GY (y + 2) + Z(Nz + Tz)+ W (Qz + Ry) 


Zw = Wz 
Xz = MYy + Z (Ezr + Fy) 
Xw = M(Ze—Ya) + W (Ex + Fy) 


Zw = W3 
Ys = Zx+ Wy 
Xs = Yy + W (Nz + Uw) 


1911.] THE 8-8 BIRATIONAL TRANSFORMATION IN THREE DIMENSIONS. 45 


Yw = Wy 
Vs Xy = Yx+ UZw U 44 
Xw = Wzr*Uz(Z—Wm) 


Zw = We 
XW = Zx 
Ye = x (EX + NZ) +y (FX+PZ7+RW) 


Yw = Wy (Plane cuspidal cubic.) 


W lą X(z+w)= Wz Vo 
Zz = Ww + F(Xy— Yr) 


Zw = We 
Xz = Zr4 Ww 


Xy = Yw + V(Xw— Wr) 


NEL eee Zw = We 
2 ŻA 
: Yw = Zy 
/ Xz = Wy+Y (Fr Gy) + Z(Nz + Py) 
4 


W 3, 
W 34 (see Q'2) 
NZ Sees ure. 
a 
1 X25 Zw = Ws 
X2 œ Zx +4 Wow W 4 
E" Yu = Fy+z(X+Z) 
3 
W 4 
> Yu = I: 
> 1 w y 
Xw = Waer+ Ys Z 
Zz = Ww+G (Xy— Yr) 
3 


X 
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X, (see S) 
Zw = Ws 

X; Ye = Zy+ Ww Xs 
Xw = Wz + Yy 
Yw = Wy 

X, Xw = Wz + TZ: X, 


Xy = Yz + T (Zw— We) 


Zw = Wz 
Yw = Zy 2 
Xs = Ww + Y(Fz+ Gy) + Z(Nz + Py) 


Zw = Ws 
Y, Xw = Zz+ Wz 
Xy = Yw + Z(Nz + Py) + W (Qz + Ry) 


/ 
(Plane ouspidal cubic.) 


Zw = Ws 
Ys Xs = Zr + Yw U4, 
Xw = Y (y+ Pw) + JW (z4 s) 


Z (see Xj) 


Zw = Ws 
Xz = Wz+Z(4x + By) Wi 
Yw = Zy + W (Cx + Dy) 


2 e TN 2 Zw = ls 
Xz = Wy+Z(4z + By) W1 


Z Yw = Zy * W(Cz + Dy) 
4 3 


wą 


— — A EH — ee A — 


= Se ee — | Ha 
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Zw = We 
Xw = Yz+7Z(Ax+ By) + W (Ez + Fy) W1 
Yw = Zy+ W (Cz + Dy) 


Xz = Ww + Z(Az+ By) Y 
Yw = Zy+ W (Cx + Dy) 


Zw = Wz 
Az = Zs + Ww Z 
Z, Yw = Wy + Zz 


——— 
3 
Z 
2 A Zw = We 
3 
Y 
a EE EI MI ELS 
SSE o9 c n EAS 
2 1 


De Paolis,+l.c., p. 789, la; u = 8. 


Zw = Wz 
Z, Xz = Ww + Z(Az+ By) Y 


Ys = Xw + Z(Cz + Dy) + W (Ez + Fy) 
Berry, Camb. Phil. Soc. Trans., Vol. xix, p. 275; Vol. xx, pp. 109. 111. 
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ON THE REDUCTION OF ARITHMETICAL BINARY CUBICS 
WHICH HAVE A NEGATIVE DETERMINANT 


By G. B. Matuews and W. E. H. Berwick. 


[Received February 6th, 1911.—Read February 9th, 1911.] 


1. The reduction of a binary cubic with three real roots has been 
discussed by Arndt, and presents no particular difficulty. In this case 
the Hessian is a definite form, and the unitary substitution which reduces 
it is, in general, unique, and converts the cubic into an equivalent form 
which is reduced by definition. But the case is different when the cubic 
has two imaginary roots, for the Hessian is then indefinite, and there is 
no obvious way of deducing from it a unique reduced form of the cubic. 
The object of this paper is to explain a method of reduction based upon 
other considerations, and leading, by a finite process of calculation, to 
a unique result. 

All the forms dealt with are supposed written without the attachment 
of binomial coefficients : thus (a, b, c) means az?+ bzy + cy’, and so on. 


2. Let the cubie considered be given by 
f = aa” +-ba?y+-czy”+-dy*, 
and let its linear factors be 


L—ay, z— By, T— YY, 
where a is real, and 8, y complex. It will be supposed, in the first place, 
that a is irrational. 
We have identically 
f = (x—ay) lar’ + mry+ny’) = (r—ay)4, 

say, where $ is a definite form, with irrational coefficients. Now let us, 
as usual in the geometrical theory of quadratie forms, take a plane cut 
up into equivalent curvilinear triangles. The fundamental triangle, in 
the positive half-plane, lies outside the circle z?--y* = 1, and between 
the lines 4z? = 1; the others are derived from it by unitary substitutions. 
Now, if we plot off the points corresponding to a, B, y, the first will be 
on the axis of real quantities, and the others will be within (or on the 
boundaries of) two conjugate triangles T, T'. To fix the ideas, suppose 
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that 8 has & positive imaginary part, and that it is within the triangle T. 
Then there is a unique substitution S which converts T into the funda- 
mental triangle T,, and brings B to a position B, within Tę. Applying this 
substitution to f, we obtain an equivalent form 


fo = Sf = (Ap, by Cos do), 


which is unique, and by definition reduced. In the case when Ś is on 
a boundary, there are two reducing substitutions that bring 6 to the 
boundary of T,, but there is only one of them which brings it to the left 
of the axis of y. Choosing this as the reducing substitution, we again 
have a unique form fy. Two reduced cubics cannot be properly equivalent ; 
so that for a given determinant the number of reduced cubics is equal to 
the number of classes. 


3. It remains to discover S by a finite process of calculation. Since 
f = (z—ay) (az?-4- (b 4- aa) xy —d[a .y? | 


identically, it follows that, if ¢ is a sufficiently close rational approximation 
to a, then the roots of the rational quadratic y, given by 


y = az?+(b+at)zy— £ y, 


will be near the roots of ¢. Now, if Ś is within T, it will be possible to 
surround § by a circle C, of radius r, which is also within T, and if 
we carry the approximation so far as to bring a root of y within C, the 
substitution S which reduces y» will also reduce 4, and therefore f. 
Practically, there is not much difficulty in a given case, for if, in any way, 
we get a sequence of rational approximations £i, fa, tg, ..., to a, and form 
the corresponding quadraties Yi, Ya Ws, ..., the reducing substitutions 
Si» Są, Ss, ... must ultimately become the same; and in many cases this 
repetition shows itself at a very early stage. It is desirable, however, to 
establish a criterion enabling us to be sure that we have reached a sufficient 
degree of approximation. One such test will be explained in the next two 
articles. 


4. For convenience we put z/y = 0, and consider the cubic equation 
a? -- 50? --c0-- d = 0 


with roots a, B, y. Let ù, ug be two rational approximations to B-ky, 

such that u, < B+y < wę, and let v,, vg be two rational approximations 

to By, such that v, < By < v, Further, let z,, 25, 7, z, be the roots, 
SER. 2. vor. 10. wo. 1101. E 
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-with positive imaginary parts, of the equations 
0 —4, 6+, = 0, P—1u40+-0, = 0, 
0 —u, 6+0ę = 0, 0i—44,0--v, = 0. 


Then the points z; are the vertices of a curvilinear parallelogram 
bounded by parts of the loci 


- 2 2 — 
2r = Uy, Uy, z+y = Vi V 


respectively. Suppose, now, that the four points z; are reduced by the 
same substitution S, defined by 
S= (P : 1) : 


T, $ 
then the circle z?J4-y? = v, is transformed by S into 
(?v, — p?) (zx? -- y?) J- 2 (rsv, —pq) x 4- s?v, —3? = 0, 


which has its centre on the real axis. It follows from this that S trans- 
forms the circular arc z, 2, into an equivalent are which lies wholly within 
the fundamental triangle Tę; for, by supposition, S(z) and S(zs) are 
reduced points, and if any two reduced points A, B are taken, they can be 
joined in one, and only one, way by a minor arc of a circle which cuts the 
real axis orthogonally, and this are lies wholly within Tọ Similarly with 
respect to each of the other sides of the curvilinear parallelogram. Hence 
the transformed quadrilateral lies wholly within T, and the point corre- 
sponding to B is therefore reduced. 

It should be observed that it is assumed here that the approximation 
has been carried so far that each of the quadraties in © has complex roots: 
this must ultimately be the case. Moreover, if we take for granted the 
known properties of linear substitutions of a complex variable, it is un- 
necessary to find the equation of the circle into which z?+y? = v, is 
transformed by S. 


5. In order to obtain a set of four auxiliary quadratics, it is convenient 
to approximate to a by means of an ordinary continued fraction. Thus, 


suppose that 1 1 
a=m+—+—t+..., 
72 73 


where 74, 7s ... are all positive integers, and let a;, ag, ag, ... be the 
&uccessive convergents. Then the numbers a,—a, a,—a, ag—a, ..: are 
alternately negative and positive, and | a;—a| is a monotone sequence with 
limit zero. 
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Further, if we write 


— — — qar = Ur T = Vr, 


aa, 


the numbers 8B+y—wu,, B+y—wu,, ... have signs alternately positive and 
negative, and so have the numbers By —v;, By— vs, ..., and the limits of 
the sequences (u,), (v,) are respectively 8--y and By. Hence we obtain a 
sequence of sets of quadraties 


0 — 4,0--v, = 0, 09, —4,,10-- v, = 0, 
P—u,O+ v. = 0, 0 —4..104- v. = 0, 


and there will be a finite index 7 which will give us a set such as we 
require. It will generally happen that the first set of quadratics, or 
possibly more, obviously do not satisfy the proper conditions; but, as 
soon as this ceases to be the case, we reduce the four quadratics and 
examine the reducing substitutions to see whether they are identical. If 
so, we have reached the proper substitution for reducing f; if not, we 
proceed to the next set of auxiliary quadratics, and so on, until we have 
attained the object in view. 


6. The following example illustrates the points that occur in the practical 
application of the theory. It is required to reduce (20, 118, 218, 146). 
Here we have 


with convergents 


—8 -—23 -9 —20 -—99 
4 


The first set of auxiliaries is 
(60, 159, 146), (20, 58, 78), (60, 219, 146), (20, 78, 79), 
of which the third is indefinite; so we must go further. 'The second set is 


(20, 78, 78), (180, 657, 584), (20, 68, 78), (45, 158, 146), 


of which the first is ambiguous, and has a root on a boundary line. 
Without, therefore, proceeding to reduce, we go on to the next stages and 
obtain the auxiliaries 


(45, 158, 146), (200, 680, 657). (180, 617, 584), (1800, 6170, 5918). 
The chain of reduction for the first is 


(45, 158, 146) ~ (146, 189, 88) ~ (88, 18, 20) — (20, —18, 38), 
E 2 
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and for the second 
(200, 680, 657) ~ (657, 684, 177) ~ (177, 74, 297), 


with reducing substitutions 
( 0, 1) ( 0, 1) ( Sa T ( 0, 1) ( 0, D, 
—1, —1/ i—1, —2/ \—1, 0 —1, —1/ i—1, —2 
which are different; so we must still go on. The next set of auxiliaries is 
(1800, 6170, 5913), (5220, 17898, 17082), 


(2600, 8890, 8541), (7540, 25781, 24674), 


and it is found that these are all reduced by the same substitution 
C23 0230292 Ct) 
—1, —1/ \-—1, —2/ \—1,0 —1, 1 
Finally, applying this to the cubic, we obtain the reduced form 
fo = S (20, 118, 218, 146) = (—2, 12, —11, 21). 


7. For the sake of completeness, we will consider the case when f has 
a rational linear factor, say, 


f = (le+my)(pe*+qry+ry’), 
where l, m are integers prime to each other. Then p, q, r must also be 
integers, and the reducing substitution is simply that which reduces 


(p, q, 1). This covers all those cases where 8 is on a boundary of a 
triangle T: for, in such a case, the reduced form must be either 


f = a(x—ay) (i? zy ny?) 
or fo = a (z—ay) (i? -- mz y 4- y?), 
and in each case a must be rational in order that the coefficients of f, 


may be rational. It follows incidentally that every reduced cubic which 
has no rational root must have one complex root within Ty. 


8. Without attempting at present to discuss the necessary or sufficient 
conditions to be satisfied by the coefficients of a given cubic in order that 
it may be reduced, we will prove one interesting theorem about the leading 
coefficient a of a reduced cubic. 

Let A, B, C be the points corresponding to the roots a, B, y, and let 
D be the diseriminant of I Then, since . 


= a*(8— yy (y —ay (a— B’, 
it follows that |D| = a’ BC?. CA?. AB? = a'A, 
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where BC is the length of the straight line BC. Now, since B, C are 
not outside of T, and its conjugate, it i8 obvious from a figure that we 
obtain a minimum value of A by supposing B, C at the points correspond- 
ing to (—1+74/8)/2, and A half-way between them. In this limiting 
ease we have 

Rave, Ci-dBoY5, al 

BC = 4/3, CA = AB=-7, A = rę: 

Hence, in general, for a reduced form 
|D| > 27a'/16 
416A 

or | a | < V 27 . 
In particular, so long as | D| < 27,1a| — 1; and the only case of | D| = 27 
with |a|>> 1 is the form 


(2x — y) (27 —zxy +y’). 


9. It will be seen that the principles of this paper apply not only to 
cubics, but also to higher binary forms. For instance, if we have a quintic 
with three rea] and two complex roots, there will be in general just one 
reducing substitution which will bring the complex roots to Tẹ and this 
substitution can actually be discovered. If the quintic has two pairs of com- 
plex roots, there will be, in general, two distinct reducing substitutions, and 
in order to find them it will be necessary to approximate to each of the real 
irrational quadratic factors of the quintic. If the quintic has all its roots 
real, it will have a definite quadratic covariant, and this may be used for 
purposes of reduction. However, the discussion of the further applications 
of the theory may be reserved for another occasion. 
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PROPERTIES OF LOGARITHMICO-EXPONENTIAL FUNCTIONS 


By G. H. Harpy. 


[Received August 29th, 1910.—Read December 8th, 1910.] 


I. 


Introduction and. Summary of Results. 


1. The contents of this paper are designed as a supplement to those 
of my recently published pamphlet, “ Orders of Infinity, &c." (Cambridge 
Tracts in Mathematics, No. 12, 1910). When writing this pamphlet 
I was compelled by considerations of space to condense the proof of one 
theorem at any rate almost to the point of obscurity, and to omit the 
proofs of others altogether. Apart from the new results contained in this 
paper, the interest of the theorems that I refer to seems to me sufticient 
to justify & return to the subject. 


2. I shall use throughout the paper the system of notation explained 
in the first section of my tract," which attaches a special sense to the 


symbols N aż, E Z ~, >, X 
O, K, ô, A, Jo €. 
To the conventions there explained I propose to add two others. 


(i) I shall frequently employ formule containing constants restricted 
to be rational. Such constants I shall denote by small italie letters 
8, 0, .... When the constant is not restrieted to be rational, I shall use 
large italic letters A, B, .... Thus Az’ is an algebraic function, but 
z^ is in general transcendental. 


(i) I shall frequently (when no confusion is likely to arise from the 
practice) repeat a letter or letters without implying that the numbers 
denoted by them are the same as when the letters were previously used. 
For example, I shall write z 
| AC dt = Ax’, 


* “Orders of Infinity," pp. 2-7. I shall refer to this tract henceforth simply as '' O.I.” 
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meaning thereby, "if f is a constant multiple of a rational power of z, 
then its integral is a function of the same kind." I might add, “ unless 
s = —1"; it would, of course, be evident that this clause referred 
to the s on the left-hand side of the equation. 


3. Let A(x) denote generally a real one-valued algebraical function of 
z—it will, of course, be a branch of an algebraical function of a complex 
variable, which we suppose to be real for z > x, (i.e., for all real values 
of z from some definite value onwards). Thus A(z) might be 


z, yz, —yzr, Ac, A/(c4-)—4A/ 4-1, 
or be defined as an implicit function by an equation which, like 
y—y—xz = 0, 
has one root which has the property stated. 


Then in my tract I defined a logarithmico-exponential function 
(shortly, an L-function) substantially as follows :— 


An L-function is a real one-valued function defined by a finite com- 
bination of the functional symbols 
A(...), log(...), e 


operating on the variable z and on real constants. * 


It is, of course, to be understood that, if necessary, we confine our 
attention to values of z greater than some definite value zy. 


4. I also classified L-functions according to orders, by & method due 
in principle to Liouville.t Thus 


e+4/(log x) 


Ue 3082 CEE dora) 


are of order 1; 


e, loglogz, zt = e, gY? = egg, 


of order 2 ; and so on.; It should be observed that it is not obvious that 


— — ey debo daj „2 ES Ce A Ew W + —— a —MÀ — —— mi 


* "O.L," p. 17. I there confined myself to the case in which the algebraical functions 
are explicit ; but I pointed out that no additional difficulties arose from considering the more 
general case. I also pointed out (p. 18) that ‘‘the result of working out the value of the 
function, by substituting the value of z in the formula defining it, is to be real at all stages of 
the work." 

t Journal de Mathématiques (1), t. 2, pp. 71 et seq. 

+ “O.I.,” p.18. 
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(e.g.) loglog:x is really of order 2. It is obviously of order not greater: 
than 2. That it cannot be expressed as an L-function of lower order 
demands a proof. Such a proof was, in fact, given by Liouville* ; another 
proof follows from results which will be established in this paper. 

The following additional definitions will be found useful. 

We shall say that fa, an L-function of order n, is integral if it is of 
the form! 

Dips 6a si Urt? la) uso y 


^" 


where the functions with suffix » —1 are L-functions of order n—1 and 
Kj; Kg, ..., Ka Are positive integers. We call 


Kx... 


the logarithmic degree, or, simply, the degree, of the typical term of fa; 
if A is the greatest value of x,--xa-- ...-- «1, we say that fa is of logarithmic 
degree X. If the number of terms of degree A in f, is m, we say that 
fa is of logarithmic type (A, u).t We shall in general denote integral 
L -funetions by the letter M, with or without suffixes, indices, &c. 

If an integral L-function is of degree O, +.e., of the form 


> Pr- ET nls 


we shall say that it is exponential. 
If an integral exponential L-function contains æ terms, we shall say 
that it is of type w; if æ = 1, we shall say that it is simply exponential. 


Thus (iz? e"" is a simply exponential L-function of order 2, while 
(lx (lzy e" 


is an integral function of order 2, of type (2, 1). We shall in general 
denote integral exponential L-functions by the letter N. 

If f, is the quotient of two integral functions, t.e., of the form Mj/M,, 
we Shall say that it is rational. 

It M, and M, are exponential, i.e., if fa is of the form N,/N,, we shall 
describe fa as a rational ecponential L-function. 


* L.c., pp. 99 et seq. 
t I write iz, lx, ..., er, eu, ... for log r, log log x, ..., e”, e, .., aS in my tract. 
t A function of type (A, u) may be immediately reducible to a lower type. Thus 
lz (142) = L(lxt(14a)]. | 
The left-hand side is of type (1, 2), the right-hand side of type (1, 1). In some kinds of argu- 


ment it might be essential so to frame our definitions as to be free from such ambiguities ; 
but they in no way affect the arguments of this paper. See further, $6. 
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5. We shall constantly be making use of the following facts :— 


(1) The derivative of a simply exponential funetion is a simply ex- 
ponential function, with the same exponential factor. 


(ii) The derivative of an integral exponential function of type w is an 
integral exponential function of type w. If one of the terms of the 
original function is a constant, the derivative is of type w—1. 


(ii) The derivative of an integral function of logarithmic type (A, m) is 
in general a function of the same type. If the exponential factor p, eoi 
of one of the terms of degree A is a constant, then the derivative is of type 
(^, 4 —1); if u = 1, the derivative is of degree A—1. 


(iv) In general, the derivative of an Z-function of order n is an 
L-funetion of order n. In exceptional cases the derivative may be of 
order »— 1. 


These facts are all immediate consequences of the formal rules of the 
differential ealeulus. The only one which possibly requires à word of 
additional explanation is (iii). The derivative of 

(Ir yr lie 
where ktxt... +a =A, plainly consists of h terms each of degree 
A—1 only. When we differentiate 


Pn-1601—1 Gz. Je ... (hk y^, 


we obtain one term of degree A (by differentiating the exponential factor) 
and h of degree A—1. 


6. Before proceeding further, I wish to make a few remarks about the 
relation between my results and those of Liouville. The subject-matter 
appears very much the same, but the methods used and the results 
obtained are entirely dissimilar. 

I regard an L-function essentially as the embodiment of an ''order 
of infinity," as expressing a certain rate of increase or decrease or of 
approach to & limit; and for this reason I consider only functions of a 
real variable which are real and one-valued and (as I shall show) ultimately 
monotonic, excluding altogether oscillating functions such as sinz. ‘These 
ideas do not appear in Liouville’s work at all. He was interested solely 
in problems of functional form: sinz was for him exactly on the same 
footing as logz or e. From his point of view, each of my orders of 
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L-functions would present itself simply as a sub-class of his correspond- 
ing order of “ elementary transeendents."* But his classes do not, as 
classes, possess any of the properties with which I am concerned in 
this paper; and so, even when we seem to be engaged by very similar 
questions, our results are in reality widely divergent. 

Thus Liouville proves that loglogz and x’? cannot be expressed as 
elementary transcendents of order one. I prove that the same functions 
cannot be expressed as L-functions of order 1; and in so doing I do 
indeed prove a part of what Liouville proved. But the substance of what 
I prove is something quite different from any question raised by Liouville 
at all, viz., that the rates of increase specified by log log z and z”? cannot 
belong to any L-funetion of the first order. 

It is then only to be expected that the processes of argument used by 
Liouville should be entirely unlike any of mine—how different a single 
consideration is enough to show. Liouville considers, as I do, functions 
of order n built up by means of the simple functions 


COn-1) ltn-1 


(see § 4 above). In all his arguments it is absolutely vital to suppose 
these simple functions genuinely independent and reduced to the smallest 
possible number—that is to say, to suppose that no algebraical relation 
connects them with one another and transcendents of lower order. This 
assumption plays no part in any of my arguments: it will, in point of 
fact, usually be satisfied, but it is in no way essential. 


7. It is easy to see that any L-function (or any elementary transcen- 
dent in Liouville's sense) is a solution of an algebraic differential equation, 
which may without loss of generality be supposed to be of the form 


P(z, y, y', ..., y) = 0, 


where P is a polynomial. And in the case of an L-function (more 
generally, a Liouville’s transcendent) of order n, this equation cannot be 
of order less than n. The lines of a proof have been indicated by Königs- 
berger,t who has also established some simple results as to the forms of 
transcendents that can satisfy equations of specified order. 


- — NN ——ÓÓÓÓMÓÓÓÓÀÓÓÓÓÀMÓMÓ MÓ——ÓÓMÓM———Ó — —— — ——— 


* For a short account of his classification, see my tract, “The Integration of Functions 
of a Single Variable " (Cambridge Tracts, No. 2, 1905). 

f "Bemerkungen zur Liouville's Classificirung der Transcendenten " (Math. Annalen, 
Bd. 28, 8. 483). 
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The classification of transcendents adopted by Liouville, however, does 
not run parallel with any obvious classification of algebraic differential 
equations. Thus e satisfies an equation of the second order, viz., 


yy" =l(ytyy'. 
So do the funetions of the first order 


y = e'+-logz, y = e+e}, 
the equations being 


x (y"—y')+zr2+1 = 0, (z—1)y" —z*y' --(z31—2z--1)y = 0. 

Generally, an integral exponential L-function, of order 1 and type a, 
satisfies a linear and homogeneous equation of order w, whose coefficients 
are algebraic functions of x; and other particular remarks of the same 
nature may be made. And it is possible to obtain a certain number of 
more or less general results concerning the possible modes of increase of 
the solutions of algebraic differential equations of specified types: I shall 
make a few further observations on this point at the end of this paper. 
But it is clearly impracticable to base the fundamental properties of 
L-functions upon the nature of the differential equations satisfied by them. 
As soon as we adopt the standpoint of the differential equation, the 
properties of L-functions are lost in those of larger and vaguer aggregates 
of functions. 

It would be unjustifiable to conclude from this (as Konigsberger 
appears to have done) that Liouville's classification is in some sense 
illegitimate or trivial or uninteresting. It must not be forgotten that the 
particular is often more interesting than the general: and, in my opinion, 
the main interest of Liouville's classification lies in its application to 
two special problems—indefinite integration in finite terms on the one 
hand, orders of infinity on the other. 


8. It will probably be convenient if I give a rapid summary of the 
results which I propose to prove. Some of the proofs, I am afraid, are 
long and rather tedious: that this should be so is, I think, inevitable 
from the nature of the subject. The results, too, are of the class that 
seem more obvious than they are. 

In Section II ($$ 9-11) I prove that every L-function is continuous 
and monotonic from a certain value of z onwards. This theorem and its 
corollaries form the basis of all the subsequent work.* 


* A proof of this theorem (but of no other proved in this paper) is contained in my tract 


(* O.I.," pp. 18-20). The proof given here is not different in principle, but has been remodelled 


in such a way that I hope it will be found simpler and clearer. 
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In Section III ($8 12-16) I discuss the limits of rapidity of the increase 
of an L-function of given order. I state in my tract,* but without proof, 
that an L-function of order n cannot increase more rapidly than e, (z*) or 
(if it tends to infinity at all) more slowly than (l.z). I now prove more 
precise results of which these are corollaries. 

In Section IV (S$ 17-19) I apply the results of the preceding section 
to determine generally the order of the integral of a given L-function. 

In Section V (S$ 20-22) I consider systems of standard forms for the 
increase of L-funetions of given order. I give a full investigation in the 
ease of n = 1, which shows incidentally that such modes of increase as 
are given by Az, ejr, x’, z", ... are impossible for functions of order 1. 
I then state the corresponding results for n = 2 and for higher orders; 
but I have not written out & detailed proof of these results. It would be 
long and tedious, and the nature of the arguments employed will be clear 
from the simpler discussions which precede. 

In Section VI ($$ 28—26) I discuss shortly the construction of functions 
whose rate of increase corresponds to a gap in the logarithmico-exponential 
scales of infinity, and in Section VII ($$ 27-28) various topics of a mis- 
cellaneous character. 


II. 
Proof of the Fundamental Theorem. 


9. THEorem 1.--Any L-function is ultimately continuous, of constant 
sign, and monotonic ; and tends, as z — oo, to ©, or to zero or some other 
definite limit. Further, if f and $ are L-functions, one or other of the 


lati Z 
CARA f-9 fo fẹ, 
holds between them. 


Two preliminary remarks will be useful. 


(1) If f and 6 are L-functions, f/p is an L-function, whose order is 
not greater than the greater of the orders of f and ¢. Thus the second 
part of the theorem is a mere corollary of the first part; for it follows 
from the first part that //@ must tend to infinity, or to zero or some other 
limit. 

(2) The derivative of an L-function is an L-function of not higher 
order [§ 5 (iv)]. From this it follows that if all L-functions are ulti- 


— — ——— —— — - mne a —— —M—— À—MMÀ——À 9 — - 


e s teer o ——— et 


* P. 20. 
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mately continuous and of constant sign they are all also ultimately 
monotonic ; for their derivatives are also ultimately of constant sign. 


10. The results of the theorem are certainly true of functions of zero 
order, that is to say, of purely algebraical L-funetions. Any such function 
can, in fact, be expressed in the form 


Az" T (xr), 


where a, and b, are rational, and P, is a power series convergent for 
sufficiently large values of z. It is therefore sufficient to prove that, if 
the results of Theorem 1 are true of functions of order n—1, then they 
are true also of functions of order n. 


(1) The results of the theorem are true of any simply exponential 
function of order n. 


It is, in fact, obvious that 
fa = Pn-1€0n-1 


is ultimately continuous and of constant sign ; and the same is true of its 
REWON? fa = (Pn-1 + Pn-10111) COn-1- 

(2) The results are true of any integral exponential function of 
order n. 

This has just been proved when the function is of type 1 (8 4). Let us 
then assume it true for functions of type «s —1: and let 

Js = 2 pn-1001-1 

be of type w. 

If p,-1€0,-1 is any one of the terms of fan, the function 


fi = falfa €0n—1) 


is of type w, with one term a constant (unity). And so f, is of type w—1 
[$ 5(ii)]. Hence f. is ultimately continuous and of constant sign: and 
so the same is true of P and therefore of fa. Finally, fa is of type w, 
and so (after what has just been proved) ultimately of constant sign ; and 
so fa is ultimately monotonic. 


(8) The results are true of any integral function of order n. 
Suppose that 


fu = Xp eT, 3 (I (Lr)? > (Lr p” 
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is of logarithmic type (A, m). The results have been proved true when 
A = 0. Hence it is enough to prove 


(i) that, if true for functions of logarithmic degree A—1, they are true 
for functions of degree A and type (A, 1) ; 


(i) that, if true for functions of type (A, u—1), they are true for 
functions of type (A, 4). 

Suppose that the typical term written above in the expression of f, is 
one of the terms of degree A, and let fa = fa/(Pn-1€Fn-1) a8 before. Then 
fa is of type A, 4— 1), unless u = 1, when it is of degree A—1 [§ 5 (iii)]. 
Hence, whichever of the inductions (1, (ii) we are engaged in proving, 
f. is ultimately continuous and of constant sign ; and we deduce as before 
that f, is ultimately continuous, of constant sign, and monotonic. 


(4) We are now in a position to complete the proof of the theorem. 
Any L-function f, is of the form 


f. = A epg, esty... edu IO 2. IO XM a ues xD 
zz (ues 
say, where q =r+s+-t. 
There is therefore an identical relation 
Fiz, y) = My” +M,y' '+...+M,=0, 


where y = fa, and the coefficients M,, My, ..., M, are integral L-funetions 
of order 7. 

The derivatives of these coefficients are also integral. It therefore 
follows from what has already been proved that 


considered as functions of the two variables z, y, are continuous for all 
sufficiently large values of z and for all values of y. 

Let £, n be a pair of values of z and y satisfying the equation F = 0. 
Then, if only £ is large enough, OF /dy cannot vanish for z = £, y = s. 
For, if F and OF/[Oy both vanish for z = £ y = n, then the eliminant of 
y between F = 0 and OF/dy = O vanishes for z = é But this eliminant 
is plainly an integral Z-function of order n, and so cannot vanish for 
values of z surpassing all limit. 

Now there is a well known theorem which asserts that* if F is a 


* Goursat, Cours d' Analyse, t. i, p. 40; Young, Proc. London Math. Soc., Ser. 2, Vol. 7, 
pp. 397 et seq. 
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function of z and y which vanishes for z = £, y =n, and has derivatives 
OF|0x, OF/0y continuous in a region including (É, »), and if OF/oy does 
not vanish for «= £ y = s, then there is a unique continuous and 
differentiable function y of z, which is equal to n when z is equal to £, 
and satisfies the equation F(z, y) — O identically. Hence f, is an ulti- 
mately continuous function of z. 

Moreover f, is ultimately of constant sign. For f, = O involves 
M, = 0, and we have already seen that it is impossible that this equa- 
tion should be satisfied for values of z surpassing all limit. 

Finally, f, is a function of order n. Hence, applying the same con- 
clusious to f,, we see that f, is ultimately monotonic. The proof of the 
theorem is thus completed.* 


11. Conornnany.—4f f, $, and F are L-functions, then 
FAJE),  F(f)—F(9) 
tend to infinity or to some definite limit. 


This requires no further proof. It is of some interest in connection 
with Pincherle's extensions of some of Du Bois-Reymond’s work. 


III. 
The Limits of the Increase of an L-Function. 


12. I also stated, but without proof, the following theorems; :— 
THEOREM 2.—An L-function of order n cannot satisfy 


fa > €n (15). 


THEOREM 8.—4n L-function of order n cannot satisfy 
1 <fa « (zy, 
or (nz) 5 < f, < 1. 


Theorem 2 is not only obvious to the eye of common sense, but very 
easy to prove. Assume the result true for functions of order n—1: it is, 
of course, true for functions of zero order. 


e I should mention that the idea of attempting to construct a formal proof of this theorem 
was suggested to me some years ago by Mr. V. Ramaswami Aiyar. 

t '*O.I.," pp. 18 et seq. 

t “O.I.” p. 20. 
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Any function of order x is an algebraical function of certain arguments 
jui, «oes Una, +--+) Xn-1, -... the increase of any one of which is ex 
hypothesi less than that of 


e (e, 1t?) = e, (x?) 


for some value of A. Hence the increase of the function is less than that 
d (es z^) 

for some values of A and A, ; and so less than that of en(x*) for some 
value of A,. Thus the theorem is established. 

Theorem 8 appears to be much harder to prove. It is indeed natural 
to suppose that it ought to be deducible as a corollary of Theorem 2. But 
for such a deduction we appear to need some such theorem as the 
following :*— 


If f, is an L-function of order n, tending to infinity with z, and f is 
the function inverse to fu, then there is an L-function pu, of degree n at 
most, such that = 

f. 


If this is true, Theorem 8 may be at once deduced from Theorem 2. 
For the inverse of (l z)* is e, (z'*) ; and so, if 


1 «f, < (zy, 


it follows that f z»e,(r*) for sufficiently large values of z,+ and so 
Pn > e„(x*), which is impossible. I have, however, not been able to 
prove the result assumed in this deduction, and I &m not inelined to 
commit myself to a definite opinion as regards the probability of its being 
true. { 


18. It therefore appears to be necessary to proceed to the proof of 
Theorem 8 by a different road. It is convenient to recall one or two 
theorems from my tract which will be needed in the proof. 


THEOREM 4.—The relations f > 6, f Z p, f < $ involve the correspond- 
ang relations 


> z. 
[roa = | $0 dt, 
a < a 


—— 


* A less precise result might be sufficient. The possibility of the truth of the theorem 
was suggested to me by Mr. Littlewood. 

t “O.I,” p. 16. 

I I shall return to this point in Section VII. 
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if either of the integrals | f dx, | pdx ts divergent. If both integrals 


are convergent, then 


w > po 

| ftdt = | 9 (dt. 

r < z 

Here f and ¢ are supposed to be positive, continuous and monotonic— 
there is, however, no difficulty in interpreting the results so as to apply 
them to negative functions.* The theorem may be stated briefly thus: 
relations of the type f > >, ..., may be integrated. 


THEOREM 5.— The relation f> $ wolves f' > $', unless f Z1; 
f X 9 involves f' = 9', unless f i$ 31; f< $ involves f! < $', unless 
$ 1; provided always that it is known that one of the relations f' > $', 
f' X qf, f! & 9! must hold between f' and 4. 


The exceptional cases mentioned in the enunciation are in reality of a 
trivial character, and are due to the fact that, if f = 1, then f, when re- 
garded as the integral of f', is dominated by a constant of integration. 
Thus, if f = 1+e-’, ¢ = 1/z, then f > 9, but f' < ¢’. 

Theorem 5 may be stated thus: relations of the type f > $, ... may 
(except in certain special cases) be differentiated, provided we are assured 
a, priori that some relation of this type must hold between the derivatives. 

When f and ¢ are L-funetions, so are their derivatives: thus we 
obtain : 


THEOREM 6.—Relations of the type f > $, ..., holding between L- 
functions, may be integrated and differentiated, subject to certain restric- 
tions relating to the cases in which f=1 or $ X 1. 


14. I shall now establish Theorem 8 as a corollary of a more precise 
theorem. 


THEOREM 7.—4f fa ts an L-function of order n, and 
(I 12)7* < f x (L x^, 
then PZU 


where s às a rational number. In particular, if fa ts rational, s must be 
an integer ; and if fa ts integral, a positive integer ; and if fn ts an in- 
tegral or rational exponential function, then s must be zero. 


* « OLI," pp. 36 et seq. ; this reference applies also to Theorems 5 and 6. 
SER. 2. VOL. 10. No. 1102. F 
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I shall base my proof upon two lemmas: 
Lemma A.—If (5 x)? < f (uy, 
and it is not true that f 1, then 
(mr) 5 xl... lux. f! < zy. 
The truth of this follows immediately upon differentiation. 
Lessa B.—If (lma)? < f] < (laa, 
while, for some positive y, 
p< (lnr)! or o> (mz), 
then (52) 5 <f'/$' X (lanz). 
For 
(1) p (lmz) « f < 9 (lay. 
It is evident from the conditions that no one of the relations 
$u.r)*—IT,. fad, phur 


is possible, if ó is small enough. 


Hence (Theorem 5) we may differentiate, and so we obtain 


d —6 ! d 8 
(2) dz {p (lna) Xf Xd i$ll„z)”). 
e d Vv RENE 
SON Ta | Pln) | = $2) (4 se e 
But lb > Ylm+17, 
#y— Y 

Boe o > zla... lpt 
When y is fixed we can find K and 2g, so that 

£| _ Kk 

| p ER T (7 > To) 


Thus, if ô < 4K, the ratio of the functions 
$9. 9 $ 
$ 


[Dec. 8, 
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lies, for z > z,, between 34 and 3. As they are L-functions, we must have 


eet nn, 
p crix..lz 


d <= 
Thus iz 19 (lna)?! = 9'(L x); 


and a similar result holds when —6ó is replaced by 6. The truth of the 
lemma now follows immediately from (2). 


15. We shall now assume Theorem 7 to be true for functions of order 
n—1, and prove it true for functions of order n. As it is plainly true for 
n = 0 (when J,_,2 is e and laz is z), it will follow that it is true generally. 


(1) If fu ts a simply exponential function, and 


| (1, 12) 9 X fa < (L3 zy, 
then fa = 1. 


Suppose, e.g., that f, > 1. Then 
1<7/,<hz, 
1 fa 1 


< 


sne eg tle... hat (lniz) t? * f. zle... har’ 


the second relation following from the differentiation of lfa < l,2z, the first 
being a consequence of the fact that 


| dx 

ziz... la- (lnx) t? 
is convergent. | 
Hence, if f, = pa-1€0n-1, we obtain 


(1,_12)-3 < (ele... la) (= tela) <1, 


which is impossible, as the function in the middle is of order n—1. 
(2) The same result holds for any integral exponential function. . 
Suppose that Ja = Zpn-1201—1 


is of type w, and that the result has been proved for funetions of type 
w—l. 
Two cases are conceivable. Either all the terms of /, satisfy 


w 
Dazl6 cm. 


F 2 
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or there is at least one which does not. We consider the latter case 
first. 


(1) Let pn-1€8052-1 = 1/6 
be one of the terms which does not. Then, by what has already been 
proved, $< (naa? or $ (az? 


for some positive y. 
Let f, = f,/$, so that 


(la)? < falo < (lni). 
The conditions of Lemma B are satisfied, and so 
(5 12)75 < ful d! < (la 12. 
But TATY is clearly of type w —1. Hence these last relations are only 
possible if REM 
B f» A4, 
ie., if fx = p Or fy = I 
(ii) If every pn_160n_1 satisfies pr—1eon-1 — 1, we define ¢ as above by 
means of any one of them. 
In this case it is plain that f, <1. 
Now | (ln_12)7* < f. < (l 129, 
and so, by Lemma A, 
(, 12) X zlz ... hz. fi X (amy, 


unless f, = 1 or fa 1. But ziz...l, x.f.isoftypew—1. Hence 
we must have d 
riz... IRE » A 1, 
which involves Sem Jem didi 


and this is impossible, since f, <1. Thus we are driven back on the 
conclusion that f, = 1. 


(3) If f, ts any integral function, and 
(dnt)? < f. X (iy, 
then PRZE 
where q is a positive integer. 


We shall prove this by establishing, as in $ 10 (3), induetions from 
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functions of degree A—1 to functions of degree X and type A, 1), and 
from functions of type (A, u—1) to functions of type (A, 4). 

Suppose, then, that f, is of type (A, m), and consider the factors 
Pu-1€0n-1 Of the u terms in f, of degree A. We must distinguish two 
eases exactly as under (2) above. 


(1) Suppose that among these 4 factors there is one of which it is not 
true that E EET ET 
and let f, = f,/ó. Arguing precisely as above, we find 

(,12)7* < fi] o! < (12). 


The function in the middle is of type (A, u —1), or if u = 1, of degree 
A—1. Hence we must have 


fa E (2)! o, 
where q is a positive integer. Now 


$X(h-x)"* or č >h, 


80 that lb > ylnt, 

4 "JE SOK 
Thus £ > £ log ((l z)*], 
n tary ~ 4 PER 
Hence du E lz)! gł, 


f. X (loy Q, 
fa — fido X (2). 
Thus in this case the required induction is established. 
(ii) Suppose that all the u functions pn_1607_1, satisfy p. 1674.1 = 1. 
d (l2)? X fa X (Gaz, 
and so, by Lemma A, 


(i2) * < zlz... Int fa < (hia), 
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unless f, X1 or f, X 1. Apart from this case we must have 
glr... lyar. fa (lo; 

and, dividing by the logarithmic factors on the left and integrating, we 
m AZAZ (avy, | 
Thus again our induction is established, and the proof of (8) is completed. 

(4) If fa ts any rational function, and 

| (L, 12) 75 < fa X (lix, 

then Jem due 
where q ts a positive (or negative) integer. 


Suppose that f» = M/M, 


where M, and M; are integral. When M, is simply exponential, the pro- 
position reduces to one already proved. We shall prove first that it is 
true when M; is any integral exponential function. In these cases q may 
be restrieted to be positive. | 


Let pn_1€01_1 be one of the w terms of Mg; let 
Pn-16On-1 = 1/¢, M, = M,/¢, M, = Milo ; 


and let us assume that the proposition has been proved when M, is of 
type w—1. Then 


(1) (5 12)7* < Mi Mg X (ln-12)°. 
If (12) < My < (52), 
we must, by what has already been proved, have 
M; X (La) 
(qa a positive integer). In this case M, satisfies similar relations, and so 
M, Z (nz), fa = MJM, X (eye, 


which is what we want to prove. Thus this case may be dismissed, and 
we may assume that 


M, < (l.i zT or M, > (5, 1a)". 
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Then it follows from (1), by Lemma B, that 
(2) (212)? < Mil M: < Us ia. 
As M; is of type w— 1, we must have 
MM; Z (lx, 
M; X (nx)! Mi, 
where q is a positive integer. It then follows, just as at the end of (8) (i), 
a M, = (he! M or fı X (z). 


Thus the induction from w — 1 to æ is established ; and (4) is proved when 
M, is any integral exponential function, q being so far necessarily positive 
or zero. 

We now suppose M, to be of logarithmic type (A, u), and we have to 
establish our customary inductions from degree A—1 to degree A and 
type (A, 1), and from type (A, 4 — 1) to type (A, m). 

Suppose, then, that the relations (1) are established. The assumption 
that M, = (Lx) leads, precisely as before, to the conclusion that 


Fis = (lago, 


Rejecting this hypothesis, and pursuing the same train of argument, we 
arrive at the relations (2). As M; is of type (A, u—1), or, if u = 1, of 
degree A—1, we must have 

M/M; X (lay. 
If g=0, we have _ 8 E s 

M; = Mọ, MZM, fh žl. 

Suppose then q > 0, so that 

M; X (1,2)! Ma. 


If M; = (1,2)", 
we have M; X (lay'**s, 
M, = z (Ll, xyt*, M, = x (Ll, a)ts,* 


f Z (zy. 


- — — ———— m LJ = — ea 
— M — 


* It is easy to see that | (Lx dz ~ z (lx): 
see Section IV. 
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If it is not true that M; = (1, 2)”, 
we must have M; < (82) z) OT M; > (ARYJIA 


and then we prove that f, = (lnx)! precisely as at the end of (8) (i). The 
ease in which q is negative may be treated similarly, and so the proof of 
(4) is completed. 

Before proceeding further let us point out that it is easily proved (by 
reasoning of the same character) that, if fa is a rational exponential func- 
tion, then q must be zero. 


16. We are now in a position to complete the proof of Theorem 7. 
If f, is any L-function of order », there is [$ 10, (4)] an equation 
M, fp +M, fr +...+M, = 0, 


wherein the coefficients are integral L-functions of order n. If we denote 
by X, X,, ..., Xp the various terms of this equation, any pair X;, X; must 
satisfy one of the relations 


X> X, ZZA, — XXX 


(Theorem 1). Moreover, as their sum is zero, there must be at least one 
pair such that 


X; = X; 
Thus „ X MM. 
Hence, if (I, 12) 3 < fa X (iz), 
we have also (L, 12)? < Mj|Mi < (li ix, 
and so Mj| Mi = (b x), 


where q is an integer. Therefore 
Fu A (say, 


where s is rational, being in fact an integral multiple of 1/(7 —?). 


It is possible to obtain, for the different cases which we have con- 
sidered, more precise information as to the indices of the powers (l.z), 
(laz) which figure in the theorem. To do so would however, lead 
us into a more elaborate analysis of the possible forms of L-functions of 
order n ; and the theorem embodies all that we shall require in the sequel. 
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IV. 
The Integration of L-Functions. 


17. We are now in a position to establish a general system of rules 
which define the orders of greatness or smallness of the integrals 


| oan | fat. 
We choose the first form of the integral or the second, of course, according 


a8 f fa(x)dxz is divergent or convergent. In either case we denote the 


integral by F(z). 
We observe first, that if f is an L-funetion, then either (i) f> x^ or 
(i) f «z^ or (iii) f = z^fj, where 


r^ XR < a5. * 


THEOREM 8a.—If f> x* or f «x^^, then 


Ff. 
gt 
If f= af, then rd ali^" 
unless a = — 1, when further investigation is necessary. 


(1) If f» z^ the integral is obviously divergent, and 
tape A a= fe. far — |. 4 (Ff at. 
jya=| | e= V Fa La) 
Now, since f > z^, we have 
logf>logz, f'lf> 1/2, 


iX 1>4 (7) 


[ar | rz (p) & 


x f 2 
T 
and go | fdt ~ Me 
a f (a) 
e QI." p. 21. 
t We suppose a chosen so that the functions are continuous for z > a. 
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The case in which f< z ^, when the integral is obviously convergent, 
may be settled in the same way. 


(2) If f= z*f, where a > — 1l, the integral is divergent. We have 
then 


x atl 
| enu = SG hw WSTACE zl t+! fidt. 


But z^* «f, < 2°, and so 
log fi <logz, — fifi < lla, 


qeu « etf. 
z +1 
[ eat ~ 410): 
The case in which a « —1, when the integral is convergent, may be 
treated similarly. But when a = —1 (when the integral may be conver- 


gent or divergent) further analysis is required. 


18. Suppose now that flt (z <f <2’). 
Then either (i) f, > (ix)? or (ii) f, < (ix)? or (iii) f, = (lx)! fg, where 
(Lc) * < fa < (iz)’. 


THEOREM 8b.—If f=filz (z <f <>, 
then, if f, > (lr)? or fı Ś (lx) ?^, we have 
F~ filcfi. 
If fi (lx) fa, where (lx)? < f, < (lo, we have 
a,+1 
ad = 1 
unless a, = —1, when further investigation is needed. 


We have, in fact (taking the integral to be divergent), 
x log x z 

| h dt =| i fie)dr = E F (1) dr, 
a t log a log a 


say. If, e.g., fi > (lz)^, we have clearly F, T^, and so 
[4 dt ~ {F\(logz)!? f 


 Flloga) ^ zfi 


Similarly in the other cases. 
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It is evident that this process may be continued : thus we obtain 


THEOREM 8c.—If f=fajrlx, (lx)? Z, < (Loy, 


then if fa? (x) or fy < (hz) 3, 
fa 
a "m . 2 s 
we have F 2 


If fa = (ląz)* fa, where (lz)* < fa < (lx, we have 


(l,r)2*! 
r" 2 . 
a+ i1 f: 
unless a —1, when further investigation is necessary. And so om 


generally. 


19. TuEonEM 9.—The various forms of Theorem 8 (a, b, c, ...) apply 
to ALL L-functions. 


Consider first L-functions of order 1. The only case not settled by 
8a is that in which tei 
where r^f, xt. 
By Theorem’ 7 we must then have 
fi = 4A (la). 
The only case not settled by Theorem 8d is that in which 


A A 
hor ~ig, F~ Abe. 


" Similarly L-funetions of order 2 are dealt with by 8a or 8b or 8c, unless 


A A A . 
[ci hib De 2e F~ Alz; 


and so on generally. 


V. 
Standard Forms for the Increase of L-functions. | — 


20. The preceding theorems enable us to establish systems of standard 
forms for the increase of L-functions of a given order. | 


THEOREM 10. —Any L-function f, of the first order, ultimately positive, - 
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may be expressed in one or other of the forms 
gar r9. Az* (log z)'(1+e).* 


If f, is rational, t must be an integer ; if f, ts integral, a positive in- 
teger; if f, is an exponential function (integral or rational), t must be 
zero. 


(1) The conclusions of Theorem 10 are valid when f, ts a simply 
exponential function polo 


If f, = 1, there is nothing to prove. If f,> 1 or f, <1, then 
log f, > 1: 


the only difference between the two cases lies in the fact that in the first 
case log f, is ultimately positive and in the second ultimately negative. 
Let us suppose, to fix our ideas, that f,» 1. We have then 


log fi — | (28 +23) dt = 4| t (1-- 6 dt, 


since the subject of integration is algebraical. Since log fj > 1, s zx — 1. 


It is evident that, unless s = — 1, we obtain! 
log fi = Axt(lte, — fj—e70*5. 
Here, of course, A and s are positive. If s = — 1, we have 


Po jg, = 4 ate, 
Po ui 


But eis algebraieal. Hence we must have 
e = O(r?) (a0), 


h = £ tow- 
Si t 
log f, = A logz+Be, 
fi = A zf (+o. : 
It remains to be seen that A is rational and may be replaced by s. 

Now c», being the derivative of an algebraical function, cannot, when 
expanded in descending powers of z, contain any term in 1/z. And pj/ppo, 
being the logarithmie derivative of an algebraical function, can contain 
such a term only with a rational coefficient. Thus A must be rational. 


* As explained in $2, s, t denote rational numbers. 

t Not, of course, with the same A and s; see the remarks in $2. Of course, too, ‘ un- 
less s = —1 ” refers to the first s. 

t The logarithm of an algebraical function is necessarily of the form alogz+..., where 
a is rational, and the remaining terms involve negative powers of z. 
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The case in which f < 1 may be treated in the same way. 
(2) The conclusions of the theorem are valid for any integral ex- 
ponential function f, = E gets. 


Assume this proved when f, is of type w —1. If we divide f, by Polso 
differentiate, and restore pec to the other side, we obtain 


(1) fitsof, = $v 
where 4, is an integral exponential function of type s» —1 and 


d 1 i 
sę = — Flog (poto) = — f 


is algebraical. 

In the equation (1) there must be at least one pair of terms which 
can be connected by the symbol =. We have thus to distinguish three 
possibilities. 

(i) We may have Soft X Pie 
As ¢,/sp is of type w—1, our induction from w—1 to w is in this case 
immediately established. 

(ii) We may have fi X. 

As ¢, is of type m —1, it follows that fi must have one of the forms 
e^'0*9,— Az'(14-9; 


and it then follows immediately, from Theorem 8a, that f, itself has one 


of these forms, except in the special case when in the second form s — — 1. 

In this case fi — Alz, fi~ Alogz. 

But this is impossible, obviously if f, < 1, and, by Theorem 7, if f, 1. 
(iii) We may have fi = Sofi 

in which case Alf, = Ar (1+6). 

Unless s = —1, we at once see that f, is of the form e^'0*9, If s= —1, 

we have 


A =“ (te, 
1 


and the same argument as was used under (1) above may be used again 
to show that 4 is rational. 


Again, e = (zfi— Af) l Afi 
is & rational exponential function, and must therefore,* by Theorem 7, 
be of the form O(z^? (a> 0). 


e Sec the last remark in $ 15. 
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Hence + = " + O(x7!~*),* 
1 


log f, = slogz+A+te, 
f, = Ar (1+6). 
Thus (2) is completely established. 
(3) The conclusions of the theorem are valid for any integral function 
Ji = È poeot" (Ir) ... (Lr). 
We shall prove this by our usual process of induction from degree 
A—1 to type (A, 1), and from type (^, u — 1) to type (A, u). 


Dividing by peo, differentiating, and restoring pgec, to the other side, 
we obtain 


(1) fi sf = $1 
where s, is the same function as before, and ¢, is of type A, u —1) or, if 
ja = 1, of degree A—1. We have again three possibilities. 


(i) If sof; = ¢,, our conclusion follows immediately. 
(i) If fi = pı we have fi = ef 0+9 
or fi = Ax (lz) (1+6). 


It then follows, from Theorem 8a and Theorem 85, that f, itself has one 
of these forms. The case of exception to Theorem 8b, viz. s — — 1, 
£ — —1, cannot occur, since ¢ is ez hypothesi zero or a positive integer. 


(iii) If f; = sof, we have 


MIA = 4x'(1+0), 


and our conclusion again follows at once unless s = —1. 
Now e = (zf1—Af)/AfJ 

is rational, and so, either er, 

for some positive y, or e = (lr), 


where q is a positive integer. If e< z^Y or q >1, we have 


f=4+40(4) or + +o! : l, 


fi z gt (x(x)! 


log fi = A logz+-B+e, 
(2) f, A740 4e). 


* We have replaced 4, proved to be rational, by s. 
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If q = 1, we have — 4 — 5 (1-6), 
where now | e=0 (Qx)") (qz. 
Hence we obtain lf, = Alz+Bliz+C-+e, 

(3) fi = Az" (le) (1+6). 


It may be shown as before that A is rational: that B is rational follows 
at once from Theorem 7. Thus in any case the proof of our induction 
is completed. 


(4) The conclusions of the theorem are valid for any rational function 
of order n. 


Let A, = M,/M,. 


The truth of (4) has already been established when M, is simply 
exponential. We require to establish inductions 


(i) from the case in which M, is exponential and of type x —1 to the 
case in which it is exponential and of type a, 


(ii) from the case in which M, is of logarithmic degree A—1 to the 
case in which it is of degree A and type (A, 1), 


(iii) from the case in which is of type (A, u —1) to the case in which 
it is of type (A, m). 

In any case let Pol% = 1/4, 
a factor of one of the terms of Ma, chosen as usual, and let 

M, = M,/¢, M, = Map, fi = MVM,. 
Each of M,, M, is of one of the forms 
e^ it), —— Az' (xy (14-6, 

where s is rational and ¢ is integral. 

There is only one case in which it is not evident that f, itself is of one 


of these forms. This case oceurs when M, and M, are both of the first 
form, with the same values of 4 and s. Then 


log M, ~ log M, ~ Az’, 
M;/M, ~ M5/M,, 
and so fi ~ MyM. 
Now M; is of type (A, 4 — 1), or of degree A—1, or of type w — 1, accord- 


ing to the induction which we are proving. Thus in any case the in- 
duetion is established. 
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(5) We can now complete the proof of Theorem 10. For f, satisfies 
n equati A 
an equation M,fi+M;fi +...+M, = 0 


whose coefficients are integral functions of order 1. Of the terms 
Xo Xy, ..., Xp of this equation, one pair at least must satisfy a relation 
Xi = Xj. Thus "= 

f i = M; | Mi; 


and the theorem follows now as a corollary of (4). 


21. Theorem 10 enables us to recognize at once that certain types of 
funetion cannot be L-functions of order 1. Thus 
q = et loge 
where a is irrational, is of order 2. This was proved quite differently by 
Liouville.* The same is true of 


loglogz,t e, 2". 
Again : 
THEOREM 11.—No function of order 1 can satisfy 
rè <f e” 
or (log z)? < f « z*. 
Thus elo8** — (aq #1) 


is of order 2. 


22. Let us pass to functions of order 2. It is easy to recognize 
eU, e] ag! ny (lua 
as fundamentally distinct types of increase for such functions. By 


arguments similar to those of § 20 we can establish the theorem— 


THEOREM 12.—An L-function of order 2, positive and tending to 
infinity with z, can be expressed in one or other of the following forms :— 
(i) pen (EO 
(ii) e (ax (1+ 9 
(iii) pete a +e) 


(v) ax'(lz) (,r)"(1+e), 


— —ÀM———— — — ———— - 


mama  — o — —  —À a A NF 


e Journal de Math., T.2, pp. 94-98. 
+ Ibid., pp. 99-102. 
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where a ts positive, and s, t, u rational, and, moreover, 
(1) s> 0; 

(i) s>0 or s=0, t1; : 

Qi) s>0, 0 £«1 or s=0, 0<t<1 (when the positive 
sign must be taken), or s = 0, t=1 (when again the 
positive sign must be taken, and a ts trrational*) ; 

(iv) s>0, or s=0, t>0, or s=0, t=0, u>0. 

By means of this theorem we recognize, for example, that 
l£, egz, c^, (lx (a irrational), 


eX?" (a 2E p), deor» (a #1), 


are in reality of order three. 
Again, no L-function of order 2 can satisfy 


ew x fe. 


It is, of course, possible to proceed further in this direction. Thus for 
functions of order 8 the standard forms are 


(14 «) 
go 
t 
ege (z) 1 +o) 


getto 
e (xy (15x) (1 + 9 
q tl) (laz) 0 9 
xz (lz)! gta s 2)" (+0), 
z* (lz) ąz)” (hx) (1 +6) ; 
and so on generally. No function of order 3 can satisfy 
er fe., 
No function of order 4 can satisfy 
e < f< CE 
no function of order 5 can satisfy 


elllr)? "UU 
€ 203 


<f<e 


and so on generally. We shall make use of this remark in the sequel. 


* Were a rational, e” !08* could be replaced by z^. 
T On the subject of the functions e, (l,z)^, see '' O.I.” pp. 21 et seq. 
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VI. 
On Gaps in the Logarithmico- Exponential Scales. 


28. I have in my tract considered the question of the construction of 
funetions whose rate of increase cannot be measured by functions of the 
logarithmico-exponential scales; ż.e., of functions f such that the relation 


EX. 
is impossible for any L-function 4. 
Such functions are furnished, for example, by any function f such that 


f> ealz) or 1<f<l(2). 


A simple example of the first type is given in my tract.* An example of 
the second type can be constructed by means of the functional equation 


(e) = ed (a). 


It is easy to define, by means of a geometrical construction, a solution of 
this equation which tends steadily and continuously to infinity with z. 
The fact that 

(e) > hz, 


for all values of k, at once suggests that the increase of $ must be slower 
than that of any logarithm ; and it is easy to prove that this is in fact so. 

A still more interesting question is that of defining functions whose 
inerease cannot be measured by any L-function, although it falls within 
the limits of the logarithmico-exponential scales. I showed in my tract+ 
how we could, by a geometrical construction, define a continuous and mono- 
tonie solution of the equation 


po (z) = e. 


I was compelled, by considerations of space, to content myself with the 
briefest indications of a proof, which I will now complete. 


24. The solution of the equation was defined as follows. Let 


29,70, z,—3, lę=l, xz,-—Xe, Be, ... 


* *O.I," p. 33. 
f 'O.L," p. 34.. 
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and generally Lon = en (0) = e (1), 
| Long. = 64-1 (4/0). 

Then ¢(z) is defined by the equations 
p(z) = e_s(l_ex)”? =2+4 (=< 2 < 2,),* 
f(z) = e1 (l-22)! = e (a, zig, 
p(z) = ea(Liz* =a2/e (a< T< T, 

and generally (x) = An-2(2) = e. (lar) * (zy < £ < ong); 

pla) = un-2(2) = en~i (cam) (Zong < E < Longa). 


Then! Ap < Ay A4 X ... < ug < u Ć My. 
I shall now prove that (as was asserted in my tract)! 


Ap < $ < Mq 
for all values of p and q. 


88 


25. In order to prove that $ > A, for all values of p, it is plainly 


sufficient to prove that $ £x. (rmx). 


Now, if z > Zon, $ is equal either to one of the functions A4.» (m > n) or 


to one of the functions An_s (m > n). 
Now An-1 > Nn— 2, 
if e(l, x)" > (Lb oz)"; 


or, putting y = 0,52, if 
(ly) > Vely, 


ly > ( A/e) (e-, 
Now, for z = Zen = €,-1(1), we have y =e. And 


e> ( A/e)(e-0, 


———MMM —— M — ——— —— ——— X — ——— o 22 .—- 


* We may agree to interpret l-z as ez and e.a.z as lz. 
t "O.I.,” pp. 21 et seq. 
i "O.IL," p. 35. 
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which is obviously true. Hence A. 12» An- for rz»; similarly 
An > An-1 for z > 234,5, and so ON. It follows that 


$(r)zmA«. (x) (£ DS Zon), 


certainly throughout the intervals in which coincides with one of the 
functions A. 


Again Mn-2 > An 2, 
if e (y!/"9 2 y", 
or, putting y — z"*, if e m. 


Now the equation e = z' has a root when z =e: and € 2 z' if 22 e. 
Thus us» > An-2, if y > e", or 


T > len- (ye) = Long. 
Similarly "€ > X. if > 24,5, and, a fortiori, u.-iz» An-2, and so 
on. Thus | 
p(x) > An-2(z) (x 2 s), 
also in the intervals in which ¢ is equal to one of the functions u. And 
= p(t) > Mio mcs. 
Similarly we can prove that $(x) < Mn-2(z) (rz 141), and from this 


it at once follows that 
Àp < $ < Mas 
for all values of p and q. 


Thus the function ¢ enables us to divide all L-funetions into two 
classes, such that if L, and L, denote any members of the respective 


classes, then L,X$eXL, 
The increase of ¢ would, in Borel's notation,* be denoted by 


yw. 


We could similarly define the mode of increase w"**, where n is any 


* Legons sur la théorie de la croissance, pp. 14 et seq. 
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integer, positive or negative: and indeed w* for any rational a. All 
these modes of increase are distinct from those of all L-functions. 


26. There is another method of constructing functions whose increase, 
80 to say, hits off a gap in the logarithmico-exponential scales. This 
method is simpler but less interesting than that just discussed, and I 
shall content myself with some very summary indications. 


Consider the function jeg 
Since eis od e, 


the increase of the function is the same as that of the simpler function e. 
A series of closer approximations to the function f would be furnished 


? (+2). eltti) 


But we cannot in this way find a function ¢ such that 


f= ote. 


However many terms of the series for e'* we retain, the difference f—4 
remains of order greater than z*. To put it roughly, we can only express 
f with the degree of approximation implied by the equation f = ¢+e, by 
taking ¢ equal to f itself. Similar considerations apply, evidently, to any 


function e Plo), 
where P is a convergent power series. 
If now peg 
we see that, in order to express F by a simpler function ¢, with the degree 
of approximation indicated by F= 90-9 
—4.e., with sufficient approximation to fix the increase of F—we must take 
p =F. 
Similar considerations apply, of course, to the more general function 


e P (2) 


Thus, by taking P(1/z) to be a power series whose sum ts not an ele- 
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mentary function—such a series 88 
1 1 1 1 1 1 
lta treaties at 
—we are led to functions whose increase is not equal to that of any 


L-function.* l | l 
These considerations can be extended to cases in which P(1/z) is a 


summable asymptotic series, and the factor e” is replaced by a more 
general factor—we are thus led to such functions as 


e (s+) — ea te’ v(2«)P (1/2). 


VII. 
Miscellaneous Remarks and Conclusion. 


27. Inverse Functions.—The present is a convenient moment at which 
to make a few additional remarks as to the possible modes of increase of 
the inverse of an L-funetion (a question already raised in § 12). 

Suppose that y is an L-function of order 1, ultimately positive and 
tending to infinity with z. Then, by Theorem 10, 


y= g^ (ite) 
or y = Az' (Iz)'(1+e). 
In the first case z = A,(ly)*(1+e), 
and in the second z = Ay" (ly (1-+e), 
unless s = 0, when g = eA" uso, 


Thus the standard forms for the increase of the inverses of L-functtons 
of order 1 are the same as for the L-functions themselves. 


* Several theorems have been proved with reference to the possible forms of power series 
whose sum is an elementary transcendent in Liouville’s sense, or, more generally, a solution 
of an algebraic differential equation: see, for example, Hermite, Cours (4th edition), p. 195, 
where a theorem originally due to Eisenstein is proved. This theorem has been extended 
widely: see Heine, Crelle, Bd. 45 and Bd. 48; Hurwitz, Annales de l'École Normale, t. 6 
(series 3); Fouet, Lecons sur la théorie des fonctions analytiques (2nd edition), t. 2, p. 123, 
where further references are given. 

Hermite (l.c.) also refers to an extremely interesting theorem of Tschebyschef, of which 
no proof appears to have been published (see Wassilief, P. L. Tschebyschef und seine wissen- 
schaftlichen Leistungen, Leipzig, 1900, p. 42 and p. 64). 
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Similarly, if y is of order 2, it has one of the forms 
(1) enl as (2) e47 exa) (2a) e40» 0*9 (t> 1), 
(8) z'e0 0*9 (t <1), — (Sa) e*€9'€*9 (t <1), 
(4) Az'(lxy(hz)' le), (4a) A (xy (hz) (04-9, (4b) Alae)" (+e). 
It is easily verified that the forms | 
1, 2 2a, 8, 8a, 4, 4a, 4b 
invert into 4b, 4a, 8a, 8, 2a, 4, 2, 1.* 


Thus the standard forms are also the same in the case of order 2, and 


this conclusion may be extended to any order. 
It is easy to see that many of the theorems proved in this paper are 
true not only of Z-functions but also of their inverses. This is certainly 


so, for example, with Theorems 2, 3, 7, 10, 11, and 12. Again, if f and ¢ 
are inverses of L-functions, one of the relations f» 9, f$, f<¢ 
holds between them; and if f is an L-function, and ¢ the inverse of an 


L-function, one of the relations f > ¢, ... holds between them. 
But whether or not it is true that, given an L-function ¢ and its in- 


verse $, there must be an L-funetion y, such that 
$ ~y, 
I cannot say; and, as I said in $ 12, I am very doubtful whether this 
is 80. 
Consider, for example, the equation 
(1) y=zlz: 


an equation whose solution was proved by Liouvillet not to be expressible 
explicitly in finite terms. Then 


(2) z —ylly. 
If, now, we consider the equation 


(3) y = izhz, 


* The special case of 2a or 3a, in which ¢ = 1, A being irrational, inverts into itself. 
t Journal de Mathématiques, t. iii, pp. 526-531. 
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we have 


— 52 b. 
(4) fc ly (1+e) z 


ly a yoy. yoy? — yky 
More precisely" z = e lly J a 723 (ly)? TL y -gal RE e) | : 


But in order to express the solution of (3) in the form 
z = y ce, 
we should have to express the solution of (1) in the form 


z = x(y)-e, 


x being an L-function: and it seems to me very improbable that this is 
possible. 

In any case it should be observed that all the information that we 
have acquired concerning the modes of increase of the inverses of L- 
functions has been obtained by the use of Theorem 7 and its consequences, 
and so cannot be used in order to simplify the proof of that theorem. 


28. Algebraic Differential Equations.—Borelt has indicated the lines 
of extremely interesting researches concerning the possible modes of 
increase of functions defined by differential equations. Thus he has 
proved that the equation 


(1) f(z, y, y) — 0, 
where z and y are real, and f is a polynomial, cannot have an increasing 
solution of order as great as e. 


Similarly the corresponding equation of the second order cannot have a 
solution whose increase is as great as that of esz ; and there can be no 
doubt of the truth of the corresponding general theorem. | 

The discussion even of the two simplest cases is rather elaborate when 
so general hypotheses as M. Borel's are adopted. At present I propose 
only to point out how, in the case of the equation of the first order, we 
ean obtain much more precise information about the possible modes of 


* O.I.” p. 46. 

T “ Mémoire sur les séries divergentes,” Annales de l' École Normale, t. 16, pp. 25 et seq. : 
see also Boutroux, Leçons sur les fonctions définies par les équations differentielles du premier 
ordre, 
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increase of the solutions, if we assume this increase to be, so to say, 
sufficiently regular. 

Let us assume that the equation (1) has a solution y, such that any 
funetion of the form zy" (y, 


where m, n, p are integers, is ultimately monotonic. We shall express 
this by saying that y is of strictly regular increase. It is possible to 
prove that, in the case of the particular equation 


dy _ P(z, y) 
(2) de Qay 


where P and Q are polynomials, any solution which is ultimately con- 
tinuous is of strietly regular increase; but it would carry us too far to 
enter upon the details of a proof at present. 

It then follows that any two of the terms of (1) must satisfy a relation 
of one of the types $ > V, $9 ŻY, $ KV, and there must be at least 
one pair which satisfy a relation of the second type. We must therefore 
have a relation of the type 


(8) yy ~ Az". 

If neither u nor v is equal to —1, we obtain a relation 
(4) y ~ Az". 

If v (but not 4) is equal to —1, we obtain 


(5) y= 47 (1+e) 


If « (but not v) is equal to —1, we obtain 


(6) y ~ A(la)*. 

If « and v are each equal to —1, we obtain 
ly ~ Alz, 

(7) y= ae, 


This equation is less precise than the relation (4). To make it more 
precise, we must put y = z^z and form the equation satisfied by z. 

Let us (to cut the matter short) confine ourselves to the equation (2). 
We find that y must be expressible in one of the forms 


(8) eer Aa? (le) (1+-e). 
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It is not difficult to see that a and y must be rational. This is not true 
of 8—as is obvious from the fact that y = z^ satisfies 


y = Bylz, 


whether £8 be rational or irrational.* 

Apart from this circumstance, the forms (8) are the standard forms of 
Theorem 10. This parallelism at once suggests a number of further 
questions which demand a more careful analysis of the equation (1) and 
its extensions: to some of these questions I hope to return on another 
Occasion. 


* More precisely, the possible forms are 


y = eAzP (1 +e), 


y=Af(atlz)"(1+.), A (z)" (1* €), 


y = AzA(1 +e). 
Here p and q are integers. 
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THE INTEGRATION OF THE EQUATIONS OF PROPAGATION 
OF ELECTRIC WAVES 


By H. M. MACDONALD. 
[Received and Read January 12th, 1911.] 


INTEGRALS of the equations of propagation of electrical disturbances 
have been obtained by various writers; in particular, their expression as 
integrals taken over a surface enclosing all the sources has been treated 
by Love," and by the present writer, who proved that the electric and 
magnetic forces due to any number of sources can be expressed in terms 
of the electric and magnetic forces tangential to any surface enclosing all 
the sources.t The object of the present note is to give a direct analytical 
proof of this result. 1 

. Denoting the components of the magnetic force at any point z, y, z 
by a, B, y, the components of the electric force by X, Y, Z, the com- 
ponents of the electric displacement by f, g, h, and the components of the 
total convection current by u, v, w, the components of the displacement 
current are given by 


] d£ dn df, 


-+- 
* |; 


i-i [Atene m1 
4r Or! r ' Oróy r Oros r 
NP S P w, v o? 

I = Tr f z T ETT 


. d Ż u OQ v Ow, 1 
ral Wr yr OP r p 


where 4, v, w, ate the values of u, v, w at the point £, n, ¢ at time 


* Phil. Trans., 1901. 

T Electric Waves, pp. 16, 17. 

i The proof referred to depends on the superposition of two distributions, in one of which 
the tangential components of the electric force vanish, and in the other the tangential com- 
ponents of the magnetic force vanish; the adjustment of the two distributions to flt any given 
case presents some difficulties (principally that of determining the signs of the various 
quantities), which the proof now given evades. 
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t—r/V, r is the distance of the point z, y, z from the point £, n, €, and the 
integrals are taken throughout the space in which there are convection 
currents." The components of the magnetic force are given by 


= o 10 O o 
E p * | dé dn d$, 

= Ot 6 40$] aaa gg 
8- ||| [5 &-z ^ ]atoac 


sz ò v 0 = | 
MOZA 
and these integrals have to be transformed into integrals taken over a 
surface enclosing all the convection currents. 
If X, Y', Z, a, 8', ,' denote the components of the electric and 
magnetic forces at the point £, n, €, since 


47u, = (270) - (2) - = x 


where the suffix 1 denotes that t—7/V has been substituted for ¢ after 
the operations have been performed.! Now 


2 Xu ol yè 
and de, x > 
o yi... (yi |, yi) Or 
oy r o EET oy’ 
or _ _ or 
or, since oy — On’ 
Oy _(yr , yi\ Or. 
oy r =(4+3) On’ 
therefore o Y 4 e Ma. Lm y D 


* Electric Waves, pp. 17, 18. 
+ It should be observed that X" is obtained from X by substituting (— r/V for t, whence 
aX _ (2) 

at Ja 
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: ð yı 2 Aaly 
that is, ARE ud > =—( aR 

, am L0 yi AFB 9 yi OB 1 y. 
Henge ED r or A T or per 


à 2X am an 2 
r òr On r Or Oy r" 


The expression for a then becomes 


1-205 14$-45+5-8 5 


and similarly, 


dia Ax ae 2x) 1122 2H 

| i \3E 7 Mr or or r | nl 7 23 7 | | dena 
whence | 

= A 0f0 B 9 a) _0 [0 m 29 yi 
SE reall PEE: r ðn r æl r əf fJ | agant 


10(04 0 Yi 
E E d. 7) | atanac 


JL 
a 


hence, using the values of 1 P , = found above 


O Bf Fa PCa, © y 109(094Z Any 
S103 OA), 0 (6% OM, 0 (0X. 9Y) 
ox (OQ r nr) ' òzoy loér or) | Oxoz lyr | cr) 


19 z 1-3. Z] 
y? OG loé r Oy r 


— 
hend 


, 
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and therefore 


4c Ot oy lóś r Og oz log r ðr) 
1 (T2 23 12 z), © (a Z 9 m) 
+) [52 Dow s A xm 7 = 
8 ðX oN -2 


This integral can be immediately replaced by an integral taken over 
a surface enclosing all the convection currents, and the result is 


EE o (mai _ © nai—ly 
a am 5: || oy 2 r Jas 


1 ©? nYi—mZi 03 iZyi—nXi 03 mX1—lY; 
Pie > ta uu 


_1 © aY|—mZ| 
y! Jë rams | 48, 


where l, m, n are the direction cosines of the normal to the surface 

drawn into the space in which there are no convection currents. Writing 
myi—nBi = a. na; — yi = B, 181 —ma = y, 
mZ!—nYi = X, nX —lZi =, lYi—mX =Z 


the expressions for a, 8, y are given by 


Ee ZIE” 1-2 Bas 


X Y, © Z_1 08 X 
E PUDE T0537] 


MES z +524 xx : ^de Fas, 
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and the corresponding expressions for the components of the displace- 
ment current are 


O a 8 8, © y 18 a 
inf = za ox? r r i r Tros r 3 of jas 
O 


: 
wie [lay b+ SB ES Fe 


1 0 oY ox 
ter alla i Fl la 
The quantities a, 9, y are the components of a vector whose magnitude 
is that of the magnetic force tangential to the surface at the point £, n, € 
at time t—7/V, and whose direction forms with the normal to the 
surface and the tangential magnetic force a right-handed system of axes. 
Similarly, the quantities X, Y, Z are the components of a vector whose 
magnitude is that of the electric force tangential to the surface at the 
point é, n, Ć at time ¢—7/V, and whose direction is at right angles to the 
electric force. The first vector gives the electric current distribution on 
the surface which would be produced by the distribution of tangential 
magnetic force if the surface were perfectly conducting. The second 
vector gives the magnetic current distribution on the surface which would 
be produced by the distribution of tangential electric force if the surface 
were the boundary of a region incapable of supporting magnetic force. 
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ON CERTAIN VECTORS ASSOCIATED WITH AN ELECTRO- 
MAGNETIC FIELD AND THE REFLECTION OF A DIS- 
TURBANCE AT THE SURFACE OF A PERFECT CONDUCTOR 


By H. BATEMAN. 


(Received February 7th, 1911.—Read February 9th, 1911.) 


CONTENTS. 


$81. The transformation of an electromagnetic field with a simple singularity. 
2. The properties of a solution of the equation 


(s) + (ży) * (as) = Ge) 


3. The expression of an electromagnetic field in terms of four simple vectors. 
4. A method of treating the problem of reflection. 


1. The transformation 
g = xf (u) t+ Xu), 2 = 2f(u)+Z(u) | 
y' = yfiu-rY(w, t =tf(u)+T(u) 
admits of an interesting interpretation in connection with an electro- 


magnetic field with a simple singularity moving through the æther. 
It was shown in my former paper that if 


2 Xw __Y¥w 
é (u) = f (u) , n (u) Fu) , 


(1) 


_ Z __ Tw 
€ (u) x f' (u) , r(u) f (14) , 


and u is defined by the equation 
[z—£(0]*-F[y—2692]?-[z— 600 ]* = [t—rlu)]*, (2) 
then the transformation ean be applied to an electromagnetic field in 


which the electric and magnetic forces satisfy equations of the type 


du [Ow Ou Ou _ dufou Ou Ou 
zn Oo BV H, | — z, At 07 E,+ z E. | (3) 
Now equation (2) suggests that the moving point represented by the 


equations z=ć(w, y= nlu), z-—í(Q), t=rlu), (4) 
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should have an important relation to the electromagnetic field, and this 
at once calls to mind Prof. Conway’s investigations on the field of force 
due to a moving electron.* 

According to the expressions obtained by Prof. Conway, the compo- 
nents of the electric and magnetic vectors in an electromagnetic field with 
a simple singularity which moves in a manner represented by equation (4), 
are given by the equationst 


sed Dr dg] 
3 -[52]-«z [x] 
=—c2 = ajeg [SP x] 


(5) 
_ 4,9 fF (w) 9 (u) 
H, = sbr- ey Lar 
H,= ef [te = T fw) 
_ ACORN [te | 
BEE ips |- oy ) 
where M=r'lu)[t—rl(u)]-£'(u) de 
—17 (u) [y—n(w) ]—€ (u) [z—€ (u) ]. (6) 


It is easy to verify that any function of the form V=Mly(u) is a 
solution of the equation 


ev, Pv, eV OV 
as tot = ge” 


except at the singularity. Consequently the four potentials 


E(u)  w(w Ew) r'u) 


M" M? M" M 


satisfy this equation. Also u is a solution of the differential equation 
du)? , (du\? , du)? __ (du)? 
(Gz) + (Gy) +) = (r) i 


* These Proceedings, Ser. 2, Vol. 1, p. 154 (1903). 
f In Prof. Conway’s work u is put equal to r. 


SRR. 2. voL.10. No. 1104. H 
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It is easy to see that 2 is of the form 


e 
M = Leo ES, 
oM _ 


and similarly maa n (u) +K = , 


oM | , Ou 
km = — ('(u+K z, 


oM _, , Ou 
= Frit zz. 


Hence the expressions for E,, H, may be written 


= T'(w) _Kr'(u)]ou _ fe")  Kf'(uy]ou 
He=—e) if m la e [Si M | oe’ 


H.— ue z EP du - KE a Ktw Ou 
n M M? log M NM i&' 
and it is clear that equations (8) are satisfied. Moreover 


Qu Ou ÓW ry __ 
x et 5, rt 5; He = 0, 


: 
80 that the vector whose components are (st, Sy 4 is perpendicular 


to the magnetie force. It also follows that 
E.H,+E,H,+E.H, = 0, 


and this implies that the electrie-and magnetic forces are perpendicular to 
one another. These relations will be required later, but are not essential 
as far as the transformation is concerned. 

Since equations (8) are satisfied the transformation can be used to 
transform the given electromagnetic field into another. We shall now 
show that the new electromagnetic field also possesses a simple singularity 
moving through the ether. 


If we put r=€(u), J= nlu), Z= ĉu), t=Tlu), 
we find that the corresponding point (z', y', z', t') is given by 
T = XW) +f) E(u), ..., 
da’ = [X'G)T-f'G) E(u) +f(u) £ Q9] du = flu) €' (u) du. 
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Hence z! = | f(u) & (du 
y = MO 9 (u) du 
z = | flu) E (u) du 
# = | fur’ (udu 


(8) 


It follows from these equations that the points (Z, y, z, , (z’, 7’, 2’, t) 
move along two curves in such a way that the velocities at corresponding 
points (determined by the same value of u) are the same both in magnitude 
and direction. The two curves thus have the same spherical indicatrix. 
We also have the relations d 


(z—z) = f(u)[z—E(w)], ...; 


hence the relation 
(z' —2'P + (y' —y'* 3-6 —z'* = (t'—t)? 
i8 & consequence of the relation 
[z— £60]? (y — 1 02] He € 60]? = [£— 7627. 
Writing alu) = T', a' (u) = f (u) Ẹ' (u), 
B(u) =y, Bu) = f) n (u), 
y (u) = sz, y' (w) = f(u) F(a), 
Au) =t, Ou) = flu) T (u), 
we have M'= O0'Q)[t'—0(0)]—2a'(w) [z —a(u)] 
—B' (u)[y — Blu) J—y' ) [z — y Q2] 
= [f0]? [7 Q9 1t—TG2] — G)(z—£G0] 
—13 (u)iy—()| —Ć G012—6G02;] 
= M[ f)’. 
Hence if we introduce the new potentials 
alu _ Ëk) _ 1 


M' Mf(u) fw Az 


r Bw) nra _ 1 
4= apo Mf) f 2h 
py) _ Fw _ 1 
A, = M Mf) flw) = 

à'— 0' (u) _ Tw 1 
"M  MfQ) flu)’ 


4, = 


H 2 
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we have the relation 
Aj de’ +A;dy' +A:dz —$'dt = Ade A dy A de bt LR. (9) 
For, since dr' = f(u) dz+-f' (u) [z—£Q0] du, 


we have 4,dz'-- A,dy' + A. dz' —9'dt' 


= Arda A dy A de pdt] L0 sę [E u) [z—£G) | +n! G0 |y — G0] 


TC46G0012—6€G0; —T'lu)it=r(u)) ], 


and the quantity within the square brackets is equal to —M. 
Multiplying equation (9) by the equation 


9 TES ; O ; oO »_ 6 Ó ð Ó 
A dic Toe dz Tad! E au WALĄ eh 


we obtain the equation 

H! dy'dz + H,dz'dz' 4- H;dz'dy + E,dz'dt' +E,dy'dt' 4-E,dz'dt' 

= H,dydz+H,dzdz+H,dzrdy+E,drdt+E,dydt+E,dzdt, (10) 
H. = 04. oA, 


^ / , ese 8 


oy OZ 


where 


This equation shows that the electromagnetic field with the simple singu- 
larity (E(u), n(u), E(u), T (u)] is transformed by our transformation into the 
electromagnetic field with the simple singularity [a(u), Blu), y (Q0, 8(u)]. 


2. We are now led to investigate the properties of a certain system of 
lines in space. 

Let a direction (l, m, n) be associated with the point (x, y, z) at time t 
according to the law 


AE Ms Y 
00 c0 08 20’ 
x x" x z— 
r 0y UZ ot 


where 0 satisfies the differential equation 


65 + (Gy) +(e) = (e) a 


If we imagine a particle to be moving in this direction with unit velocity 


prc 
——— 
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(the velocity of light), its position at time (£+-0£) will be given by 
rtoéox = c--łót, 
y-róy = yt mót, 
z+oz = z+-nót, 

and the new value of 00/0x will be 


29 [S CO lst oo 37 ©. mat z, NEI 


Now the quantity within the square brackets may be written in the form 


00 00 06060 00 00 _ FO ə 
zm" Or! Ox Oxdy Oy  Ozóz Oz’ 
L 


and this vanishes on account of the equation (11). Hence the value of 
00/0. is the same as before, and similarly for the values of 00/dy, 00/62, 
c6/dt. The direction associated with the point (1+-ł0t, y+-mót, z+-nót) 
at time £4-ót is again (l, m, n), and so the particle will continue to move 
in a straight line with the velocity of light.* 

It appears then that the lines associated with the w* space time 
points (z, y, z, t), form a complex of o»? lines and represent the rectilinear 
paths of an aggregate of partieles moving with the velocity of light. 

The case in which the complex of lines consists of all the lines meeting 
a curve is of special interest, for this corresponds to the case discussed 
in § 1. 

If we take an arbitrary point P(z, y, z) at time ¢, and find the one posi- 
tion Q(£, n, €, 7) of the singularity,+ for which 

[r—6&G0 |*-F[y—»6G2]*-F[z— 662]* = [t—7 60]*. [£2 762], 
then the line determined by the equations | 
|l m n 1 
Ou Ou ou Ou 
Or Oy Oz ot 

is simply the line PQ. 


* This is simply a generalisation of Hamilton’s theorem for the equation 
ge) *(3y) *(as) 7 
+ + --]. 
oz dy 02 
+ Prof. Conway proves that there is only one position of the singularity for which thesc 
conditions are satisfied. 
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A general solution of the equation 
00)? | +(e)" a" 
(5) + (2) + (3) = (5 
may be obtained by putting 


[r—ć (a, B, y, 6)]?+(y —nla, B, y, 6*- [z— Ea, B, y, 0)]* 
= [t—r(a, B, y 0)]*, 


where fee] P (y— 5 + S G7] = Sta} 
Sleet 5 0—1]+ Se (7 0 = z [tr]. 


E e-i i-a leg] = (ta, 
or else, by putting 


z£(a, B, y, 0) +yn(a, B, y, 0) +zć (a, B, vy, 0) 
— tT (a, B, y» 0) J- f (a, B. y» 0) = 0, 


where zE yt On pL — 49 4 =o, 
„d£ a dr, Of _ 
gris HOS og dg © 
CIE 


"n = 0. 


The first solution appears to be better adapted for problems in the theory 
of electrons. 


8. We shall now investigate the properties of a vector (v, vy, v.) 
which satisfies the relations 


E,-Fv,H;—v.H, = v, (v, Ert vy Eyt v. E, 

E,+v.H,—v,H, = v,(v,E,+ v, E,4- v. E, 

E,+v., H,—v,H, = v; (v, E, 4- v, E, 4o v: E2, 
(+ry+v; = 1. 
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These equations give rise to a similar set of equations 
H,—»,E,4-v,E, = v; (v, H,-- v, H,4- v, H), 
Hy— v: Est v: E: == vy(v,H,+v,H,+, As), 
H,—v, E,4-v, E; = v,(v H,- v, Hyt v. Ha. 
Putting v,H,J-v, H,4- v, H; = A, 
v, Eszt v, Eytt: E, = Hn 
E+E+E =ê, M++ = MW, 
E,H,TE,H,TE,.H, = (eh), 
we have the following equations for the determination of A and m: 
(eh) = NA, e +[e, vU, h] = A3, h+-[e, vU; h] = u ; 
therefore M— u =e—h*. 
Thus X — (e — h N— (eh)? = 0. 
This equation gives four values of A, two of which are real and two 
imaginary ; there are consequently four vectors of the type (vz, vy, v). Two 
of these are real and two imaginary. | 
The value of v, corresponding to a root A, is 
ý _ NE.+M (eh) H.+E,H.—E.H, 
7 +h? 
MEt {Neh} H.+E,H.—E,H 
g AH i 
and for the root —A, it is l 
"m —A,E,— X {M—(@—h} H,J-E,H,— EH, 
z EEUU +8 o š 
Consequently, if (eh) = 0 and A, = 0, the two values of v,, v; are not 
equal, but if in addition e?—h? = 0, then all the roots of the equation are 
zero and the four vectors coincide with the direction of Poynting's vector. 


In this last case the components of the electric and magnetic forces 
ean be expressed in the form | 


H, = vy,E;—v,E, E, =—(v,H;—v,H/), 
Hy = v, E, —v, E, E, — (v: H;—v: Hz), 
H, = v, E,—v, Ez, E, = —(v, H,—v, H). 
In the general case, when the roots are all different or when two of the 


roots are zero, a convenient expression for the electromagnetic field may 
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be obtained in the following way. Let A, —X,, Ag, —Ag be the four roots 
of the equation for A, and let the corresponding vectors be (l, m, n), 
(l, m', n’); (p, q, r), (p', q', r) respectively ; then it is easy to prove that 
these satisfy the relations 


lp +mq +nr — 1, lp +m'q +n'r — 1, 
lp! 4-m4' 4- n?! = 1, l'p'+m’'q'+n'r’ = 1, 
BP +m? +n? = 1, p +E +r =l, 
|?^--m"? --»"? = 1, p?^-4-q? 4-7? = 1. 


With the aid of these vectors, the components of the electric and magnetic 
forces can be expressed in the forms 


H, = a(mn' —m'n)-4-b(qr'—q'r) = —a'( —l) —b'(p'—p), 
H, = a(n! —n'h +b(rp' —r'p) = — a' (m —m)—' (q' —9), 
H, = a(lm —l'm) +b(pq —p'q) = —a' (n' —n) —b'(r' —n, 
E, =a(V —l) +b(p' —p) = a'(mn' —m'n)--U' (qr —9'7), 
E, — a(m' —m) +0)(q' —q) — a'(nl' —n'l) -Fb'(rp' —r'p), 
E, zat —n) +b —r) =a(m —Um) +b(pq —p'q). 


If l'--mm'--nn' = cos 0,  pp'+qgq'+rr = c08%, 
we have u, = /H,+mH,+nH, = a'(1—cos 6) = — ('H,4-m' H,+-n'H;.) 
= 4b (1— cos 9), 
Mg = pH.+qH,+rdH, = b'(1—cos 9) = — (p'H,+-q'H,+-r'H,) 
= 4a(1— cos 0), 
A, = LE,+mE,+nE, = — a(1—cos 0) = — (U'E,+m'E,+n’E, 


= 2b'(1—cos 4), 
Ag = pE,-d-qE,4-rE. = — b(1—cos $) = — (p'E,+q'E,+r'E.) 


= za'(1—cos 0), 


p q r|=i(l—cos 0), p q! r'|-—-—i(1—cos 0), 
l m n l m n 
Um n V m n 
l m n |=i(l—cos ġ), l m n'| = —1(1—cos ġ). 
p q r p r 
p gr p q r 
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A case of considerable interest occurs when four functions (u, v), (w, $) 
and a constant p can be found such that 


|l m » | 1 
Ou Ou Ou Ou’ 
ox Oy oz ot 
lm n» | 1 
ó ov. æ Ov’ 
5 AE q = A — lt 
ioe RE 
or oy cz ot 
Dg d ud 
as = bs 6 © 
Ox i Oz t 


Ou Ov Ow 
> — = s) = 
a= + fu, v, ot’ b' + pg v, s) ae os 
the signs in the last two equations being chosen so that the equation 


ab = — a'b' 
is satisfied. 
The components of the electric and magnetic forces are then given by 
the equations 


= pf (u, 5) 7 E aa +g (w, Eoi = Ffu m v) S = t pg (w, SA, 
Hy = pf(u, 0) " gto, 9 GA = F ftu, OD) + polo dęty 
= pfu, v) $9) gto, 7 = F ftu e pg (o, s) 03, 
E, = pf (u, v) — + (w, s) VOS = + flu, One" F pg (w, s 959, 
E, = pf (u, v) m E +9(w, s) es 3 =+ fu, 0) St z F pg (w, T 
E, = pf(u, v) Seo) tgi, s) stn ) — + f(u, OE F pg (w, oem. 
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With these expressions for (Ez, £,, Es, Hz, Hy, H;), the fundamental equations 


0E. OE, | 0H, OE, Os OH. 
Oy oz ot’ iad Ot’ 
QE, OE. _ _ 0H, = M oH, 

oz òr ot’ Le | 

OH. oH, E, OH, _ ód _ dE, 
OP RE a e E 

OH, _ 0H. _ 0H, OE, | 0E, _ 0 
Oz or ot’ Or | Oy cz.” 


are satisfied identically, and 


oe Olu, v, W, 8) 
E,.H,+E,H,+E,H. = 2p O (z, y, Z, t) f, v) g Qvo, s), 
E+E? +E? 


= | clu, v) O(w,s) , Olu, v) O(w,s) , O(u,v) O(w,s) 
tf, ogles JE ya Ole, 0 Oz, 2) dy,  O(@,y) Ol, D 


_ a (Ou, v) olw, s) , Olu, v) O(w,s) , Ou, v) olw, s) | 
P iSe, t) 09,2 Oy, 0O0G, 3 le, 0 Iæ, y) 


_ Olu, v) lw, s) , olu, v) O(w,s) , olu, v) O(w, s) 
SP iP) OOS) oc vid. o0 Og. 06.9 | 0G, 00, 5 


_ a (Olu, v) O(w,s) , olu, v) olw, s) , Olu, v) olw, s) | 
P Sam, DO( A 0y, 8 oe, 2) 060,0 O@, D) T 


Thus E+E? +E} —H?—H?— H? = + f(u, v) g(w, S1 — p° geeen, 


The expressions given above are thus only suitable for the representation 
of an electromagnetic field in which 


(eh) + 2p 
e— jè 1 — p 


is a constant quantity. When this condition is satisfied we have a repre- 
sentation of the field in terms of four functions u, v, w, s satisfying the 


equations 
G) €5) +(e) = Ge)» — 6 + Gy) + Ge) = Ge) 
(z) +) + 6D = 9 


G+ y+ y= oy. 
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Ow 4. Ou Ow du Ow _ ðu ðw œ% Ow y 4 
ip ra dy Oy oz z ot ot’ dz ðr dies Oz Oz ot ot’ 
Os os a Qu Os __ Ou Os : Os + + Qv Os _ Ov Os 
3z T dy oy Oz Of — — et OE’ z or > - Oz aa. ot ot’ 


[Added August 21st.—4A set of functions satisfying these equations 
may be obtained by construeting a relation of the form 


dz*-- dy? + dz” —dt = A dudv+ B dw ds, 


where A and B are functions of u, v, w, s.] 


4. We shall now consider the result of supposing that when electro- 
magnetic waves are reflected at a fixed surface, the four vectors (l, m, m), 
(U, m', n^), (p,q, r, (p'q', 7) obey the ordinary geometrical laws of 
reflection. 

Let (A, m, v) be the direction cosines of the normal at a point (z, y, 2) 
of the reflecting surface; then if (L, M, N), (L', M', N'), (P, Q, R), 
(P', Q’, R') are the reflected vectors* 


—1l +L = 2 cosa, —l' +L’ = 2dr cosa’, 
—m-- M = 2u cosa, —m'+M = 2u cosa’, 
—n +N = % cosa, —n' +N’ = 2 cosa’, 
—p +P = ŻA cos B, —p' +P’ = 2d cos D, 
—q +Q = 2cosB,  —q'+Q = 2u cos B', 
—r +R = % cos f, —r+R = 2 cos’, 
where AX +mp +r =—cosa =— (LA ++Mu +Nv), 


UA Hm utn = — eos a! = —(L'A4- M'u4- N'y), 
p^ +qu rv =—cos8 =—(PA+Qu +Rv), 
p'^--q'u trv = — cos B' = —(PA+Q'u +R). 
These relations give 
PL+QM+RN = (p+2A cos 8)(04- 2A cos a) 4- (q + Żu cos 8)(m+ Qu cos a) | 
+ (r4- 2v cos 8) (n -4- 2v eos a) 
= pl+qm+rn+2 cos 8 (Al4- um-4- vo) 


+2 eos a (Ap +- uq 4- vr) +- 4 cos a cos 8 
= pl+qm+rn. 


-——— ——— — — Ne MÀ DM —— M € nA eee _ -a 


* Cf. Herman's Optics, p. 4. 
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Hence the four relations of the type 
PL+QM+RN = 0 
are a consequence of the four corresponding relations of type 
pl+qm+rn = 0. 


If now we assume that the electric and magnetic forces in the reflected 
field are given by 


H, = —a(MN'—M'N)—b(QR'—Q'R) 
H, = —a(NL' —N'L)—b(RP'—R'P) 
H; = —a(LM'—L'M)—b(PQ'—P'Q) 
E; = —a(L'—L)—b(P'—D) 
E, = —a(M'—M)—b(Q' —Q) 
E; = —a(N' — N) —b(R'—R) 
Then, since L'—L = il'—l-4-2A(ecos a' —cos a), 
MN'—M'N = (m--9y cos a) (n' + 9v cos a’) — (m/ +-2u eos a') (n 4- 9v eos a) 


= mn'—m'n+2 cos a(un' —vm')+ 2 cos a! (mv —ny), 


(12) 


it follows that the electric and magnetic forces (ex, €y, ej), (Az, hy, hz) in the 
superposed fields are given by 


h, = — 2a cos a(un' —vm/) —2a cos a’ (inv — nu) — 2b cos B (ur' —vq") 
+ 2b cos B'(ur—vq), ..., 
€, = — 2a (eos a — cos a) — 25A (cos B’—cos 5), ..., 


and so satisfy the conditions 


Ah, uh, 4- vA, = O. 


That is, the electric force is along the normal and the magnetic force per- 
pendicular thereto. | 

Further, if (ez, ej, el, hz, hy, h;) denote the components of the electric 
and magnetic forces when the two fields are subtracted from one another, 
we have 


h, =  9a(mm —m'n)+2a cos a(un' —vm')+ 2a cos a! (mv —n&) 
+ 2b(gr' —q'r) +26 cos 8(ur! —vq') +26 cos B' (qv— ru), 
e, = 9a (U — I) +2Aa (cos a’ — cos a) + Żub (cos B' —cos B)+- 2b(p' —7). 


1911.] CERTAIN VECTORS ASSOCIATED WITH AN ELECTROMAGNETIC FIELD. 109 


Now mn'—m'n--cos a(un' —vm’)+ cos a’ (mv —ny) 
= A+ pA (mm mn) — (A+ my +n) (y! — vm!) 
—(UX-4- m'y 4- nv) (mv —n4) 


=AIA m vi, 
l m n 
U m n 


and /' —i--A (cos a' — cos a) 
= (/' —D03-- uM +) H-A (A+ ma nv) —ÀA QA 47 my 4- n'y) 
| = ulul —Am')— u (ul— Am) + v (vl —An’) —v (vl — An). 


Hence h, = 92aA|À m v |--29bA|A m vl, 
lm n pq r 


Um n pg r 
e,— alu {ul —)—AX(m' —m)! — Am —n)— (l —01!] 


+2b [u {u(p’—p)—A(q'—g)} — (X6 —0n—»(p'—p)1i], 


~ 


A 
À 


hi 
u 
Ae; me; ve = O. . 


Thus m the field obtained by subtracting the incident and reflected fields 
the magnetic force is along the normal and the electric force perpendicular 
thereto. 

This result may also be deduced from a second set of expressions for 
the electric and magnetie forces in the reflected field, viz., 


RU 
= 


and so = , 
V 


H! = —a'(L' — L)— (P' — P) 

Hi, = — a (M’—M)—0'(Q'—Q) 

H} = —a'(N' — N) —v (R'—R) 

E! = a'(MN'—M'N)+0' (QR' — Q'R) 
E, = a'(NL' — N'L) -V (RP! — R' P) 
E! = a'(LM' —L'M)+b' (PQ' — P'Q) | 


(13) 


The relations between the electric and magnetic forces in the incident and 
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reflected fields may be derived from the equations 


€x = E,+E:, e; — E;—E, 
h: = H;+H,;, h, = Hi—H, 
"I emm E (A) 
==, Metuhth=0 
"GL LP Xe! + ue) + ve, = 0 
The relation e, €; J- e, e d- e. e; = 0 
gives E,+E;+E? = ES-HES-ME,. 


Hence at the surface of the conductor the electric energy in the incident 
field is equal to the electric energy m the reflected field.* 
In the same way the relation 
hihith,hi+h,h, = 0 
leads to the equation 


H;+H;+H? = HSTHSH,;. 


Hence the magnetic energies in the incident and reflected fields are 
also equal. 


Finally we have the equation 
E,H,--E,H,4- E.H, = — (E;H,+E,H,+E!H)), 


which shows that, if the electric and magnetic forces in the incident field 
are perpendieular, they are also perpendicular in the reflected field. 

The results that have been obtained may be expressed in another form 
as follows. 

Let (dr, dy, dz, dt), (6x, dy, dz, dt) denote two arbitrary displacements 
of a space time point on the conducting surface. These displacements 
are subject to the sole conditions 


Adz+udy+vdz = 0, Aór +udy +vdz = O. 
Writing d(y, z) for dyóz—dzóy, d(x, t) for dzót—dtóz, ..., we have 
d(y,z | d(z, x) | d(x, y 


A u y 
Ad (x, t) 3- ud (y, t)+vd (z, t) = 0. 


* The conductor must probably extend to infinity and be devoid of singularities, so that 
there is no diffraction or scattering of the disturbance; if the conductor is & closed surface 
there are geometrical difficulties which make the present method inapplicable when the dis- 
turbance is outside the conductor. 
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The equations LE NU 2 A4 uhy4 v = 0, 
À u y 
Lj , r 

fe luha, Nel tel toe! = 0, 
A m y 


may consequently be expressed in the form 
h,d(y, z)+h,d(z, x) J- hd (x, y) +ezd(z, t)+eydly, 0--e.d (s, t) = 9, 
edly, 2)-- e; d (z, z) J-ed(z, y) — hid (z, t) — h; d (y, t) —hzd (e, t) = 0. 
And if the displacements on the surface are arbitrary these equations are 
equivalent to the preceding ones. 
Now the equations may be written in the form 
H,d(y, z) -H,d(z, z) +H, d (z, y) 3- Ed (e, 0) - E, d (y, ) + E.d(z, t) 
= — [Hid(y, 2) -H,d (z, z) + Hid (z, y) J-E;d (x, t) + E, d (y, t)-+-E,d(z, 0]. 
(B) 
E,d(y, z) 3- E,d(z, z) - E,d(z, y) — Hd (z, 0 — H,d(y, t) — Hd (s, t) 
= + [E,d(y, 2) E;d , x) +E!d(2, y) — H.d(z, t — H,d(y, t) — H:d(s, d), 
(C) 
from whieh we may deduce at once that if the equations 
(Hedy, 2) +H, de, 2) -- Hide, y) - Ed, 9+E,dy, )+E, de, 0] = 0, 
(I) 
[[[E.d(y, 5+Eyd e, 2) J-E.d(z, y) — H.d(z, 0 — H,d(y, t — Hdl, t)] = 0, 
(ID 
are satisfied for any space time region of two dimensions associated with 
the surface of the conductor, then the equations 
|| Ldu, 0 +H, de, 2) - Hz dz, y) +E:dG,0+Eydy,9+E:dt, 0] = 0, 
(D 
j[LE:(g, 2d- E; d G, 2) J-E:d(z, y) — H:d(, t) — Hyd(y, 0 — Hzd(, 2) = 0, 


(II)’ 

are also satisfied for the same region of integration. 
The equations (I) and (II) are satisfied in any electromagnetic field in 
free ether (z.e., when p = 0), for they are direct consequences of Maxwell's 
equations.* Moreover the equations (D' and (II)' must necessarily be 


* See my paper on ‘‘ The Transformation of the Electrodynamical Equations," Proc. 
London Math. Soc., Ser. 2, Vol. 8, p. 223 (1910). 
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satisfied if the quantities (E,, E,, E.), (H;, H,, H;) are to be the values on 
the surface of the conductor of the electric and magnetic forces in the 
reflected field. 

It has been shown then that, with our hypothesis, with regard to 
reflection, the calculated values of the electric and magnetic forces in the 
reflected field at the surface of the conductor satisfy the necessary condi- 
tions. We stil require an existence theorem which shall enable us to 
assert that when the surface values (E,, Ej, E), (H;, H1, H.) satisfy these 
necessary conditions, there is an electromagnetic field suitable for the 
representation of a reflected field, in which the electric and magnetic 
forces have these given surface values. 

This existence theorem has yet to be proved. All we can do at present 
is to give examples to show that the conditions considered here are 
actually fulfilled in special cases. 

In a former paper I worked out the solution of the reflection of plane 
waves at a paraboloid of revolution, when the waves are propagated in a 
direction parallel to the axis. In this case it is easily verified, from the 
formule on p. 487, that the equations (A), (B) and (C) are all satisfied. 

Again, in the particular case when the incident electromagnetic field 
can be expressed in the form 


O , O , O P ) 
H, = pf (u, v)5 ut AE T 9v „ryj T fe t, t) Tak, 2 —pg (w, ere > 


O (u, v) O(w, s) __ 


O(u, O(w, 
E, = pf(u, THE 7 +9 (w, 956.5 = — f(u, v) (u, v) (w, $) 


Oly, 2) "pg (w, s) O(y, 2)’ 


the conditions are all satisfied. 


To see this we consider the expression 
L dx ++ M dy 4- N dz— dt. 


An arbitrary displacement from a point (z, y, z, t) on the surface of the 
conductor to a point (x+-dz, y-- dy, z4- dz, t--dt) not on the conductor, 
may be regarded as the sum of two displacements, one on the conductor, 
4.e., subject to the condition 


Adr+udy+vez = O, 


and a second one along a line 
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Putting dz = óz+-óx', dy = óy-Fóy', dz-óz--óz, dt = dt+dl, 
we have Ldz+Mdy+Ndz—dt 

= Lóz--M6y--N6óz—6t-- Lóz' +M by' --Nóz —ót 

= (124 cos a) à - (m+ 2u cos a) Sy +(n-+2y cos a) 6z —ót, 
Bince .  Lóz'+Móy'+-Nóz' —0t —0, 
and L =l+2Acosa, .... 
This equation reduces to 


Ldz+Mdy+Ndz—dt = lóz+-móy--nóz —ót. 


Now since Bc me ec 
> Qu Ou Mo cu 
or OY 0% ot 


the expression lór-J-móy--nóz—ót is of the form Adu. Hence if we 
define a quantity U in such a way that it has a constant value;along a line 


dau! _ dy’ óz t 


L M N 1’ 


and takes the value u at the surface of the conductor, then we shall have 


Ldz+Mdy+Ndz—dt = AdU, 


and consequently | am = a = im =— aD 
o uao y 


D. (+ (0) = qoy 

(3 + (w + (5 T ot,’ 
The function U is not represented by the same analytical expression as 
the function u, although it satisfies the same differential equation and has 


the same values over the surface of the conductor. We know, however, 
that this is possible, for a similar phenomenon occurs in the case of 


Hamilton's equation 
OVy?* , (0VA? , (OWY? _ 
(3s) + (3) + (55) =1 
which is obtained by assuming 
U = t+ Viz, y, 2). 


Now let functions V, W, S be derived from v, w, s in the same way that 
SER. 2. vor. 10. No. 1105. I 
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U was derived from u; then we have four new functions U, V, W, S satis- 
fying the differential equations 


(że) * (Gy) + (Ge) = G^. GG) + Ge) = Ge) 
(sr) +(G,) + (z) = (r): (Ge) + Gp) + (Ge) = (r): 


IV AW | av OW | OV OW _ av OW 
2000 oy 0 UE xw 


frs on on dz 0z Ot ot’ 


and the expressions for the components of the electric and magnetic forces 
in the reflected field take the form 


mE (U, V) _ (W, S) 
A = pf(U, V) ay, z) g(W, S) oly, z) 
=+/U, Way — POW, S) YS 
" e(U, V) o(W, S) 
E: Ex — pf(U, V) O(z, t) "xps > Oz, t) 
s (U, V) 0(W, S) 
= -fU, YU 


It is easy to see that with these expressions, Maxwell's equations are 
satisfied identically. Also, the conditions at the surface of the mirror are 
satisfied, for at the surface of the conductor 


zy ys Wau, S=s 
for all values of £, and so 


QU Ou V æ OW Ow 08 s 
ct ot’ ot ot’ ot ot’ ot ot 


over the conductor. The expressions for E., H, on the surface of the 
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conductor then take the forms (12) and (18), and so the conditions are 
satisfied. 

It would be unwise to assert that this is the solution of the problem of 
reflection in the general case, because there are certain conditions to be 
satisfied at infinity, and there is some doubt about the single-valuedness 
of the functions U, V, W, S at all space time points. It has been thought 
worth while, however, to give the analysis as far as it is at present com- 
plete; the points that remain to be settled will require considerable 
investigation, but from a physical point of view the solution appears to be 
right, and the mathematical analysis is sufficiently interesting to justify 
its being studied for its own sake. 


[Added August 21st, 1911.—In the case of a moving perfect conductor 
the conditions to be satisfied by the components (es, €y, €z, Mxs hy, h.) of the 
total electromagnetic field may be expressed in the form 


h.dly, 2) - hd (z, z)+h.d (x, y)te.d (c, 0- e, d y, )+e-d(z, t) = 0, 


where the displacements dz, dx, ... occurring in the forms d(y, 2), ... are 
such that a point on the conductor is displaced to a point on a consecutive 
position of the conductor, but are otherwise arbitrary. 

One way of satisfying the conditions is to assume 


= Clg, n) _ 2 0(€, 7) — A __ __ a C (€, T) 
REY owa "own" 00 7559 


where dz?-Fdy!J-dz —d? = A[f*(£, n) (d£? tdn} +-g*(6, r) | d$*— dr"; ], 


and A, £ n, 6, r are functions of z, y, z, t such that the equation of the 
moving conductor can be expressed in the form 


F (È, n) = 0.] 
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THE APPLICATION OF THE MATHEMATICAL THEORY OF 
RELATIVITY TO THE ELECTRON THEORY OF MATTER 


By E. CUNNINGHAM. 


[Received and Read February 9th, 1911.] 


THE work of the late Hermann Minkowski on the theory of relativity 
has done much to stimulate the discussion of the electrodynamical rela- 
tions of moving bodies from & phenomenological point of view. The 
cumulative effect of many fruitless efforts to obtain evidence of motion 
relative to an absolute ether has been to convince physicists that any re- 
sults of such motion must be obscured by the limitations within which an 
observer is placed, in regard to the means by which phenomena are 
investigated, by the fact that his measures of space and time depend on 
material objects whose constitution appears to be largely electro- 
magnetic. | | 

Starting therefore with the aim of obtaining equations which shall 
eomprehend known phenomena, including that of complete relativity for 
electromagnetic effects, without regard to any constitutive theory of 
matter, Minkowski arrives at the following scheme : 


, 10D .1 
curl H' — 2 06 =, WTEM), 
1 6B . 
curl E m m 
div D — P, 
div B — O. 


This set of equations will be referred to as Minkowski’s. 
Lorentz, on the other hand, without any reference to relativity, derives 
from his constitutive electron theory of matter the scheme, less simple, 
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but rather more easy to translate into experimental significance, 
curl H— + = = = (J-+PW—curl[ WP)), 


curl E+ > OB _ 0, 


ot 
div D = P, 
div B = 0, 


(where P = D—E), a scheme identical with that of Minkowski, provided 
th 
si H' = H+[WP]/c. 


In Minkowski’s scheme there is no mention of polarization and 
magnetization; E, B, D, H' are four vectors which define the electro- 
magnetic state at any point, and the scheme has to be completed by the 
addition of equations connecting them. The polarization P and magneti- 
zation M' are defined by P= D—E, M' = B—H'. 

Lorentz, on the other hand, makes E, B, P, M the fundamental 
vectors, H and D being auxiliary vectors defined by 


D=E+P, H-B-—M, 


the polarization P and magnetization M being defined by a process of 
averaging from the supposed distribution and motion of electrons within 
the matter. The scheme is completed by the addition of relations con- 
necting P and M with E and B. 


The difference between the actual field equations, however, is entirely 
one of notation. 


The transformations under which Minkowski shews his scheme to be 
invariant are as follows. 


X=B(z—vl), Y=y, Z=z, T= B(t—vz2/c), (1) 
B=(1—v*/c)"*, 

Ex-e, Ey B (e, — vb;lc), Ez = B(e,+ vb,/c) 

Bx = Dz, By = 8(b,+ ve./c), Bz = B (b, — ve, c) J | 


Dx = dz, Dy = B(dy—vhi/c), Dz = B(d.+vhy/c) 
Hx = h, Hy = B(h,dvdjo, Hz E 


(2) 


(8^) 


together with equations (4), (5) given below, connecting J, P with J, p. 
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It follows that the scheme of Lorentz is invariant under the transfor- 
mations (1), (2) and (8), where 


H' = H4[WP)/c, 
and h =h+-|wp]/c, 


the equations for the current and density being again equations (4) and (5) 
below. 

It is known that transformations of the type (2) form a group, so that 
this last transformation can be obtained by the combination of two, the 
change in the velocity of the matter from w to W being effected by first 
changing it from w to 0, and subsequently from 0 to W. It will therefore 
be sufficient for the present purpose to consider only transformations in 


which w=0, so that W = —v. This reduces the transformations 
to the form 
Dxy=d, Dy = B(d,—vh./o), D; = B(d:+vh,/o), 


Hx = h,  Hy+vP./c = B(hy+vd./), Hz—vP,/¢ = Bih:-—vd,/o). 


Since, however, in the Lorentz scheme the vectors P and M are more 
fundamental than D and H, we replace these by other equations obtained 
by combination with (2) : 
Px=p,  Py=B£B(p,+vm./o), P; = B(p:—vm,/c), 
My = m, My—vP.|c = B(m,—vp./c),  Mz+-0P,/c = 8(m,+-0p,/0), 
from which we obtain 
Px = p., Py = B(p,+vm./c), P; = B(p:—vm,|c) | (3) 
My = m,, My = m,/B, M; = m./B J^ 
This then must be the form of the relations connecting the polarization 
and magnetization [(p, m)(P, M)] vectors as used by Lorentz when the 
point considered is at rest, and in motion with velocity — v, respectively. 
For w = 0, the equations for the current and density are 
I B (p—vj.lc), (4) 
and Jx = LD; Jy = jy J, Es (5) 
So far the divergence between Minkowski and Lorentz is one of nota- 
tion only; but it is necessary now to consider a little more closely the 


point of view from which these writers regard the equations. 
To Minkowski the field equations are at one time laws and definitions. 
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It is supposed that vectors exist which satisfy those equations, and that 
being so, these vectors are named (“elektrische oder magnetische, kraft 
oder erregung "). With Lorentz, however, the field equations as given 
above follow as deductions from prior assumptions and definitions, from 
the fundamental equations of the electron theory, and from a constitutive 
theory of matter.* | 

Into the bases of these assumptions it is not proposed here to enquire. 
The immediate purpose of the present discussion is to bring the equations 
(3), (4), (5), which have been seen to be necessary to preserve the in- 
variance of the equations for material bodies, into relation with Lorentz’s 
derivation of those equations by means of his constitutive theory. 

The presentation of the constitutive theory, which is here adopted, is 
that which treats of electricity as distributed in discrete point charges. 

The first effort in this direction was made by Frank,t and a more 
complete investigation was outlined by the present writer shortly after,§ 
in which, however, an error was overlooked, the discovery of which led 
to the present paper. Later, the posthumous work of Minkowski, edited 
by Born,| made it clear that the agreement does exist, though the results 
are expressed not in terms of an atomic theory of electricity, but of a 
continuous fluid theory. The atomic theory seems, however, to be not 
only more fundamental, but in the present instance more simple. The 
Born-Minkowski investigation defines the momentary state of a system 
by means of an infinite series of states which are neither the actual 
nor the equilibrium state, and which may be chosen in an infinite 
number of ways. 

The purpose of the present paper is therefore to complete and 
correct the outline given in the author's earlier paper, and in so doing 
to give a treatment which is simpler in form and which keeps closer to 


the physieal eoncepts upon which it is based than does that of Born and 
Minkowski. 


* Lorentz, ‘* Elektronentheorie,"" Enzyk. der Math. Wiss., Vol. 14. 

f See Abraham, Theorie der Elektrizität, Vol. 11, pp. 238 ff. 

From this point of view, of course, the fundamental equations of the electron theory of 
Lorentz must themselves be looked upon as relations between mean values of the quantities 
concerned. Cf. Larmor, ZEther and Matter, SS 51 ff. 

On the necessity of this point of view, see Pearson, Grammar of Science, 9rd edition, 1911, 
chap. x, $8. | 

t Ann. der Phys., Vol. 27 (1908), p. 1059. 

§ Proc. London Math. Soc., Ser. 2, Vol. 8, February, 1909. The present paper may be 
taken as replacing § 2 of that investigation. 

|| Math. Ann., Bd. 68, 1910 p. 526. 
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1. The Transformation of the Density of Electricity and Current. 


If a group of electrons lie within a small element of volume da at any 
instant, it contributes to the averaged density at a point of the body an 
amount Ap = 2e/da. | 

Now, if óa be a moving element of volume having velocity (w.wy,w.), 
the geometrical transformation (1) transforms it into an element of volume 


6A given by 6A = da/B(1—vw,/c’). (6) 


Since the magnitude of the charge is unaltered in the transformation, 
the corresponding contribution to the density in the transformed system is 
AP = Ye/6A = BLe(1—vw,/c*)/da = B |Zelóa—(v[c!) Zew,[óa] , 
where it is supposed that only such electrons are considered as have the 
same velocity as the element of volume in question. If this were not so, 
6A would not at one and the same time T contain all and only those 

electrons which at the corresponding instant ¢ lay within da. 

This restriction, however, may soon be removed, for, since the con- 
tribution Aj of the same group of electrons to the current intensity in the 
averaged system is 2ew/da, we have the equation 

AP = B(Ap—vAj,/c’), 
in which form we may add together the contributions arising from groups 
of electrons having different velocities. 

If the electrons be now divided into free and bound varieties, and we 
denote the contributions from the latter by the suffix 1 and the total 
by a dash, the contributions from the free electrons being denoted by 
unmarked letters, these being those which figure in the fundamental 


equations P = B(p—vj,/c?), (4) 
P; = B(p1—Ujxz/C”), (4) 
P' =B(p—v;:/C)) (4^) 


[ef. equation (4)]. 
Similarly, since 


LL W.—U = Wy = W: 
Hg 1—vw,/c?’ Wg B(1—vw,/c’)’ Wz B -—vwi[c?)' 


and since (W,-+v) is the velocity of the electron relative to the matter, 
AJ x = Ze(Wi-4-0/6A 


_ Le(1—vw,/c*) Wz _ | 
m ôa B —vw: D 2 ew:/ pó 


AJy = ZeW,[óA = Lew,/da = Ajy, 
AJ; = A). j | 
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giving, on addition, equations (5) above, viz., 
Jx = 42/8, Jy = Jy Jz = Jas . . (5) 


which may apply either to free or bound electrons or both together. 
Applied to the free electrons, j includes both the conduction current and 
the convection current. Applied to the bound eleetrons these equations 
will be called (5,), and to the total (5'). 

Now the fundamental theorem of the theory of relativity is that the 
space-time transformation (1, together with (2), (4 and (5'), leaves the 
equations 


1 (6649) nen 


: al curl e (7) 
—— 4 = | 
div e = p', 
divb = 0 
invariant. 
Hence (substituting p, m for e, b), if p, m are vectors such that 
d c) | 
—j,) = — curl m, 
c TIG : i | (8) 
div p = — pı 


it follows from (4,) and (5,) that, if we define vectors P, M' such that 


Px = p, Py = B(p,+vm._/c), P; = B(p.—vm,/c) | lo 
Mx-m, My-f(m,—vpo), Mz = B(m,+up,/o), 


then the equations E (55 —J,) = — curl M”, | 
C T (10) 
div P = — P, 
are also satisfied. 
Remembering that M' = M—[WP]/c and that W = — v, equations 
(9) become identical with (8). By adding (7) and (8) we obtain Minkow- 
ski’s modified form of the Lorentz field equations, and we see, whatever 
be the physical concept in terms of which we define p and m, that the 
equations (4) and (5), obtained from the physical definition of current and 
density given by Lorentz, together with the equations (9) which define 
the vectors. P, M', are sufficient to ensure ie invariance of those field 
equations. 
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Alternative Method of obtaining Equations (4) and (5). 


The method used just above is in essence a process of averaging at 
a given instant over an element of volume, sufficiently large to contain 
a large number of electrons. Exactly the same results are obtained if 
we take a time-average for an infinitesimal element of volume over an 
interval of time sufficiently long to allow a large number of electrons to 
pass through it. 

We consider an element of volume fixed in the framework of the 
material body, and denote its volume by ĉa or 6A according as it is 
viewed in the original or transformed system of coordinates ; the element 
being fixed in the body w, = 0, so that equation (6) gives 

6A = da/B. 

Next we fix attention on an electron whose velocities are w and W 
in the two systems of coordinates respectively as it passes through this 
element of volume, which is supposed so small that w may be considered 
as constant during the passage. 

If ôt, ôT are the times of passage in the two systems, we find that 


ST = B c oS) = Bét(1—vu,/c. 


The mean densities of electricity p, P in the element of volume during 
corresponding intervals 0, O would now be defined to be 

Z(edt)/Oda and X(edT)/OdA, 
the summations applying to all electrons which pass through the element 
during the respective intervals, and therefore to exactly the same electrons 


in the two cases. 
Now O = 80.* Thus 


Xe8(1—vw.[c)) dt 


ue" 2 
P= Bia = B1Zeót[09a—vZew,6t|c?0óa| . 
The current intensity 7 arising from the same electrons averaged over 
the same interval is Z ewót/06a. 
Hence P = B(p—2j,/c’). 


* 6 and 6 are the two estimates by the respective observers of the interval of time elapsing 
between two given occurrences (e.g., the entries of two marked electrons into the element of 
volume). The equation T-B GE v z) 


gives e = B (e-v 55), 


Te, 2; being the coordinates of two points in an infinitesimal element of volume. 2,—2, being 
neglected, this gives the result used. 
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In the same way the current intensity J in the transformed system of 
coordinates is given by 


_ 2e(W.+v)6T | 1 &ew,., _ 
O— 777064 — 7 88a 7B HR: 
Jy = ZeW, 6T/O6A = Zew,ót[0óa = j,, 
and J; = Ja 


Thus we have again arrived at equations (4) and (5), the results being 
clearly true for any particular group of electrons or for the whole. 


2. The Transformation of the Polarization and Magnetization. 


The physical meanings attached to the words current and density by 
Lorentz having been thus shewn to be in accord with the transformations 
required by the mathematical theory of relativity, it remains to consider 
what physical meaning may be attached to the vectors p, m, P, M' 
occurring above in order that the relation (9) may follow directly by 
geometrical transformation only. 

We have to examine, as in the preceding section, whether the polariza- 
tion and magnetization as defined by Lorentz will satisfy this requirement. 

Consider, therefore, a single electron which is bound to move within 
narrow limits in the neighbourhood of a given point of the framework 
which we call the material body.* In the system of coordinates in which 
this point is at rest, let the coordinates and velocity of the electron at 
time £ be (z, Y, 2), (Wrs wy, w;). Using the transformation 

X = 8(x—vt, T = 8(t—vz|c?), 
we find that, at time T = B(t—vz/c), the new coordinates of the point 
and electron are —vr and (z/8—vT), so that, denoting the displacement 
of the electron at time T from the point of the body by (£, n, 6), we have 
€ = 2/8, n = Y, (=z. 

In what follows we have, as in the concluding part of the previous 
section, to take time-averages over corresponding intervals of time in the 
two systems of coordinates. If dé is an interval of time during which 
the electron moves in the first system of coordinates through distances 

ôx (= w, 6b), ôy (= w, dt), óz (= w,ót), 


the corresponding interval of time is given by 


sT = B (se— iid = Bót (1- oe) 


a nt eee PE — 


* This framework, of course, has not necessarily any physical reality. It is for our 
purpose only a geometrical concept giving the mean motion of the constituent elements. 
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Let this result be applied to obtain the mean displacement £, 4, Ć over 
an interval 7, corresponding to an interval ¢, in the stationary system 


Je - | 2(1- 2) at 


= u 5 | zw,dt 
E dos 


ze; _ v a 2 
= f, zdt d |, ET (àx ) dt, 


- ELLA, 
| nar =| e a 
= 8| ydt— G |, yw.dt 
t 
= Bv | us — Bv | d 
-8| ydt— 2 wz zw,)dt 2a |, dł (zy) dt, 
with a similar expression for | (dT. 


1 
Supposing, now, that we introduce the supposition that the displace- 
ment (z, y, z) of the electron is confined within very narrow limits, we may 
take a physically small* element of time ¢, which is yet so large that 


1 1 d 
rà \ 4 Ji (x*)dt and a Í, di (zy) dt 


are negligible, the changes in x? and zy during t, having a very small upper 
limit which is independent of 4. 
The interval of time 7, corresponding io the interval f, is given by 


Tj - B(t— mr). 


where oz is the total displacement of the electron during the interval, and, 
by the same hypothesis, the second term in this expression is negligible. 

On division by the respective time intervals, we therefore get the 
following time-mean relations : 


3 I 
f= 3 
z M SS= 
y— ga (U.— Ty), 
[= 2— y3 Gu,— zw). 


* Following Lorentz, it is supposed that the value of " large enough to justify this step 
in the argument is yet a very small interval in our gross measure. See Enzyk.der Math. Wiss., 
Vol. vd, p. 201. 
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Similar equations being obtained for all the electrons whose mean or 
undisturbed positions lie within & given element of the material body, 
corresponding terms may be added together. But, if da is the element 
of volume when the matter is considered as stationary and 6A when it is 
looked upon as moving, then, as above 


6A = 0a/B. 
Hence, on division by 84, we obtain 
Zeg _ Dero 
dA da’ 
Zaj = g (ZW v pego. 
= | zi |» 9d Sa Í 


ze — a S. È e(zw,—aw,) 
=£) | Sa óa E 


If, therefore, we define the vectors p, m by the equations 
p = Zer/óa, 
m = Xe[rv]/2cóa, 
where r is the vector G y, 2), and a vector Ð by the equation 
P = ZeR/04. 
we have Pr = p. 
Pr = 8(p,d- cmo), 
Bz = 8(p.—vmJo), 


equations which are identical with the first set of (3). But the vectors 
p, m so defined are the polarization and magnetization intensities in the 
element óa according to the electron theory.* 
In the same way we treat the magnetization ffl. If Ux, Uy, Uz are 
the transformed velocities of an electron relative to the matter, 
BUx _ Uy _ Uz = 1 


Wz Wy 8B(1—vw,/c*)’ 


* Cf. Abraham, Theorie der Elektriz., pp. 245 ff. 

We may note that, though Abraham doos not introduce the time-mean value in the original 
definition of the polarization, he introduces it in the derivation of the equations— p. 249, loc. cit. 

It is also assumed by Lorentz in his treatment when he speaks of the distribution of 
charge remaining unaltered. Enzyk. der Math. Wiss., Vol. vd, p. 181, § 15. 
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so that ôT (nUz— Uy) = ót(yw,—zwy, 
6T(€Ux—€Uz) = St (zw,—zw,)/B8, 
6T (€Uy—nU x) = ót(zw,—ywJ/B, 


Integrating and dividing by the time-intervals 7,, £,, adding for the 
electrons within a given element, and dividing by the volume-elements 
6A, da, we obtain 


fix = m, 
ff, = m,/B, 
ffi = m./B. 
where fi = Ze[3&U ]/2cóA. 


The definitions given above have thus been shewn to lead to the 
equations (8). 

If, therefore, we identify the vectors p, m, which were not physically 
defined at the outset, with the vectors p, m, which are the polarization 
and magnetization at a stationary element of matter according to the 
electronie concept, then P, M as they occur in equations (8) must also be 
identified with P, fH, the corresponding quantities for an element of 
matter moving with velocity — v. 

Thus it is possible, at the expense of sacrificing the simplicity of the 
Minkowski form of the equations and adhering to the original Lorentz 
equations, to maintain the theory of relativity and the electronic concept 
of matter; as, indeed, seems inevitably possible from the invariance of 
the primal equations. The vector M' introduced by Minkowski is not 
so simply defined in terms of the motions of the constituent electrons as 
the Lorentz vector M. 


Note on the Constitutive Equations of Moving Media. 


The transformations (2), (8), (4), (5) have an important bearing on 
the constitutive equations of & moving material medium, that is, on the 
equations connecting E, B, P, M, J which are characteristic of the 
particular medium, and which are required to complete the equations 
determining the course of electromagnetic changes in the medium. 

Any relation which is assumed to hold between e, b, p, m, j at a 
stationary point of the medium may, by means of those transformations, 
be interpreted as & relation between the corresponding quantities at the 
same point when it is supposed to be in motion. 

For example, taking the simplest common form of such relations, 


1 ; 
= (e— l)e, m = (1— I) b, = ge, 
p (e 5 c 
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we obtain from (2) and (8) equations which in their simplest form are 
P—[WwM']/e = (e—1)(E—[WB]/c),* 


M = M PJIc = (1— m) (B+[WEJJC),* 


symmetry being attainable, as in the field equations, by the use of the 
vector M' = M —[WP)]|c ; 
and from (5) we have Jx = e Ex|[B, 

Jy = Bo(Ey+vBz/c), 

Jz = Ba(Ez—vBy/c). 

If the conditions in which the material medium is placed to an 
observer moving with it are such that the equations p = (e—l)e, ..., are 
not appropriate, then equally the derived equations do not hold, but 
must be replaced by others obtained in the same way from the constitutive 
equations suitable to the conditions in question. The important result 


is that the validity of the theorem of relativity is not dependent on any 
unique or particular form of the constitutive equations. 


* Cf. Abraham, Theorie der Elek., Vol. 11, § 50. 
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ON THE REDUCTION AND CLASSIFICATION OF BINARY CUBICS 
WHICH HAVE A NEGATIVE DISCRIMINANT 


By G. B. MATHEWS. 
[Received February 24th, 1911.— Read March 9th, 1911.) 


1. Let f' be a binary cubic, with real integral coefficients, and roots 
a’, B', y’, of which the first is real and the others complex. Then, as 
proved in a former paper, f' is properly equivalent to one, and (with a 
certain convention) only one reduced form f, the roots of which satisfy the 


conditions By—1 3» 0, 
B+y—1 <0 € B+y+1. 


It has also been shown that in any limiting case when one at least of 
the inequalities becomes an equality, the form f, and therefore f', has a 
rational linear factor. Consequently we consider only the strict in- 


equalities — g,_1>0, B+y—-1<0, B+y+1>0. 
Since 8, y are conjugate 
(a8—1)(ay—1) = |a8—1|, 
& positive quantity ; so the first condition is equivalent to 
II 8y—1) > 0, 
where the product is a symmetrical function of the roots. Let 
f = a? +ba?y+czy”+dy? = (a, b, c, d) ; 
then the condition last written reduces to 
C, = d(d—b)+a(c—a) > 0. (1) 
Similarly the other two conditions may be replaced by 
W@6+y—1) «0, II(4y4020; 
or, in terms of the coefficients, 
C, = ad—(at+b)(a+b+c) < 0, (2) 
C, = ad+(a—b)(a—b+c) > 0. (8) 
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These, then, are the necessary and sufficient conditions that (a, b, c, d) 
may be reduced. 

As an example, take the form (2, —12, 11, —21) obtained by a 
different criterion in a former paper; here 


C, = —91(—9)4-2.9 > 0, 
C, = —21.2—(—10)1 « 0, 
C, = —21.24+14.25 7 0, 


and the form is reduced. 
2. In order to reduce a given form, we proceed as follows. Let S, T 
denote the substitutions 
iS D (9 A 
0, 1/' 1, 0 


respectively. Then, if C, « 0, we apply T, and thus obtain a form with 
C,>0. If now C, > 0, this means that 8-+y—1> 0, and the applica- 
tion of S will diminish C4; on the other hand, if Cz < 0, the application 
of S^! will increase Cg, so there is always a substitution S*^, which will 
make the new form satisfy Ca «0 and C420. If in this form C, > 0, 
it is reduced ; if not, we apply T and proceed as before. From the known 
theory of definite quadratics it follows that the process must end after a 
finite number of operations; and we shall then have obtained a reduced 
form properly equivalent to the given one. 
For instance, suppose 
f = (97, 471, 762, 411). 
Here C, >0, C4 < 0, Cz < 0, so we must apply S~}; the result is 
fı = (97, 180, 111, 28), 
for which C, < 0; hence we apply T and find 
fa = (28, —111, 180, — 97). 

Proceeding thus, we have successively 

Jz = Sfą = (28, —42, 27, — b), 

f. Th = (—5, —27, —42, —28), 

Ís == S^f, = (—5, — 12, —8, — 3), 

Je = Tf; = (—8, 8, — 12, 5), 
the last of which is reduced. Since f(—z, —y) ~ f (x, y) we may replace 


it by (8, —8, 19, —5), so as to make the first coefficient positive. 
SER. 9. VOL. 10. No. 1106. K 
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9. We now pass on to the classification of eubies for a given diserimi- 
nant —A. Since the discriminant of the Hessian is 84, and this must be 
of the form 4» or 4n-+1, it follows that A must be of the form 47 or 
4n+-8. Further, if A = 8n?, the Hessian breaks up into rational factors, 
and, as this case requires special treatment, it will be postponed for the 
present. 

Before proceeding to the general theory, it will be well to consider a 
special case. Suppose, then, that A = 28. Then the discriminant of 
the Hessian is 69, and this quadratic must belong to one of the classes 


represented by (1, 1, —17, (—1, 1,10. 
Now all the cubics which have a Hessian of the form u(z?4-zy — 173?), 
where y is an integer, are given by 
f = ma?-Fnzhy 4- (51m 4-0) zy?4- (101m 4- 6n) y?, 
with a Hessian h = (158m*--8mn— n’ (z* --zy —173?) 
= Gm, n) H(z, y), 


say; so that all the associated cubies which have a discriminant — 28 
must be derivable from the integral solutions of 


158m? --9mn —»? = +1. 
Since —1 is not a quadratic residue of 8, the upper sign is inadmissible ; 
taking the lower sign, we have solutions (0, + 1), and all the others are 


given by putting 
P= ( 11 1 ), 
158 14 


Pap ją (b sup, 49) ..), 


and then taking m = Bn n=+ó. In fact, P is the fundamental 
automorph of G (m, n). 
Now the primary automorph of H(z, y) is given by 


ję (s 14): 


and if this be applied to f the result is found to be the same as if we 
apply the substitution P? to m and n. Hence there cannot be more than 
. three classes of cubics, and it is sufficient to consider the cases 


(m, n) = (0, 1), (1, 14), (1, —11), 
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the last of which is derived from P^!. The first values give 
fi = (e+zy+6y)y, 
the second fo = 8+ 14277 + 65ry?+101y*, 
and the third fa = 2®—112z%y+ 40ry’?— 49y°. | 
The first cubic is reduced ; with regard to the others we find that 
(1, 14, 65, 101) ~ (1, 2, 1, 1) — (1, —1, 2, —1), 

and (1, —11, 40, —49).— (1, —2, 1, —1) 

~ (—1, —1, —2, —1) 

~ (1, 1, 2, 1). 


The result, then, is that, for A = 28, there are three classes of cubics 
represented by the reduced forms 


gı = (x zy by’) y, 
ga = z—ayt2zy —y, 
gs = ©" +a7y + day +y"; 
all of these are derived from the Hessian (1, 1, —17). 
Similarly, if we start from (—1, 1, 17), we find 
f=mr+nry+61m—n) zy + (—17m+-6n) y’, 
with h = (n?-+-8mn—158m})(—2?+-2y+ 17y?). 
Comparing this with the previous case, we see that the values of 
(m, n) to be considered are given by 
(m, n) = (0, 1), (—1, 14), (—1, —1)), 
leading to the forms 
fi = (—cy+6y')y, SP 
fa =—2x*+14x7y—65xy?+101y?*, E ROZ 
fa = —2$—112z*y —40ry* — 493. 
But these do not give any more reduced forms ;* in fact, 
fi~ GHz d by ry, 
fh (71,2, —1, —1) ~ (1, 1, 2, 1), 
fa~ (71, —2, —1, —1) ~ (—1, 1, —2, 1) ~ (1, —1, 2, —1). 


* This might have been foreseen, because (—1, —1, 17) ~ (—1, 1, 17). k 


x 2 
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Finally, then, we see that for A — 28, there are three classes repre- 


sented by (0, 1, 1, 6), (1, +1, 2, +1), 


the last pair being improperly equivalent. 


Jt may be added that 23 is the least value of A for which there exists 
a cubie form which has no linear factor. 


4. For the purpose of explaining the general theory it will be necessary 
to apply a proposition first stated by Eisenstein. If (4, B, C) is the 
Hessian of (a, b, c, d), then 


— A? = AD! —8Bba4-9Ca?, (4) 


identically, in virtue of the relations A = 8ac—d’, ..., which define the 
Hessian. Let L denote the form (A, —8B, 9C), and suppose that 
(A, B, C) is an assigned quadratic H, of determinant 8A. Then it follows 
from (4) that the first two coefficients (a, b) of every cubic which has a 
Hessian H supply an integral solution of 


L b, a) = — A?. 


Now it can be proved without difficulty that conversely if (b, a) is any 
integral solution of (4) there is a corresponding cubic (a, 5, c, 4), and only 
one, which has a Hessian H. Thus there is a one-one correspondence 
between the cubics and the representations of — A? by L. 


5. By means of the automorphs of L, these cubics may be arranged in 
a finite number of sequences as follows. Let (T, U) be the primary solu- 


tion of T3 —91AU! = 4, 


and let (a, b, c, d) be & cubic derived from any one solution of (4). The 
primary automorph of L is given by 


_ [3(07--8BU), —9CU 
zj | AU, 3(T—8BU)J x 


and if this be applied to (a, b) and the new values of c, d calculated it ia 
found, without much difficulty, that 


P (a, b, c, d) = (a, b', c', d’), 
or, BAY, Pf — f', 
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b =—9CUa+3(1+3BU)b 
c = 4(T—8BU)c4-9A Ud 
d' = —CUc-FÀà(T-F8BU)d * 


where a’ = 4(T—8BU)a4- 4 Ub | 


(6 


Hence f is a member of a sequence of forms 


vee faa fo fs fis fo 


where f, means P"f. It will now be proved that the forms of this 
sequence are either all equivalent, or else fall into three distinct classes. 
Let (£, u) be the primary solution of 


f—SAu? = 4; 
then the primary automorph of H is given by 


Q = 4 (t— Bu), —Cu 
Au, 4 (t+ Bu) f 


and if this is applied to the variables in f the result is 


Qf = (a”, b", c”, d 


where a" = $ (ts— Bu) a+ 5Augb 
b" = — 8Cu,a+3 (t4 Bug) b ? . (7) 
c" =4(tę—Buw)c+3Augd | 
d" = — }Cugc+4 (t+ Buyd 


Here (ts %3) are found from 
t+ ua / 8A m RZ 
2 9 : 


so that (y = 1t(@+8Au), ug = 3(P+Aw’)u, (8) 


whence we see that u; is divisible by 8, and żę is not. Putting, therefore, 
ta = Ty, Us = 8U,, we have (Tr, U) a solution of T?— 97A U? = 4, and 


Q:, yf) = P. (f); 


where the suffixes are used to emphasise the fact that P affects the co- 
efficients and Q the variables of f. The question now is—what is the 
value of h? We observe that since 


T2—927AU3 = T*—8A (8U)*, 
it follows that the solutions of T3—27AU? = 4 are simply (fn, gun), where 


184 Mr. G. B. Maruews [March 9, 


(tn, un) are those solutions of ¢2—8Au? = 4 in which w, is divisible by 8. 
There are two, and only two, possible cases. If u, is prime to 8 so is tg, 
and (&, lw) is the primary solution (T, U); in this case A = 1, and all 
the forms f, are equivalent. But it may happen that u, is divisible by 8: 
in this case (T, U) = (f, 4u,), and h = 8, so that any three consecutive 
forms f.i, fns fn+1 are non-equivalent. The case of A = 28 is one of 
those in question, for P—69.2 — 4 


has the primary solution (25, 8), whence (T, U) = (25, 1); so that every 
possible Hessian leads to three classes of cubics, as, in fact, was proved 
in Art. 8. | | 

If the solutions of L(b, a) = — A? are not all associated with the 
sequence (f,), we take one of those that remain and form another sequence 
of cubics, and so on. From the theory of quadraties, it follows that there 
is only a finite number of sequences, depending upon the number of solu- 
tions of the congruence z? = 8A (mod 44?). 


6. We are now in a position to find a complete set of representative 
cubics for any possible negative discriminant — A. To do so we take a 
complete set, both primitive and derived, of representative quadraties 
H,, Hy, ... of determinant 8A. Let H, or (4, B, C), be any one of them; 
then if there are integral solutions (a, b) of 


— 4? = Al?—8Bba+9Ca’, 
there will be one or three corresponding classes of cubics, which can be 


determined by the methods of Art. 5, for each associated set of solutions. 
If there are no solutions, there will be no cubics associated with H. 


7. In practice, it is inconvenient to have to solve the equation 
| L (b, a) = — A’, 
but the difficulty can be avoided by the theory explained in my paper on 
the relations between cubics and their Hessians.* It is there shown that, 
if H is a prescribed Hessian, all the cubics which have a Hessian of the 
form uH, where m is an integer, will be of the form 


f = m¢+ny, 
where $, V are determinate cubics, and m, n arbitrary integers. The 
Hessian is now yen dns 


where G (m, n) is a determinate quadratic in m and n. Suppose now that 


* Proc. London Math. Soc., Ser. 2, Vol. 9, p. 200. 
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H has a determinant 84, and we wish to find all the associated cubics of 


discriminant —A: then G (m, n) = 1, 
and this equation is much simpler to deal with than L(b, a) = — A’, 


which it replaces. In fact, since f = mø+ny, the coefficients a, b are 
linear functions of m, n, which convert L(b, a) into —.4?. G (m, n); con- 
versely m, n are linear functions of a, b which are fractional in form but 
give integral values for m, n whenever (b, a) is a solution of 
L (b, a) = — A*. 
Thus there is à one-one correspondence between the forms L, G, and it 
follows that a sequence of forms (fa) derived from G (m, n) = 1 is obtain- 
able by the same linear substitution applied to all the forms of a sequence 
derived from a solution of L(b,a)- — A”. In particular, each sequence 
falls into one class, or three, according to the criterion found in Art. 5. 
As & check to calculation, it may be remarked that if 


a = pm--qu, 
b = rm+-sn, 
the determinant of G is 27A (ps —qry | A*. 


In order that G (m, n) = 1 may be possible, it is necessary and sufficient 
that G should belong to the principal class of its determinant. 


8. When, for a given discriminant, a set of representative forms has 
been obtained, the final process is to put for them the corresponding re- 
duced forms, calculated by the method explained in the earlier part of 
this paper. | 

It has been shown, on a previous occasion, that, if (a, b, c, d) is a 
reduced form, 97a* < 164 ; 


Mr. Berwick has discovered other inequalities which limit the coefficients 
when A is given, and I take this opportunity of communicating them. 


A 0 E N 


In the figure RSTU is part of the contour of the fundamental tri- 
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angle ; A, B are the points representing the roots a, 8 of the cubic, and 
BE is perpendicular to AN. We have 


AE =4+y)—a = 4(84- 2. 


Now, if C is the point corresponding to the root y, we have 
AE* < AB*.AC?, 


3 < BC’; 
and therefore SAE < Aja; 
hence 3 126+83a(8--y)|* < 16A, 
and, a fortiori, since |B+y| <1, | 
3(2|5| —8|a|* < 16A. (9) 


Again, if B is kept fixed, the greatest value of OB*/AB? is when A is 
at E, and the greatest value of OB'|BE? is when B is at S or T ; con- 


sequently, in general, 44 B? > 80B?. 
Similarly 4AC? > 80€? ; 

also ata? < (la|+|b|)*; 
hence | 9d? < (|a| + |b 9.164 B3. AC?, 


and since 3 < BC’, we obtain by multiplication 


2 
zna < Elala, T- 


The inequalities (9) and (10) impose limits on 5, d in addition to the 
limits previously found for a. Now when a, b, d, A are assigned, there is 
a cubic to find possible values of c. All we have to do then is to find the 
sets (a, b, c, d) which give the proper value to A, and also satisfy the 
three conditions of inequality ; if we reduce the resulting forms, we are 
certain to find representatives of every class, and we see that the number 
of distinct classes is limited.* 


9.+ Since writing the greater part of the present paper, I have looked 
at the two memoirs on binary cubics by Pepin, which are contained in the 
Atti del Accad. Pontif. det Nuovi Lincei, Vols. 87, 89 (1884, 1886). In 


* [Added May 4th, 1911.—Mr. Berwick has since found the additional inequality 
27 (|c|—|a|—|6])* a? < 164.] 
t $§ 9 and 10 and the table added May 4th, 1911. 
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` the first of these he develops the theory on the lines laid down by 
Eisenstein, making use of the equation L(b, a) — A?, or rather an 
equivalent one, as he takes the standard form to be (a, 3b, 8c, d). Of 
course, some of my results practically coincide with his; but he does not 
go into the question of reduction, nor into the geometrical theory. In the 
second paper he discusses classification, but confines himself to the case 
of a positive discriminant. 


10. The following table, calculated by Mr. Berwick, gives all the non- 
composite reduced cubics for values of A which do not exceed 999. It 
will be understood that each entry (a, b, c, d) really stands for 
(a, +b, c, +d), and represents two classes, improperly equivalent to 
each other. 


A f | 4 f 4 f 
| | 

99 (1, 1, 2, 1) | 244 | (2, 2, 8, 2) | 492 | (1,8, 8, 5) 
31| (1, 0,1, 1) | 247 | (1, 8, 4, 5) | 486 | (1, 8, 4, 6) 
44 |(1, 2, 2, 2) | 255 | (1, 1, 0, 8) | 489 | (1, 2, —1, 3) 
59 | (1, 0,2, 1) | 268 | (2, 4,4, 3) | 440 | (2,0, 1, 2) 
76|0, 1, 8, 1) | 279 | (1, 1, 4, 8) | 451 | (2,3, 5, 8) 
88 (1, 1, 1, 2) | 288 | (1, 0, 4, 1) | 459 | (2, 8, 8, 8) 
87 | (1, 2,8, 8) | 800 | (2, 2,4, 1) | 460 | (1, 1, 5, 8) 
104 | (2, 2, 8, 1) | 304 | (1, 4, 4, 4) | 464 | (1, 8, 5,7) 
107 | G, 1,8, 2) | 807 | (1, 2, 4, 5) | (2, 1, 4, 1) 
108 | (1, 3, 8, 8) | 824 | (2, 0, 8, D | 472 | (2, 4, 5,4) 
116 / (1, 1, 0, 2) | 327 | (8, 3,4, 1) | 484 | (1, 2, 5, 6) 
185 | (1, 0,8, 1) | 881 | (1, 1,8, 4) | 491 | (1,2, 2, 5) 
139 | (1, 2, 2,8) | 882 | (1, 1, 2, 4) | 492 | (1, 2, 4, 6) 
140 | (1, 0, 2, 2) | 885 (1, 2, 5, 5) | 496 | (2,0, 2,2) 
152 | (2, 8, 4, 2) | 389 | (1, 2, 0, 3) | 499 | (1,0, 4, 3) 
172 | (2, 0, 2, 1) | 851 | (1, 0, 8, 8) | 508 | (2, 5, 5, 4) 
175 | 1, 1, 2, 8) | 856 (2, 1, 2, 9) | 515 | (1, 4, 4, 5) 
176 ü, 2, 4, 4) 864|(1 0, 4, 2) | 516 | (8, 89, 4,2 
199 | (1, 1, 4, 1) | 867 | (1, 2, 8, 5) | 519 | (8, 5, 6, 3) 
200 | (1, 2, 8, 4) | 868 | (2, 2, 4, 2) | 524 | (1,1, 8, 5) 
204 | (1, 1, 1, 8) | 879 | (1, 1, 1, 4) | 527 | (1,0, 5,1) 
911 (9, 1, 8, 1) | 411 |, 1, 5, 2) | 548 | (1, 1, 2,5) 
212 | (1, 1, 4, 2) | 416|(1, 1, 5, 1) | 547 | (8, 2, 4, D 
21610, 0, 3, 2) (1, 2 1, 4) | 556 | (1, 4, 8, 4) 
231 | (1, 2, 1, 8) | 419 | (2, —1, 8, D | 560 | (1, 2, 0, 4) 
236 | (2, —1, 2, 1) | 424 ! (8, 4, 5, 2) | 568 | (1, 1, 5, 4) 
999 | (1, 8, 2, 8) | 428 (1, 8, 2, 4) | 567 | (8, 0, 8, 1) 
949 | (1, 8, 8, 4) | 481 | (2, 1,8,2) | 575 | (1 1, 4, 5) 


(Continued on p. 138.) 
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A f â | f | 4 f 
588 | (1, 2, 6,6) | 751 (1, 1,6, 1) 876 | (8, 2, 4, 9) 
608 | (1, 0, 5,2) 1755 (1, 2, 6, 7) 888 | (2, 1, 1, 3) 
(1, 1, 41,5) | 756 (2, 8, 6, 8) 888 | (2, 2, 5, 9) 
620 | (2, 0, 4,1)' 759 ' (1, 1, 6, 8) 891: (1, 0, 6, 1) 
628 | (2, 5, 6,5)! 771! (1, 1, 8, 6) ' 907 | (2, 1, 5, D 
648 | (1, 8, 1,4 | 780 | (1, 4, 4, 6) ' 908 | (8, 4, 6, 2) 
648 | (2, 0, 8, 2) || 788 | (8, 1, 4, 1) ' 981 | (1, 1, 5, 6) 
652 | (2, 2, 4,9 (1, 38, 6, 9) | 932 | (1, 0, 5, 4) 
655 | (1, 2, 1,5) | 800 | (2, 8, 4, 4) 940 (1, 8, 1, 5) 
671 | (1, 8, 2,5) (1, 5, 5, 5) 944 | (1, 2, 5, 8) 
675 | (1, 8, 3,6) | 804 | (1, 1, 4, 6) | | (2, 0, 4, 2) 
676 (2, 9, 5,2) 808 | (1, 1, 2, 6) 0918 (1, 2, 1, 6) 
679 (1, 8, 4,7): 812. (2, 4, 6,5) 959 (1, 2, 7, 7) 
680 (2, 2, 5,1)! 815 | (8, 4, 5, 8) 964 (4, 5, 6, 2) 
684 (2, 2, 2,8) | 816 | (8, 8,5,1) 971, (8, 1, 8, 2) 
687 |(1, 2, 5,7) || 828 | (8, —2, 8, 1) | 972 | (1, 0, 6, 2) 
688 | (1, 0, 4,4) | 885 | (1, 2,0, 5) (1, 8, 8, 7) 
695 |(1, 4, 5,7)|899|ü, 48,5' (2, 8, 6, 4) 
696 | (1, 2, —1,4) | 848 | (8, 8,5, 2) | | (2, 6, 6, 5) 
704 | (2, 4, 4,4) | 844 | (1, 1, 6, 4) | 976 | (1, 2, 6, 8) 
707,(, 8, 5,8) | 848 | (1, 4, 2, 4) | (1, 8, 4, 8) 
716 (3, —1, 3,1) | (4, 4, 5, 1). 980 | (2, 4, 5, 5) 
728 |l, 1, 6,2) | 856 Q, 2, 1, 8) | 988 | (1, 1, 6, 5) 
781 | (1, 9, 4,7), 868 | (1, 2, 8, 7) 984 | (2, 1, 0, 3) 
748, (1, 0, 5,8). 864 | (1, 38, 0, 4) ' 996 ! (1, 4, 5, 8) 
744 (9, —1, 4,1) | (3, 6, 6, 4) 999 (2, 8, 8, 4) 
748 (1, 2, 2, 6) | 867 | (2, 1, 8, 8) ` 
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[Received March 29th, 1910.—Read April 28th, 1910.—Received in revised form, 
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Note.—This is a continuation of a paper with the same title in Pro- 
ceedings of the London Mathematical Society, Series 2, Vol. 4, pp. 320-341. 
For convenience of reference, the numbers of the sections and of the 
formule in the two papers are made consecutive. The table on p. 381 
of the first paper is quoted as Table I. 

The following is à summary of the contents of the two papers :— 


Introductory (S 1) 5: bas vee = dos T .. -Vol.IV, 320 

I. Tabular Error ($$ 2-8) :—  ... — = = e = 321 
A. Advancing Differences A 3) on is n z: żę 321 

B. Central Differences (SS 4-7) m 48 id NE > 323 

C. Comparison of Results > 8)  .. E 263 us oe 831 

II. Residual Error (§§ 9-11) ae | a są z gi n» 332 
Appendix... | A bes bs Zo TA 339 

III. Single Central- Difference Formula (S 19) Sus T = .. Vol. X, 139 
IV. Extensions of the preceding Results (SS 18-25) :— id 140 
A. Formule comprised in the Lagrange-formula es 18-17 ade 140 

B. Limit of Tabular Error (§§ 18-20) Bs A TA 144 

C. Relative Accuracy of Formule ($$ 21-25)  ... za -— 147 

V. Corrected Differences ($$ 26-35) ... yis 151 
VI. The Arrangement of Mathematical Tables for Interpolation (§ 36) sz 170 


III. Single Central-Difference Formula. 


12. For central-difference interpolation, the standard formula has [$ 5] 
been given in the form (16) for O < 0 x; 3, and in the form (17) for 
—4ax 0-0. It is usually convenient to take the interval 0< 0 «1 
as our basis. For the first half of the interval we have (16). For 
«0-1 we have —34 < 0—1 <0, so that the suitable formula is (17) 
adapted, viz., 


S g gi OCE c 2) Bu +... 


Ug = M1+(6—1) = -a t EE l su w+ 
(58) 
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If we compare this formula and (16) and (17) with each other, we see 
that (16) and (17) are identical if we take an odd number of terms, while 
(16) and (58) are identical if we take an even number of terms. If, how- 
ever, (17) is the suitable formula, but the number of terms is even, or, 
if (58) is the suitable formula, but the number of terms is odd, we can 
still use (16), provided that in the final term we substitute the proper 
central difference without altering its coefficient. 

We ean therefore regard (16) as the standard formula either for the 
whole interval 0 =— 4 to 8 =+-$ or for the whole interval 0 = O to 
0 = 1, provided that, (i) if —3 <0 < 0, and we go up to ó*"*!u, we 
replace ó?*!u, by ó?*!u , and (ii), if 4-0 — 1l, and we go up to 
0^4, we replace à?" w, by 6%” 14. 

It may, however, be mentioned that, in the second of these two cases, 
the correction need not be made if we are only considering the tabular 
error; t.e., the failure to make the correction, although it prevents the 
formula used from being the true central-difference formula, does not 
increase the maximum-limit of the tabular error [see § 28 (ii)]. 


IV. Extensions of the preceding Results. 


A. Formule comprised in the Lagrange-formula. 


18. In $ 9 the advancing-difference and central-difference expressions 
for us, taken up to the difference of m-th order, were converted into 
expressions in terms of a series of us; and it was found that these 
expressions were substantially of the same form. They are, in fact, 
the expressions given by Lagrange's interpolation-formula, as modified 
by the condition that the tabulated values of z proceed by equal intervals ; 
the values of « which enter into the expression being in the one case 
Up» Wy, Ug, ... if O lies between O and 1, while in the other case, if 
0-«O0zxi, they are u ju, U anas, -s Ujm OF Uamh Wyma ys seo med 
according as m is even or odd. Also, we see from $ 12 that the central- 
difference formula for 4 «; 0 < 1 leads to the same expression if m is 
odd, while, if m is even, it gives a similar expression involving 


U-yn41, U—ima2s ++: Vm 
If therefore we write Lagrange's formula in the form 


" Ug = mLe-y, (59) 
where 
„Le, = C=DO= P=)... 6—p—m 
m! 
X (gen — Q c Up S e e) up | (60) 
0—p—m " '8—p—m+1 8—p)' 
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then, in the notation of $ 9, the advancing-difference formula is 


Ug Z mUo = 4Le (0<8<1), (61) 
while the central-difference formula takes the different forms | 
We = 2n Vo = onLoin (0 « 0 x », (62) 
Us = anVo-1 = mLo+n-1 (8 «0 « 1), (63) 
Ug = gn+1Vo = milo (040 «1. (64) 


14. Conversely, if we start with Lagrange’s formula ue = mLe_», we 
can, by giving p a suitable value, convert mLe-p into any one of the above 
expressions, such as „U, by working backwards and taking out differences 
of the m-th, (m—1)-th, ... orders in succession; the number of v's in the 
remainder being reduced at each step. It is obvious, however, that, when 
the value of p has been settled, this process of taking out differences can 
be performed in a good many different ways besides the particular one 
which leads to the expression we are considering, and that we shall thus 
arrive at other formule which will be equivalent to, and might be sub- 
stituted for, the advancing-difference or the central-difference formula, 
as the case may be. Denote the difference of order », which involves 
Ug, Uqsiy +++) Ugan by Lg, g+1, ..., q+-n], so that 
[d 9+1, ..., g+n] 

= A" u = Ó” Un + ża = V4. — nC Ugyen- F.. + (—)" w. (65) 
Then from 4L,., we can take out [p, p+1, ..., p-+m] in either of two 
ways, according as we are to get rid of u„,„ Or of up; its coefficient will 
in the former case be (6—p)(6—p—1)...:.6—p—m--1)/m!, and in the 
latter case (0—p—1)(0—p—2)...(0—p—)|m!. Similarly, supposing 
we get rid of Upim, we can at the next move get rid either of w,,,..1 or 
of u, Proceeding in this way, we see that there are 2” different ex- 
pressions of this kind which would produce the same expression mLe-p j; 
these expressions corresponding to the different ways by which we can, 
in the first diagram in § 4, proceed from A”"u, to some value of u by 
steps, each of which is from a quantity in one column of the diagram 
to one of the two adjoining quantities in the preceding column. Of these 
2" expressions, the numbers which contain wp, Up+n Up+2s ..., Upąm ArE 
respectively 1, mCi, «Cs, ..., 1. 

If in the diagram mentioned above we draw lines diagonally upwards 
and downwards to the left, so as to include A”u, but no other differences 
of the m-th order, and so as to meet the line which divides the column 
of ws from the column of z's, all the tabulated quantities which occur in 
any one of the equivalents of »,Le_, will lie within the triangle so formed. 
This will be called the tabular triangle of A" up. 
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15. We have next to consider the law of formation of the successive 
terms in any one of these expressions, proceeding from the left. The 
law is most easily determined by working backwards. 


(i) As shown in $ 14, we can remove from 4L,. , either 
1((0—5)(0—p—1)... (0—p—m-r-1/[m!| [p, p+1, ..., p+m] 
or ((6—p—1)(0—p— 2)... (0—p—m)/m!] [p, p+1, cebat 


It will be found that in the one case we are left with , 1L, , and in the 
other with 4, 1L6.,.;. Hence we have 


mLe-p = Loy er )(0— =) (Pm [P, p4-1, ...9 ptm], 


— ml 
(66) 
nLe-p 


= m-1Lo-p-1 + (0—p—1)(0— m + (0—p—m) [p,p+1, ...,p+m]. (67) 


(ii) Hence the removal of successive terms, from the right, will always 
leave us with an expression of the Lagrange form; and, conversely, any 
number of terms, from the left, will together give an expression of this 
form. Also m_1L9_p contains Up, Upii, ...; Ups m-1, ANd m—-1Lo-p-1 contains 
Up+1s Up+2) +++) Up+me We see therefore, from (66) and (67), that the first 
n-+1 terms will together be equal to an expression of the form „Leg, 
involving Uq, 4,41, ..., 4,4»; that the next term to be added will be either 


(8—9)0—g—1)...6—g9—9 p, 941, .. g tnt] 


(n 3-1)! 
TE S . 
or EEG (0 —q— P aes 1, q, TE qa]; 


and that the result of the addition will be in the one case 4,,1L..,, and in 
the other case „412161941. 


(iii) Instead of regarding each coefficient as a whole, we may regard 


it as made up of suecessive factors. Continuing the terms in (ii), the 
coefficient of the difference of order n-+2 will in the one case be 


(0—4)(0—49 —1)...(0—9g —n—1) 


(n 4-2)! 
_ (0—9 (8—q— 1) .. . (0— —q—n) 8—(gtn +1) 
(n+1)! n+2 


and in the other case will be 


/(0—g4-0(0—9 ...(6—g—» _ (6—9(06—4—2 ...(6—g—7) 6—(9—1) 
(n-4- 9)! (n4- 1)! n4-2 
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Hence (changing n+-2 into r), if the r-th term introduces w, the co- 
efficient of the difference in the (r+-1)-th term will be found by multiply- 
ing the coefficient of the difference in the r-th term by (0— s)/r. 


(iv) We may take as examples the advancing-difference formula (8) and 
the central-difference formule (16), (17), and (58), which may be written 


= [0]+ $79 o, 134 £79 9—1 (o, 1, 2] 

,979 f= 9 (0, 1, 9, 8]+..., (68) 
= [0]4- 79 (o, 1)+ 579 9-1 (1,0, 1) 

£970 91 9—CD[-1,0,1,2)-.., (69 


= (0]4- — [—1, 0]+ $—9 9-C-D 1, o, 1] 


0—0 60—(—1) 0— “= [-2, —1,0,1]+..., (70) 


1 42 
u = [1]+ Scl (o, 134+ 571 8 (o, 1, 2) 
+=! 00 i-a, 0, 1, 2]+... (71) 


2 


16. It follows from the above that we need not define the central- 
difference formula of order m (i.e., up to and including a difference of that 
order) for wę otherwise than either (i) as a formula which is algebraically 
equivalent to the Lagrange-formula involving Up, «5,1, ..., Upi+m, Where p 
is given by the condition that z,,,4 4 K Te K Zp.4n4), OF (11) as a formula 
expressing ws as a series constructed in the manner explained in § 15 and 
ending with that difference of the m-th order which lies nearest to the 
horizontal line through the point corresponding to the value of z. 


17. We ean, of course, express „Lę_„ in a very large number of ways 
in terms of the quantities lying within the tabular triangle of A"«,. 
Everett's formula, for instance, is a variant in which m is odd, and each 
difference of odd order is expressed in terms of the adjoining differences 
of the next lower order. 

It wil be convenient here to examine the effect of applying this 
process to a single term in the more general formula considered above. 
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Suppose that we have a term in A"u, and that we replace A”u, by 
A"! uqa1 A”! u4; then the result will depend on the steps by which we 
have reached A", from a difference of order n—2, but it will be found 
that the two cases, in each of which one step is by advancing and the 
other by receding, will give the same result. (This is obvious on general 
grounds ; for the terms in A*~'x%, and in A”"'u,,, are in each case 
together equal to ,Le—q—x-2Le-,-1, and their coefficients must therefore 
be the same in the two cases.) There are therefore three formule. 


(i) Where A*-*x, is involved, 


= Se eae SĄ Ą 
nLo-4 = n-2Le-qt (0— q) (© Á (0 n+ 2) 


X |(8—q9—n+1)A"7'u,,,—(06—qg—2n+-1)A""'u,|. (72) 


(ii) Where 4"7*4,,, is involved, 


nLe-4 = n-2L0-4-1+ uq e p + (6— —ntl) 


X 1(86—qg)A7"'u,,1—(6—9—n)A""'u,). (78) 


(iii) Where A""*u,42 is involved, 


= e (OZI use 
AJ = Alis: )( 7 ) ... (0 n) 
X [(@0—g+n= DA u; 0—91) Au}. (74) 


B. Limit of Tabular Error. 


18. In §§ 8 and 6 we considered the limits of tabular error for the 
advancing-difference and the central-difference formulæ respectively. We 
have now to consider the limit for the more general formula, t.e., we have 
to consider the limit of error involved in calculating the general expression 
nLe-p, for the purpose of (59), from the tabulated values of u, instead of 
from the true values. It will be convenient to regard O as lying between 
O and 1, and p as arbitrary; so that the cases already considered are 
those of p — 0 and p+im—3 <0 < p+4m+i, and we have now to 
regard p as having any positive or negative integral value. It will be 
assumed throughout that the limits of error of each tabulated u are +4p. 


19. Let a, as before, denote the error of the tabulated value of w,. 
Then the tabular error of wę as given by (59) or by any equivalent 
formula, is to be found by replacing each u in ,,Le_, by the corresponding 
value of a. Denote the result by „As_„. Then, for any given values of 
0, m, and p, „Ae_„ will have its numerically greatest value when each 
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value of a is +4p or —4p, the signs being such that the terms within 
the bracket in (60) all have the same sign. This requires that the a's 
should be alternately positive and negative, except where the denominators 
in (60) change sign, in which case two consecutive a’s must have the same 
sign. This, of course, will only happen when 6 lies between p and p+-m, 
1.0, When p > 0 and p+-m 4:1. Hence, taking ag to be positive, the 
sequence of values of a which will make the tabular error a maximum 
(numerically) will, as in the particular cases already considered in $$ 8 
and 6, be 


e, O-3, dA, Aa), Ao» D Ug, dg Q4; | (75) 

 —%p, +hp, —łp, Tp, +4p, — dp, +30, — 1o, ... 
Denote these values of a by ... e-1, €o €, €a, ..., and the resulting value 
Of mAds_p by ,Es-,. Then, since „Eę_, is an expression of the same form 
88 mle», it follows that the tabular error due to using any formula 
which is equivalent to the Lagrange-formula may be obtained by applying 
this formula to the caiculation of a quantity e; from a table based on the 
above values, as follows :— 


TABLE II. 


| 
6th Diff. | 7th Diff. 


e ‘1st Diff. ana Dift. | 8rd Diff. | ath Diff. 5th Diff. 


| 
| | 
D 
| 


Suppose, for example, that 0 = *2, and that we are using the advancing- 
difference formula up to the 4th difference inclusive. Then the limit of 
tabular error is 


9 '8 9 © ° 
lapt X X KE p 8p+ ZEE 


or, to three places of decimals, *960p, as in Table 1 ($ 8). 
SER. 2. VOL. 10. No. 1107. L 


7 p = = 9592»; 
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"90. The following are some simple properties of Table II and of 
the deduced values of es = mHo-_p. 


(i) (a) It ptm <0, then A"e, = (—) +" 2^7 p. | E T 
(b) If p20,then A™e, = (—y*"-19"^ p. SU 
-(ii) For the central-differences :— 
je = 0, E ` 
Sey = ey = (—)" Cn- Fp, 
uó e = (—)"2Ci.dp, ` > (77) 


Bor eo = (—)"7' m1C-1.3p, | 
pore, = (— 2, 1C1-i-3p. 
The first two of these have already been stated in (31). 


(iii) For the other differences, we may regard the table as compounded 
of two, in which the values of e are respectively 


e, €—3 €», €]; Eps Ely €9, €g; Ejs e.. 
1, —3p, dT 3p, —3p, d p, —tp, Tip, — ip, Fp, .. 
cosy 0, 0, 0, , 0, +p, —p: +p, Ps e 


Examination of the derivation of the suecessive differences in each of 
the two tables will show that, if p-- > 0, but p < 0, 


A" e, = (ee) rm inCpen-1— 2771] p (78) 
where nC; = nCotad it... tn, (79) 
= coeff. z* in expansion of (1+2)"/(1—2). (79a) 


It 18 clear that 4C; = 2"~! according as s = 4(m—1), and therefore 
A" e, is of sign (—)?*™ or (—)^*"-! according as p is less or greater than 
— $(m— 1), being zero if p = — 1(m—1). 

The formula (78) also holds if p > 0, since in that case 4C544 1 = 2", 
so that A"e, = (—Y*"-19"-15. as in (76). 


(iv) (a) If p <0 and p+m > O0, so that u, and w gaci In „lep, 
»Es-, 18 positive ; | 
(b If p>0, „Eo, is of sign (—)?*!; 
(c) If ptm ZO, mEe_, 18 of sign (—)?*". 
(v) Since 07^*le, = 0, it follows from (66) and (67) that -: 
2n 1E g4n = aue n = ul gni TN . (80) 
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C. Relative Accuracy of. Formule. 


21. We have already found that the limit of tabular error is less for 
the central-difference formula than for the advancing-difference formula 
of the same (v.e., the m-th) order. These two formule correspond to the 
use Of mLe-p with different values of p, i.e., they correspond to two 
particular positions of the tabular triangle of a difference of order m. We 
have now to consider the limit: of error in the more general case, t.e., for 
any arbitrary position of the tabular triangle. 

We can most conveniently do this by taking a particular position of 
the triangle, and then seeing how the corresponding value of ,£E,., is 
altered by shifting the triangle in one direction or the other. 


22. Taking first the central-difference formula :— 


(0 If we go up to a difference of order 2n-F-1, this difference will be 
ó?*14,;: and the values of u involved will be from u-n to wu,,;. The 
limit of tabular error will therefore be tons: E, 4. 


(ii) Suppose we only go up to the difference of order 2n. Then the 
values of u involved will be from u_, to u, if Ó lies between 0 and 1, and 
from u_„41 to w,,1 if O lies between 3 and 1; and the limit of error will 
be +2,He4n in the one case, and +Eo+n-ı in the other. But each of 
these, by (80), is equal to Han Fo+n. s 


. (im) Hence the limit of tabular error for the central-difference formula 
up to the term involving a difference of order 2n or 2n+-1 is 3-5, 1E... 


28. Next, suppose that we are using any other difference-formula, 
equivalent to the Lagrange-formula (59); the w's involved being from u, to 
Up+m, 80 that the w's and differences which occur in the formula lie within 
the tabular triangle of A"w,. Then the limit of tabular error is +„Ee_,. 
Let us see how this limit is affected by moving the tabular triangle nearer 
to the position which it occupies for the central-difference forraula. 


(i) For the central-difference formula, the vertex of the tabular triangle 
lies either within (m odd) or on the boundary of (m even) the central 
horizontal strip bounded by lines through 0 = 0 and 0 = 1; and for any 
other formula, except in the special case mentioned below, it lies outside 
this sirip. 

(ii) The exceptional case is that in which m is even, and A" x, is either 
6”u,, where O lies between O and 3, or ó":«, where 0 lies between 3 and 1. 
The value of ,E,., is then „Eo;zm=1 OF mEHe43m, while for the central- 
difference formula it would be »Ho+4m or mM@e+im-1- But, by (80), 


m Eo iim = mE cim 
L 2 
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Hence, if we go up to a difference of even order m, it is immaterial, so far 
as the tabular error is concerned, whether this is ó"«, or ô”; 6 being 
between.O and 1 [cf. § 12]. 


(iii) For any other case, the vertex of the triangle lies outside the 
central strip, being on the positive or the negative side of it according as 


p -—4m-r1or < — imn. 


(iv) First suppose that p > — 3m--1. Then the effect of shifting the 
triangle backwards one place is to alter the limit of error from -E 4E, to 
nEs-p+1 But, by (66) and (67), 


w Ee p— mop = (6—p) (6—p—1) ... (6—p—m > (6— =D — (6— TIMED ANS d , (81) 


m! 
and there are three cases to be considered. 


(a) Usually the triangle will include o, so that p <0. Then A™*!e,_, 
will, by $ 20 (iii), be of sign (—)*"-', and its coefficient in (81) will 
include —p+ 1 positive, and p+m— 1 negative, factors. The expression 
on the right-hand side of (81) will therstore be positive. Also, by 
$ 20 (iv) (a), „Eę_p and „Eę_p+1 are both positive. Hence »Ho_p+1 is less 
than „Eę_,„, 80 that the shift will reduce the limit of error. 


(b Next, let p be >1, so that «y will not be within the triangle, 
either in its old or in its new position. Then ,E, , and 4E, ,,; will 
[see § 20 (iv) (D)] be of opposite signs. But, if they are expressed in the 
Lagrange form, the terms in each will all be of the same sign ; and it will 
be found that each term in|, E, ,|is greater than the corresponding 
term in | „Eo_„;1|. Hence* | »nHe-p| > | nHe-p+i1|, and the shift will 
reduce the limit of error. 


(c) Finally, let p = 1, so that the shift will bring u, within the 
triangle. Then , E, , and ,E,.,,1 are both positive, and the reasoning 
of (a) applies. 


(d) Hence, in every case, the effect of shifting the tabular triangle one 
place backwards is to reduce the limit of error. 


(v) Similarly, if p « — jm, so that the vertex of the triangle lies 
on the negative side of the central strip, we reduce the limit of error by 
shifting the triangle one place forwards. 


4 = ja ——— "-— (€ m M mmm eee mm 


* We might also obtain this result by regarding the tabular triangle as fixed, and 6 as 
altering continuously to 0+1. It is easy to see that, so long as p > 6, | „K,-„| is always of 
the same form, and d | ,,E,.,|[d6 is negative. 
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(vi) It follows that, if our formula is not a central-difference formula 
(in the general sense of § 16), we can reduce the limit of tabular error by 
replacing the formula by a more central one; in other words, the central- 
difference formula gives a smaller limit of tabular error than any other 
formula of this kind, involving the same number of consecutive values of u. - 
This is subject to the exception mentioned in (i), where the difference of 
highest order, instead of being the central-differenee on one boundary of 
the central strip, is the corresponding difference on the other boundary ; 
in this ease the substitution of the correct central-difference formula does 
not reduce the limit of error, but it does not increase it. 


24. Instead of moving the vertex of the tabular triangle directly from 
A"u, to A"u,.,, we might move it by two diagonal steps, either first 
outwards (away from the line of values of z) and then inwards, or first 
inwards and then outwards. In the first case, the successive formule for 
ue would be ,Le.,, m+1Lo-p+1s mlve—p+1, and in the second case they would 
be &Le-p m-ibé-p mLo-p+1 This suggests the comparison of the limits 
of error for tabular triangles whose vertices are diagonally adjacent; 
e.g., the comparison of „Eę_, with „qr Ee_p+1 or with 4 1 Ee. y. 


(i) For movements within the central strip, we have already found 
[$$ 20 (v) and 22] that oEo+n-1 = enq1Fo+n = onlin. Hence, by starting 
from one boundary of the strip, moving outwards to the centre, and then 
inwards to the other boundary, we make no alteration in the limit of error. 
If we moved first inwards and then outwards, we should first decrease it 
and then increase it. 


(ii) Next, suppose that in the first position the vertex lies outside the 
central strip, on the positive side of it. Then, by (66) and (67), 


s 6—p)(6—p—1) ...(6—p—m+1) np M 
ne» = HEN MG m. ( m JA €» (82) 


B 0—p)(0—p—1)...(0—p—») pm. o. 
mE, == n41Ée-p41— P T A Tesi , (88) 


and, by § 20 (iii), A"e, and A"*!e,. are of sign (—)?*"-!. 


(a) If p <1, so that the first triangle includes w,, the term added 
in (82) is positive, and the term subtracted in (88) is negative; and, by 
$ 20 (iv) (a) and (b), mEo-p m-1E0-p, aNd m+1E0-p+1 are all positive. Hence 
»Es., is greater than each of the other two, so that the limit of error 
is reduced by moving diagonally towards the central strip, whether 
inwards or outwards. 
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(D If p 2 1, then „Eę_y, m-1£6-,, and the term added in (82), are 
all of sign (—)^*!.. Hence in this case also the limit of error is "ag 
by moving toward the central strip, provided. that we move inwards. 


(c) This, however, will not necessarily be the case if p — 1 and we 
move outwards. Since „£oe_, and T are respectively of signs 
(—)+! and (—)?, we have to compare the values of (—)"*!,,E,.., and 
(—) m+1E0-p41 We have 


(yu, = P=00+1—0 ... (pm 


m! 
i Zu R; p teet znaj 3p, 

(—YaaEs pi = PON. PMA 
i ast za 2028 Vase rd | de; 


so that, denoting the expressions in the curled brackets by S, and Sm, 
we have to compare the values of (m+-1)S„ and (p—1—6)5,41. Now 


1 
Sin =| g"-1-?(1-F-z)" dz, Shan -| yr? F(T ote ry tl dy 
0 0 


(m+1) $, 4-(p—1—0)8,,, = 2"*'. 
Also 
p—1—8 


m+1 "4l — =- + (p— 1-0 26. 


+ p—1—0 aCi TS p—-1—0 „Ca 

2 pum p+1—0 m+1l p4m—0 
This ean obviously be greater than S, if p—1—0 is very great, e.g., if 
p—1—02 m4-1; but, if p = 2, so that p—1—0 = 1—0, the sum of 
the terms after the first can be made as small as we please by taking 1—0 
small enough, so that the sum of all the terms can be made less than 
2"l(m4-1), and therefore less than Sm. Hence, by moving outwards 
towards the central strip, the limit of error will be in some cases increased 
and in other cases decreased. 


(iii) We shall, of course, get corresponding results if the vertex of the 
triangle lies on the negative side of the central strip. 


(iv Hence the limit. of error is in all cases reduced by moving the 
vertex of the tabular triangle diagonally inwards towards the central line ; 
and it is also reduced by moving the vertex diagonally outwards towards 


the central line, if the triangle in its new position includes both « and w. 
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25. In shifting the tabular triangle towards the centre, we are in effect 
taking away one of the extreme values of u and replacing it by a value 
at the other end, nearer the centre. It might be inferred that, in the 
more general case to which the general Lagrange-formula applies, t.e., 
the case in which the differences between successive values of z are not 
all equal, we should reduce the tabular error by replacing one of the values 
of u by a value nearer the value corresponding to x. This, however, is not 
the case; the tabular error might be increased. Suppose, for instance, that 
0 = ‘2, and that our formula in the first instance involves ug, ty, and tp. 
If instead of ug, w, and ug we use Up w,, and w,, O becomes ‘4 of the new 
interval lh in z; and it will be seen from Table I ($ 8) that the limit of 
tabular error is increased from +°580p to +'620p. The residual error, 
however, is likely to be reduced by the change; and it might even become 
possible: to dispense with 2nd differences, the limit of tabular error being 
thus reduced to +°500p. 


V. Corrected Differences. 

26. In comparing the limits of tabular error for different formule, 
we have assumed that the table used for the interpolation is arranged so 
as to show the tabular differences, t.e., that each quantity in any column 
(after that of u) is the exact difference of the two adjoining quantities in 
the preceding column. There is an alternative system of tabulation 
which is sometimes adopted ; on this system the values of the differences, 
like those of the w's, are * corrected" in the final figure, so that each 
difference is given within the same limits of error +4p as each w. We 
have to see what effect the use of these corrected differences would have 
on the limits of error of ue as given by the different formule. 


27. If we obtain u, by applying a formula which involves differences 
to a table which shows corrected differences, the tabular error in the value 
80 obtained will lie between — R and +, where R is found by replacing 
each difference (and each w) in the formula by —4p or +4p according as 
the coefficient of the difference (or of the u) is negative or positive. If, 
for instance, we use the advancing-difference formula (8), we shall have 

f 0 0(1—0) , 01—0)(2—0) 
R=1tqt"a v 3! 

Similarly, for the standard central-difference formula (16), 0 being 

between 0 and 4, we shall have 


_(1,.6 , 61—6 , 1+6)61—6), | 
Rett ag to gr eje (85) 


teg i5: (84) 


It is true that, as will be shown in more detail in $ 85 below, the range 
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of the possible error in any particular case is less than from —R to +R; 
but it is simpler to take these limits first and to consider later whether, 
and to what extent, our results need modification. To avoid repetition of 
the + sign, we may call R the limit of error. 

It must be observed that formule which, on the system of tabular 
differences, are identical in result [§ 14] and have the same limit of error, 
may on the system of corrected differences have different limits of error. 
The expressions wg4d-0(u,— vy and u,—(1—0)(u,—wug, for instance, are 
identically equal, but u9+O0Aw, and w,—(1—0)Au, wil have limits of 
error (1+6)4p and (2—0)3p respectively. The methods used in $$ 21-24 
for comparing the limits of error of different formule are therefore no 
longer applicable ; and we have to take into account not only the formule 
of the ordinary kind, constructed as in $ 15, but also the variants, such as 
Everett's formula, mentioned in § 17. 


28. Considering first the advancing-difference formula, we see that 
if we have not to go beyond 1st or 2nd differences, we get & worse result 
by using corrected differences. For 1st differences the limit of error is 
increased from 3p to (12-0)3p. For 2nd differences, instead of 
we get (14-04-3001 —0)] dp. 

It might be supposed that the same result holds when the series is 
continued indefinitely. "Thus one writer* says: “Il est facile de conclure 
de ce que prócede que l'on doit également préférer les différences tabulaires 
pour les ordres supérieurs, lorsqu'il est nécessaire d'en faire usage." This 
conclusion, however, can easily be shown to be incorrect. For tabular 
differences the limit of error is given by (9), and the series inside the 
brackets is divergent; but the corresponding formula for corrected 
differences is (84), and the sum of the first m+ 1 terms inside the brackets 
is 9 — (159 (2—8) ... (m—6) 

m! i 
so that the series is convergent. Hence, whatever the value of 0 may be 
(between O and 1), there is always a number m such that, if we have to 
go up to differences of order not less than m, corrected differences give 
n better result than tabular differences. 

This is also the case with the central-difference formula ; the series 
in (82) is a hypergeometric series, which is divergent,+ but the series in 
brackets in (85) is convergent [see $ 88 below]. 

* F. Lefort, Proc. Roy. Soc., Edinburgh, Vol. viii (1874-5), p. 610. 


T G. Chrystal, Algebra, Pt. II (1st ed.), p. 116, Ex. 2; or T. J. I'A. Bromwich, Intro- 
duction to the Theory of Infinite Series, p. 35, Ex.3. 
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29. Before making any further comparison between the two systems, 
let us compare the limits of error for the different formule of the kind 
eonsidered in $ 15, on the assumption that corrected differences are used 
throughout. 


(i) Suppose that we have to go up to a difference of order m. Compare 
two formule, which are identical as far as a term involving A"^!u, in- 
elusive. Then the difference involved in the remaining term will be A"u,. ; 
in one of the formule and A", in the other. But the coefficient of this 
difference will be the same in both formule, viz., 


(0—p)(0—p—1)...(0—p—m-4-1). 


m! i 
and therefore the two formulæ will have the same limit of error. 


(ii) Next compare two formulæ, which are identical up to a term in 
A”-lu, (inclusive) and beyond a term in A'*!w,., (exclusive), but differ 
in that the intermediate term involves A'u,_; in the one formula and 
A'u, in the other. This intermediate term and the next term will in the 
one formula be 


sl ek 0=9=r+D ary 


(r-+1)! 


Uq-1 


and in the other 


(6—q(8—9—1) ...(6—9—r+1) ,., 
4 


r! 


(0—90—9g—12..6—4—» r O. 
» (EDI dis 


and the limit of error for the former will be greater or less than for the 
latter according as |0—q+1 |> <|0—qg—r|, t.e., according as the 
horizontal line through z, | or through z,,, is the further from that 
through ze, t.e., according as A'^!v, lies on the negative or on the positive 
side of the horizontal line through zə. Hence we make our limit of error 
smaller by using that one of the two differences A”u,_, and A”, which 
lies the nearer to this line. 


(iii) It follows from (ii) that, if we have to end with a specified 
difference A”w,, we get the best result by keeping as near as possible to 
the x, horizontal line (ie. by using ugo, ów, Ou, .. if O<O <3 or 
uy ÓW, OW, ..., if 3 << 0 « 1) until it becomes necessary to move 
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diagonally towards A”u,. And it follows from successive applications 
of (i) and (u) that the central-difference formula (in the strict sense) gives 
the smallest limit of error. 


90. We can now go on to compare the limits of error, on the two 
systems, due to the principal formule, viz., the advancing-difference 
formula (3), the standard central-difference formula (16) (for 0 < 0 < 4), 
and the variants (18) and (19) (for 0 < 0 < 1), and (20) and (21) (for 
00x 1. Using “a” and “8” to denote the effects of taking tabular 
differences and corrected differences respectively, we obtain the following 
table, the factor $p being omitted. 


TABLE III. 


(a = tabular differences. 8 = corrected differences.) © 


Limit of error (+ 1») due to nung 


Formula ——— a ZZ ME " Pars E 
IDE TL e dift. ET dit. 4th dift (| 8th dit, 

(8a) |1) +0  «eü-9 «eü-580-9  «490-98-98-6| +40(1-02-08—0)(4—0) 
"an Ear MB | +0-08-9 , T -98-90-0 |, eü-ea- TT EFT, 

| Q9 i | p | ET +0 | + (Len ne 2-6) Se Kin 
(168) M n 2 Hic „asooo y Use a. „rolls oo (a (1—-6)(2— 6) 
(18a) 1 +09 | Aad eM 

| diss j „s | NETTEN 
- 1: +0 cu +0 | .U*9 a | +0 
(198) 1 TENTE ipte d RODU DZY rip 2080-0630 

pun mW owe: ise | ND a-oa ÓW secs; 
(208) 1 = a | | 5 + OLA j m 
"mm 1| p w las UTE -0) | 0060-9 | ee 6)(2— 6) 
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This table shows that the effect of using corrected differences is as 
follows :— | | | 


(i) The Everett formula (18), in which the terms are taken in pairs 
and recast, is the only one in which the terms of the limit of error are 
decreased throughout. | 


(ii) For the other formula in which certain terms are taken in pairs, 
viz. (20), the term due to 1st and 2nd differences is increased, while the 
other terms are decreased. 


(iii) For the advancing-difference formula (3), a Ist difference term is 
introduced, but all the other terms are deereased. 


(iv) For (16) and (19) the terms due to differences of even order are 
decreased (equally in the two formule), but new terms due to differences 
of odd order are introduced. In each case, however, the sum of the 
terms due to differences of order 2n and 2n-F1 is (except for n = 0) 
less in the form than in the a form. 


(v) For (21) the terms due to differences of odd order (after the first) 
are decreased, but those due to differences of even order are increased 
(algebraically). But the sum of the terms due to differences of order 24-1 
and 2n-+2 is (except for n = O) less in the 8 form than in the a form. 


. 7:81. In the case of (3), (16), and (19), the primary disadvantage of 
using corrected differences is the introduction of a term due to the 1st 
difference term of the formula. We can avoid this by using tabular 1st 
differences; and, if we do this, we find that all three formule give 
better results with corrected differences than with tabular differences. 
This modified system, under which 1st differences are tabular and the 
remainder are corrected, may be denoted by “ y.” 

Further, we see that in (18) this result is indirectly achieved by te- 
solving the Ist difference du, into its components «,—«w,; and that a 
similar process is adopted for other differences of odd order. If in (16) 
or (19) we replace uz, 6”, GW, ... by uu—w, OU — s Uo ó*u,—ó ug, ... 
we get (18. Thus we get a new system “ô,” under which the differences 
of even order alone are corrected, while the differences of odd order may 
be described as ''semi-eorrected," being the exact differences of the 
corrected differences of the next lower order. On this system we find 
that (16) and (19) are improved by taking corrected differences. - 
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For (8) it will be found that (30) is not so good as (8y). The terms in 
(3) which involve A*~'w and A” uy (n being > 2) are respectively 


(—) nf(0 A*u and (—)*!(n—1-—0)f (0) A"u,, 
where f(0) = 00—0)(2—0)...(n—2—980)/n!. 
The first of these terms, if A"^!u, is corrected, produces in the limit of 
error a term nf(0)3p; and the second, if A"u, is corrected, produces a 


term (n—1—0)/(0) 3p. If, however, A"u, is the difference of the corrected 
values of A""! u, and A"”' ug, the two terms of (8) are [$17 (i)] together 


equal to (—)" /(6) |(6—n+1)A*71u, — (0—2n--1) A^7!u,] ; 
and the sum of the corresponding terms in the limit of error for (86) will 
be /(0)1(n—1—0)4-(2n—1—6)] &p = nf(6) 4p +-2(n—1—6) f (0) 3p. 


Hence the effect of substituting (36) for (8y) would be to double those 
terms in the limit of error which are due to differences of odd order. On 
the other hand, the terms for (36) are still individually less than for (8a). 

The formule (20) and (21) differ from (18) and (19) in that they are 
central to u instead of to u, so that the terms which go in pairs are of 
odd and even order, not of even and odd. In order to keep the limit of 
error as low as possible, we must obviously use tabular 1st differences for 
both formule, and tabular 2nd difference for the third term in (21). For 
the remaining terms we have a choice of three systems: (i) all differences 
above the 2nd corrected; (ii) differences of the 8rd, 5th, ... orders semi- 
eorreeted and those of the 4th, 6th, ... orders corrected ; (ii) differences 
of the 3rd, 5th, ... orders corrected and those of the 4th, 6th, ... orders 
semi-corrected ; these systems may be denoted by ''y'," ' 6'," and “e.” 
As regards (20), it is clear that (20e) and (20y’) are identical with (20y), 
while (206^) is identical with (206); all five systems give {1+0 (1—0)] 3p 
as due to the first three terms, and for (20y), (20y’), and (20e) the remain- 
ing terms are the same as for (208), while for (206) and (200’) they are 
slightly greater. As regards (21), it will be found that (21y) and (216) give 
the same result as (218), and (2ly') and (210') give the first three terms 
as in (21a) and the remainder as in (218); but (21e) differs from (21y’) 
and (216') in that it gets rid of the terms which, in (218), are due to 
differences of the 4th, 6th, ... order. Up to differences of an even order, 
(20e) and (21e) are of course identieal. 

The more important of these results are shown in the following table. 
It should be specially remembered that for (216') we start with having all 
differences of even order corrected, but that we use the tabular value of 
ó^u, in the formula, although we use the corrected values of ó?u., and of 
ou, for determining uó"u,. 
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82. Without going exhaustively into the various possible formule, we 
can check the more important of these results by a method which is an 
extension of that applied in § 81 to the comparison of (8y) and (30). 
Suppose that we have a formula which ends at A*u_, with a corrected 
difference; let us see how the subsequent differences should be treated. 


(i) Let the term in A”u_, be /,(6) A"u_,, so that it introduces into 
the limit of error a term |/1(0)| 3o; and let the coefficient of the next 
difference, which is either A"*!u. , or A"*!u. , j, be f,(6). Then 


(a) If this difference also is corrected, it will introduce a term 
E 3 (0) | 3p. 


(8) If it is semi-corrected, we have to combine the two terms of the 
formula ; and they will be found to give rise to 
AU =f (0)} A"u_pt-/a(0) A"u_p+1, 
or to /,10) +/f2(0) | A*u_„—f(0) A" ui, 


according as the step is forwards or backwards. In the former case the 
total of the corresponding terms of the limit of error is 


| PAC) — fa (0) | + | fa (0) | | ip, 


and in the latter case it 18 


1 (0) -f4(0) | + | 42) || 3o. 
Also (if 0 < 0 <1, and if we start with w or u, and Aug) 


| (0) | > |O]. 
Hence the effect of using the semi-corrected A"*!w will be that the term 
of the limit of error, due to this term of the formula, will be either 
2 | f,(0)| 3p or 0; and it will be O if f, (0) and f,(0) are of the same sign 
when we are going forwards, or of different sign when we are going back- 
wards. But 


fa(6)//,(6) = (043-p)/(m4-1) or (8+p—m)/(m+-1), 


according as the step to A"u_, brought in u_p or U_pim; te. f,(0) and 
fa (6) are of the same sign or of opposite sign according as the step to 
A"u_„ was backwards or forwards. 


lu) Hence, if the difference of order m is corrected, and if we have to 
take in a difference of order m+1, the best result is obtained by moving 
to it in the opposite direction to that in which we last moved, and by ex- 
pressing the difference of order m+1 in terms of (corrected) differences of 
order m. 
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(iii) Suppose therefore that the successive differences occurring in the 
formula are A"7!u p, A"u.,, and A"*!w. ,. ,, the last two being respec- 
tively corrected and semi-corrected ; and: consider the effect of taking in 
another term. The difference introduced will be either AUT up ot 
A"**w  ,-s, and its coefficient will be 


fi) (O-+p—m) (O+p+)/{(m+1)(m-+2)}. 


(a) If this difference is corrected or semi-corrected, the term introduced 
into the limit of error will be 


| | A: | (m—p—0)(6+p+1)/ (m +1)0m+2; .3p. 
Call this A. 


(8) If the difference is based on the differences of order m, it will be 
found that the total portion of the limit of error, due to the terms of the 
formula which involve differences of orders m, m+1, and m4-2, will be 
| f (| 3o-- 2^, whichever of the two differences of order »4-2 we take. 

We should obtain a similar result by using A" v. ,..; instead of A” w_,. 


(y) By using the corrected difference we can [see (i), (8)] prevent the 
next term from increasing the limit of error. 


(iv) Hence the best result is obtained by taking the differences alter- 
nately corrected and semi-corrected ; t.e., by correcting alternate columns 
of differences, the intermediate columns being found by differencing these. 


(v) The fact that after going forwards from A""'u_, to A"u_,, and 
then backwards to A"*!u. , ;, we may again go backwards to A™t?w_, ;, 
does not confliet with the rule that we should go alternately backwards 
and forwards ; for the next step. should be to A"*?u , . Each pair of 
steps is from one semi-corrected difference to the next in the same 
horizontal line, and it is immaterial whether the first step of any pair 
i8 backwards or forwards. 


83. It has already been mentioned [$ 28] that the series which gives 
the limit of error for (8/0) is convergent; and it follows from $$ 29 and 
32 that the corresponding series for the other formule we are considering 
are also convergent. The accuracy of any particular formula can there- 
fore be roughly measured, for purposes of comparison, by the limit of the 
sum of the series which determines limit of error. This may be 
called the “maximum limit of error." It is assumed throughout that 
0< 0 « 1, and that the tabular triangle of the formula US includes 
the interval (O,. 1). 
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(i) For (88) the series (omitting the factor 1p) is 
1464 PAO 4 4 90—9 — (0—1—9 4... 


m! 
the sum of m+-1 terms of which is 
(1—0)(2—0) ... (m—8) 


Q9 
m! 
The maximum limit of error is therefore p. 


(ii) The series for (8y) only differs from the above in the omission of 
the second term ; the maximum limit of error is therefore (1— 30)'p. 


(iii) The series for (86) is obtained from that for (8y) by doubling the 
alternate terms. Remembering that 


20- e 0(0—1)... (@Q—m+1) 


Tes Per ons 
it will be found that the maximum limit of error is (1—0-1-1/2?-9) p. 

(iv) For (188), (18y), and (186), and also for (166) and (196), we have 
a series 


= 1+0+ 


Writing 6 = 4+y, this becomes 
1+ se V^ + 10 yt | 3y—wY| x SR 


But* 
cos Dra — 14 GT V^ © sin gap LEP WT TG VAI o sin ep 


If, therefore, we take sina = 4, a = il, we find that 


ed oo 4 CEP ed — — 0) (2—0) 


1+ +... = 


cos 1 (0—3) m; 


a 


so that the maximum limit of error for any of these formulæ is 


vE — cos 4 (0—}) r.p. 


The limit for (198) or (19y) need not be considered, since we should 
generally use (196) in preference. 


* E, W, Hobson, Plane Trigonometry, p. 265, formula (7). 
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(iv) The above series forms part of (168). The remainder of (168) is 
8 Series 
0 = = 6(17— 6?) (2? — 
$4909) , ee +... 


which also occurs in (208) and forms part of (218) and (21e). But* 


s 2 — 2. 2 
sn 204 — G, g gin at ETP o sin a+ 600—909 — sin +... 


and therefore 


2 2 2 — 
KĘ SM e e| -2 


The maximum limit of error for (168) is therefore 
5 {cos 1 (0— 3) r --sin 107! p = cos 1 (1—0) r.p. 
For (16y) it is {cos 1(1—0) —10' p; 
for (208) it is + z g sin 167] "E 
and for (20y), (20y’), (20e), and (21e) it is 


(480—654 A sin 36r | p. 


(v) In (218), (214), and (216), we have the series considered in (iv), 
and also a series 


"K 2 2 
1+5 e T on) 8) Fa OE O, 


which may similarly be shown to be equal to 2—cos 10v. Hence the 
maximum limit for any of these three formule is 


(1-3 cos 407+ A sin 36r) p : 
and for (Żly') and (210’) it is 


(1—36"— — cos 0r + vi sin 40m) p. 


e Ibid., formula (8). 
SER. 2. VOL. 10. No. 1108. M 
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For (206) and (206) the maximum limit will be found to be 


(i-e — eos 407+ ^ gin 16m) p= I 0? — sin 4(1—0)mr p. 

The following table gives the values of the various maximum limits 
mentioned above, for 0 ="1, *2, ...,'9. The first portion of the table 
relates to the systems that might be used with advancing differences, the 
second portion to central-difference systems that give a low limit of error, 
and the third to central-difference systems that are inconvenient as giving 
too high a limit of error, at any rate in the further portion of the interval. 


TABLE V. 
Formula Maximum limit of error (+ p) for @ = 
(38) — 1-000 | 1-000 1-00 | 1-00 | 1-000 | 1-000 1-000. 1:000 ; 1-000 
"C a c ui xm 
(35) [1168] 1088| 1008, -930, -854, -779| -707! -636| -567 
(168), (188), GNE ner MEE GNE WG UN 
(184), (188), | *528| -550| +565 ‘815 | ‘578 | -515| -565 | -550| -598 
(198) | 
p E | -538| -sro| -594 um 617 | -614 | -602  -579| -545 


(209), (20y) -556 | -601| 634! ‘655 664| -660! -642 Pu 563 
(20e), (21e) | 


| | 


- f 
(21y) (315) | -556| -601| -636 = 1669 | +665 | “ ‘615 | *566 


(208), (208) | :556 | -602 = -662 


(208) -561 | -621 = -735 


'673 cen 654 -620 | ‘570 


"189 | 840. EI -930 | '968 


a Us "564 | :631| :708. JE *856 995 1-016 | 1008 1-10 
| | 


"744 :810 ‘867 .c914 952 979 995 


— 65) | -588| «ero 


(168) ‘588, ':670 


94. We are now in a position to draw general conclusions as to the 
applicability of corrected differences to the various formule. 


(A) For sub-tabulation (construction of tables with smaller intervals) 
the central-difference formula in Everett’s form is still the best, and is 
improved by using corrected differences. The improvement, however, is 
not very striking in ordinary cases, since the limit of error with tabular 
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differences is itself small, even when an appreciable number of terms is ` 


taken. This is shown by the following table. 
TABLE VI. 
Differences | S sam | Limit of error (+ p) due to using Everett's 
represented y of formula, for 6 = 
by last pair . 
of terms. | differences. :1 9 | :8 | 4 | 5 6 7 | :8 ‘9 
PONE SM RM NU NINE ee iim PM M. EM 
e [t «+ | 500 | -500 -500 , -500 | "500 -500 | -500 | -500 | -500 
Corrected.. "500 | "500 > bed *500 | *:500 900: :500 | *:500 
nd PUE. Tabular .., | -545 "580 | -605 | -620 | 625 | +620 | ‘605 -580 ` -545 
i Corrected... | °523 540 | "553  *560 | °563 | 560 | 553 | *540 , 7523 
Tabular ... | 569 -624 |-604  -688 -696 | -688 | 004 , 624, -569 
4th and von [s Ea -527 °548 |-568 | -572 | -575 | -512 563 | -A 548 | 527 
AO KPE E ORDER | 
| (Tabular ... |-585 -653 | -704 | -734 | -745 | -784 | 04 | -658 | -585 
Gth and Tth (Corrected... |-528 -549 | -505 -574 |-ŚTT | -574 | 568 | 549 | “528 
DONEC = Ene. TA EQ ath = Say DN 
o 7-676 | -134 -770 | -782 | -170 | -734 -675 | -597 
í wów ! “4 vi i i e. 
Sth and Ith . | Corrected... inus 649-505 -5T5  "BT8 | “575 | ‘565 , *549 | -528 


Since differences of even order only are used in the formula, it is 
immaterial whether the differences of odd order are corrected or not. 


(B) For isolated interpolations the advancing-difference (or receding- 
difference) formula is so much improved by the use of corrected differences 
as to be comparable, so far as the limit of error is concerned, with the 
central-difference formule; and it may in certain cases be found more 
convenient for use. The following rules may be laid down. 


(i) Whatever formula is adopted, the tabular 1st difference must be 
used, not the corrected 1st difference. 


(ii) If we have only to go to 2nd differences, it does not very much 
matter whether we use the tabular or the corrected 2nd difference. By a 
proper use of the corrected difference we can reduce the limit of error 
from |1+0(1—6); 3p to (14-30 (1—0)| 4p; but the difference between 
these is at most (viz. for 0 = '5) the difference between *6250p and 
'5625p. If we do use the corrected difference, we see from Tables III 
and IV that formule (20) and (21) are not appropriate ; we can use either 


(8) us = ug4- 06u4 4-30 (0 — 1) 6*1, 


or (16) uo = u,4-06u,4- 40 (0 — 1)6*%%, 


M 2 
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or the mean of these, viz., 


(19) w = nuy— (3—0)014+-30(8— 1) ui. 


(iii) If we have to go up to differences of an order higher than the 
2nd, it will usually, as explained at the end of $5, be found most con- 
venient to express differential coefficients in terms of differences, and then 
use Taylor's theorem. 


(a) For advancing differences the theoretically best result is obtained 
by having all differences after the 1st corrected, though praetically (see 
Table VII below) we obtain nearly as good a result if those of even order 
only are corrected. In either case, we should use Taylor's theorem in the 
form given in $ 5, viz., 


NY ry Pig Pog 
ug = ugd- Ohug+ 21 hug gi huo +... (25) 
= uot 0 [hunt 30 | Pw +30 (hou +...)}]; (954) 


and the values of hug, Muo, Muo , ..., would be given by 


hu, = (A—4A3 4A — 1A! ARAH 1AT— 1A? 4...) ug 
Mu; = (MANE PAA RAHA AT 22A. No 
hug = (A$—3A'-F145—15A9--224'— $98 A* EF ...) Ug 

huy = (A1—9245--17A8— ZA'--292A9 — ...) ug 

hus = (A56—348--23A1— 353 A9 - ...) ug 

hw, = (A5—8A'-4- 28A*— ...)u, 

hu = (AT—ZAPR+...) ato 


8, vill __ 
hu" = (A8—...)u, 


`. (86) 


We might in particular cases find it more convenient to use receding 
differences, working backwards from u,, and making the necessary changes 
of sign of alternate columns of differences. The calculations of the 
differential coefficients, as shown by (86), are, however, more troublesome 
than the corresponding calculations for central differences. 


(>) For central differences the standard formula (16) has to be adapted 
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in a similar way. One method of doing this has been explained in $5; 
the formula (21) is converted into (25) by using the values of the differ- 
ential coefficients as given by (26). It should, however, have been men- 
tioned that instead of (21) we might use (19). Writing 0 = ł4+v, we 
obtain (28), which can be put in the form 


= wtyku + Y. h u; + E Bu i+... (87) 


= ud: wy [utiy | Pu thy (hu +...)! ]; (874) 
the values of w, hu, Rug, hug , ... being given by* 


u = (u—Buó'+qrżgnó' — 1902449 + zi oauÓ — +.) lą 
hu, = (ó—349 -s$59 — 71589 + ---) 4 
h? uy = (ud? — z*rmó' + ou — 32226940 +.. ) Uy 
hy = (0—1369--42159 +...) uy 2 (88) 
híuy = (uô — ygu + giou —...)u, 
Wuj = (0—334-r..)u, 
h*uy = (uó$—83469-...)u, 


As compared with (21), this method has, as will be seen from Tables III 
and IV, the theoretical advantage that it is immaterial whether we end 
with & difference of odd or of even order; but this advantage, as will be 
seen below, is very slight in comparison with the greater complication of 
the coefficients in (88). It is therefore only for values of 0 very near 4 
that this method will be found useful. In ordinary cases we should use 
(21); taking care, with corrected differences, that the term in the limit of 
error which is due to the 2nd difference is —0?. 3p, not -- 305. 3p, i.e., that 
we use (21), (216^), or (21e). 

The limits of error for the different methods, for formule which go up 
to differences not exceeding the 6th, are shown for 0 = '1,'2, ..., '9 in the 
following table. 


— — — — — —ÓÓÓMÀ— e oe À—MQ 


* Proc. London Math. Soc., Vol. XXXI, p. 465, formule (75). 
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TABLE VII. 


Highestorder| Formula Limit of error (+ p) for 6 = 
of differences and 
included in system 


formula. 


- —— r —— À— ———— — | mm | M |1L—— | mo 


on 
(16a) or (19a) 
3rd (168) or (198) 
(21a) -510 | -628| ‘674 
(214) or (218') 
21e) 


——— S | ———— | mm | ————————— ERREEN | cmm cmm 


*360 


(3%) *'548 ; *581 | :603 
(38) 562  -605| -633 
m (16a) or (19a) E -624 | -664 
(168) or (195) | *527 | :548| °563 
(91a) "569 | -624 | -664 
(21y')or(218')| *554  :597 | :630 
(21e) 554 | :596| *628 
(3a) 1:017 | 1-343 | 1511 1:184 | 1:469 1:236 
(3) 556 | :594| -618 -597 | -571| *588 
(38) -578 | *631 | *662 -629 | *598 | -549 
-— (16a) or (19a) | 569 | :694 | -664 663 | -624 | +569 
(163) or (198) | ‘527 ' :548| *563 -563 -:548| -597 


(21a) 585, °655| *708 "116 *664| *592 
(21y')or(218')| *556| -600 | -634 616. .613| -565 
(21€) "555  :600| :633 '640 | :609| *562 


(3a) 1:495 | 1:976 | 2:233 
(3y) -562 |':604 | :629 
(38) 585 | "641 | *674 
(16a) or (19a) | *585 | *653 | +704 
(168) or (198) | *528| :549| "565 
(21a) -585 | :653 | *704 
(21y') or (218’)| '556 | *601 | *635 
(21e) -555 | :600| :633 


1:568 | 1:213 | 1:350 
'604 | :575| *540 
635 *597 | +551 
"104  :653| *585 
565 | *549| -528 
"704 | *653 | *585 
‘646. *614 | *566 
'640 | *609 | "562 


6th 


It will be seen that the difference between (3y) and (36) is very slight ; 
and that there is not really much to choose between either of these and a 
central-difference formula with tabular or with corrected differences. If 
all the differences (after the 1st) are corrected, several courses are open to 
us. We may take the differences as they stand, using either (8y) or (19) : 
we may replace the 2nd difference by its tabular value, and use (21) ; we 
may, in addition to this, replace the 4th, 6th, ... differences by their semi- 
corrected values, and use (21e); or, retaining the corrected values of the 
2nd, 4th, 6th, ... differences, we may replace the 8rd, 5th, 7th, 
differences by their semi-corrected values, and use (196). If only differences 
of even order are corrected, we can use either (86), (196), or (218°) ; re- 
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membering that with (210') the 2nd difference actually used in the third 
term of the formula is to have its tabular value. The choice of a method, 
in any of these cases, is largely a matter of individual preference. 


35. In the above investigation we have not taken into account the 
additional information with regard to the values of u that is supplied by 
the corrected differences. The utilisation of this information for the 
purpose of improving the original table as & whole belongs rather to the 
theory of smoothing, but it is as well to see how its existence affects our 
formule. l 


(i) It should be noted in the first place that any smoothing that is 
done will be based rather on the differences of low order, and particularly 
on the 1st differences, than on those of high order. We can see this by 
reference to an individual case, such as the following :— 


tanz Tabular differences. | Corrected differences. 


A A? ; A? 43 
+ + 


4T |1:07237 — 3554 140 141 4, 
48° |1-11061 | 152 151 yy 
49^|1:15037 1512 162 163 ij 
50° |1:19175 {eje 177 176 i 
51? | 123490 | 189 . 190 

52^ | 127994 | 


Here, although the contrast between the tabular and the corrected differ- 
ences is less striking for the 1st differences than for the 8rd differences, it 
is really more important for the former than for the latter; for we could 
easily obtain the more accurate differences of the higher order either by 
smoothing the tabular differences or (which comes to very much the same 
thing) by working from a table in which the intervals of z are greater. 


Gi) Further, we cannot alter the determining values of one interval, in 
any scientific manner, without eonsidering them in relation to the adjoin- 
ing values, ż.e., without considering the series of values of u as a whole; 
and that is too complicated a matter to be considered here. It is true 
that, in the particular example, the two corrected lst differences which differ 
from the tabular differences are consecutive, so that we might adjust the 
table by a guess-work alteration of tan 50°; but that is an accident. We 
must therefore assume that we start with the values of « as given in the 
table. 
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Qi) Now consider the case of corrected 1st differences. With the no- 
tation of $ 2, the errors in the tabulation of u, and of w are w and a, the 
tabulated values being U, = w+a and U, = w+-a,. The true value of 
Uj—U, 18 therefore U,—U,—(a,—a,). The tabular 1st difference of wp 
and u; is U,— U,; and the corrected 1st difference will be U,—U +p, 
U,— U, or U,— U,— p, according as a,—a, lies between —p and —#p, 
between — 3p and +4p, or between +43 and +p. 


(a) Taking the second case first, suppose that the tabular difference 
and the corrected difference are the same. Then, although we have some 
information as to the value of a, —ag, we have really no more information 
as to the value of 


ay +6 (a, —ag) = (1—0) ag + Bu; 


than we should have had if we had been dealing with a table showing 
tabular differences only ; for the data are quite consistent with the possi- 
bility of both U, and U, having a large error in the same direction. It 
might, for instance, be the case that a, = a, = °499p, and this would 
then be also the value of ay+0(a,—a,). The knowledge that the tabular 
difference and the corrected difference are the same does not therefore 
enable us to reduce the limit of error. 


(b Next, suppose that, as in the interval (49°, 50°) in the above 
. example, a,—ay lies between —p and —%p, so that the corrected Ist 
difference exceeds the tabular 1st difference by p. 


(1) We note in the first place that this means that ag is positive and 
a, negative, so that for interpolation towards the middle of the interval 
the errors will tend to counteract each other. This also applies if a,—a, 
lies between 4-3o and +p. It is therefore in those cases in which the 
tabular and the corrected difference are different that the ordinary 
formula, using the tabular difference, produces a specially good 
result. 


(2) Now consider the actual limits of error of the result of the ordinary 
formula, using the corrected difference. Writing aj = — ai, 80 that w 
and a; are both positive, we shall have as the result of the formula 
(differences after the 1st being ignored) 


ug = Uy +9(U,— Uo + p) = Ug t O (44 — w) J-a94- 6 (— a1 —ag+-p) 
= tot Ou — u) +(1—O) up — Oui +Op; (89) 
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and this will lie between 
ugd-0(u,—u)--0.3p and  uyd-0(u—ug-4- (14-0)3p. 


Hence the limits of error, due to using the corrected difference, are +9.3p 


and +(1+6) dp. 


(c) Similarly, if the corrected 1st difference is less than the tabular 
1st difference, so that ay is shown to be negative and a, positive, the limits 
of error, due to using the corrected difference, are —(1--0)3p and 
— 0.3p. 


(d) Comparing the three cases, we see that, while the error for lst- 
difference interpolation with corrected difference may reach —R on the 
negative side, and may reach +R on the positive side, where [see § 27] 
R = (14-0) 1p, it will never in any particular case have so great a range 
as from —R to +R. In one of the three classes of possible cases its 
range will be from —4p to +4p, in another from E —3p to R, and in the 
third from —R to — R-- 3p. 


(e) Further, while the length of the range in the first class of cases is 
p (as it is whenever we use the tabular difference), in the other two it is 
only 3p. Hence we can reduce the limit of error in these latter cases to 
+ip by using a formula which is midway between the two limiting values. 
We should therefore, if the corrected 1st difference is greater than the 
tabular 1st difference, take 


us = U,4-0(U,— U) +(0—3)3p (90) 
= (U,—tp) +0 | (OU, +4p)— (U,— 19)] ; (90a) 
and, if the corrected 1st difference is less than the tabular 1st difference, 
ug = U,+0(U,— Up) —(0—3) 3p (91) 
= (Up+ łe) +9 ((U,— 19) - (Uot 19) | ; (914) 


and in each case the limits of resulting error wil be +ip. We might 
have obtained these results more directly from the information given as 
to the signs of ag and aj. In the first of the two cases, for instance, ag is 
positive and a, negative, so that w lies between U,— 1o and Up and w 
between U, and U,-+4p; and therefore by replacing U, and U, by U,— ip 
and U,+4p, we have values which are within +4 of the true values, and 
the limits of error for ue, if we interpolate by means of the tabular differ- 
ence of these, will also be + 1p. 


(iv) It would be possible to extend this method to differences of the 
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2nd and higher orders, and to lay down rules for adjusting the values of u 
(within the tabular triangle of the particular formula) by means of the 
tabular differences in such a way as to enable us to make further reduc- 
tions in the limits of error of the formula. The number of different cases 
would, however, increase considerably; and, unless we set to work to 
smooth the table as a whole, it seems simplest to confine the method 
to lst differences. We can, of course, after having adjusted any 
values of u, continue with corrected differences as they appear in the 
table; the terms in the general expression for the limit of error, which 
are due to the terms involving these differences in the formula, will not be 
affected by the reduction (by lo) of the portion due to the first two 
terms. 


VI. The Arrangement of Mathematical Tables for [nterpolation. 


86. The question then arises whether, in setting out a mathematical 
table, the tabular or the corrected differences should be given. 


(i) The entry of the corrected differences does not involve any addi- 
tional trouble, except as regards a limited number of values. To obtain a 
table to (say) 7 places of decimals, we must work to 9 or 10 places and 
must check our results by differencing; and we can correct the final 
figures of the differences in the same way that we correct those of the w’s. 
The only question is with regard to those cases in which the corrected 
final figure of the difference is doubtful. To make the table perfect, all 
such cases should be specially treated, and this certainly increases the 
labour, especially if we go to differences of a high order. But in practice 
it is hardly worth while doing this, since the portions of the limit of error 
which are due to terms involving high differences are relatively small. A 
table in which all the values of u are properly corrected in the final figure, 
and the limits of error of the differences are stated, may be regarded as a 
good table. 


(ii) As regards appearance, each kind of table has its disadvantages, 
but these are largely a matter of habit. On the corrected-difference 
system, the sequence of differences of a high order is more regular, but 
the discrepancies between values in successive columns may be dis- 
turbing. 


(iii) The special advantage of the corrected-difference system is that it 
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gives additional information. But it has been shown [§ 85] that, so far as 
the tabulated values are concerned, important information is only given in 
those cases where the tabular and the corrected 1st differences are different, 
and [§ 84] that, so far as interpolated values are concerned, the increase of 
accuracy due to corrected differences above the second, though appreciable, 
is not very great, if we use central-difference formule. 


(iv) Moreover, we have found that, where the corrected 1st difference 
gives information as to the values of the w’s, it only does so indirectly, by 
showing the signs of the errors. This information might be given 
directly, not merely for these particular w's but for all the w's in the table, 
by the system, sometimes adopted, of marking the final figure in those 
cases in which it has been increased. By paying attention to these 
marks we can at once reduce the limit of error of each u from +4p to 


+ ip. 


(v) On the other hand, the system of tabular differences, besides being 
simpler in itself, has the special advantage of enabling us to check printers’ 
errors, and also, in the preparation of the table for printing, to check 
errors of transcription. This, however, applies mainly to pairs of 
successive columns, and we should equally be able to check printers’ 
errors if we had corrected and semi-corrected differences alternately. 


(vi). It should be remembered that there are really two clusses of 
mathematical tables, viz., those intended for general use, and those that 
will be used mainly by the specialist. In the former, the number of 
tabulated values is as great as possible, so as to avoid the necessity of 
using differences of a high order, while yet retaining a greater degree 
of accuracy in the tabulated values than will ordinarily be required ; in 
the latter, considerations of economy prevent the preparation and publi- 
cation of very full tables, the degree of accuracy of such tables as are 
published is often barely sufficient, and there is not the same objection 
to special methods of tabulation. 


(vii) On the whole, the conclusion seems to be that in tables intended 
for general use, and not going beyond (say) 2nd differences, it 1s best to 
use tabular differences throughout; but that in special tables, where we 
go up to differences of a relatively high order, it is best to give the 
corrected values of the differences of even order, the tabular 1st differences, 
and the semi-corrected values of the remainder, and to mark those values 
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of u in which the final figure has been altered by correction, t.e., in which 
the tabular error of U is positive. 


(vii) It is, of course, necessary that in all cases the degree of accuracy 
should be correctly stated, either directly or by implication. If no such 
statement is made, it is to be assumed that the final figure, where it pro- 
fesses to be corrected, is really properly corrected. Unfortunately, it 
cannot be certain that this is always done; there are probably a good 
many tables in existence which are ostensibly correct in the final figures, 
but in which the values have not been specially tested in doubtful cases. 
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A CARTESIAN THEORY OF COMPLEX GEOMETRICAL 
ELEMENTS OF SPACE 


By G. B. MarHEWR. 
(Received March 27th, 1911.—Read April 27th, 1911.] 


1. The object of this paper is to explain a theory of complex Cartesian 
coordinates in agreement with the following postulates :— 


(i) A point (a-+ci, b--d?) shall be an actual geometrical entity, re- 
ducing to the ordinary point (a, b) when c and d vanish, and similarly for 
other elements with complex coefficients. 


(ii) The ordinary formule of analytical geometry shall be assumed to 
be valid, and lead to extended definitions of ‘‘ distance," "area, and so on. 
These derivative quantities shall be expressible in an explicit geometrical 
form ; that is to say, if any one of them be a+ ĝi, then a, 8 shall be 
actual geometrical quantities. 


Y 

K B 

H 

0 M N X 


2. Taking rectangular axes OX, OY, the point (a+-ct, b+ dz) will be 
defined as the rectilinear segment drawn from (a, b) to (a+c, b+d) and 
denoted by (AB), or, if convenient, by a single letter such as Z. The point 
(AB) must be distinguished from (B.A). 

If. in the above figure, (AB) = (a+-ci, b+-di), then 


(MN) = (acci, 0), (HK) = (0, b+dì, 


(BA) = (a+c—ci, b+d—di), (OA) = (ai, bi), 
and so on. 
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Both (AB) and (BA) lie on the real line 
dz—cy — ad— bc. (1) 


The conjugate to (4B) is (4B'), where the segment AB’ is equal and 
opposite to AB. 


9. Distance.—If (AB), (CD) are two complex points, and AB.CD de- 
notes the distance between them, as defined by the usual formula, it is 
found that 


ABL.CD =  (AD'--BC—ABP'—CD'— BD) 
+(AD?+ BC* —AB* — CD! —24C?) i, (2) 


and from this various particular cases may be derived, of which the 
following are the most noteworthy :— 


AB.AC* = — BC = BC? 
AC.BC? = — 2i A B? = (1 —} AP? : (3) 
AB.BA? = — (84-40 AB? = (1—9i? AP? | 


A 4. For a moment, let 8, y, 6 denote the vectors AB, AC, AD; then 
à TF (8— y) — 8*— (y —6 —(Q8—à* = S(6—8)(2, —64- 8), 
à 4- (8 — y)? — 8 — (4 —6f —924? = 9S4 (0 —8— y), 
so we may write 
AB.CD? = S(8—9)(8--2 —6) - 9iS (B4- y — ó) y. 


If the distance vanishes 


S(8—3)(8--2y—5) = S(B+y—d) y — 6, 


and conversely. The latter condition expresses the fact that AC is per- 
pendicular to the line joining the middle points of AD, BC; while the 
other may be replaced by (8—6)? = 2y?, which means that BD? = 2A C. 
Thus we have found the exact geometrical interpretation of two complex 
points being at zero distance apart. 

In the case of a real point O and a complex point AB it is found that 


O.AB? = (04*— AB?) +(OB?—OA?—AB’)i, (4) 


and if this vanishes, OA = AB and OAB = iz, a result which may be 
otherwise obtained. 
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5. Let Z,, Z be any two complex points, with coordinates (a+cz, 
b+d1), (a'+-c'i, b'++d'i), and let k be any real or complex number. Then 


RE £=(1-bla+o)+k(a to), 

n = (1—k)(6+di)+k(b'+d'0), 
we shall say that (£, 7) divides Z,Z4 in the ratio k/(1—k). It is:con- 
venient to put Dac a, ee 


where m, n, t are real, and m+n = 1. 


Let (AB), (CD) represent the points Z,, Za. First suppose that t = 0, 
so that k is real. Then if H, L divide AC, BD respectively in the ratio 
m:n, the point (HL) divides Z, Z, in the same ratio. 

Now suppose ¢ is not zero. We have 


E= (n+ ti)(a+ci)+(m—ti)(a'+c'A) 
= (na+ma')+t(c!—c) +i {ne+me'+t(a—a')}, 
n = (nb-4- mb!) +t(d' —d) +i (nd 4-md' +t(b—b');, 


whence we derive the following construction. 


Complete the parallelogram ACDE, and let F, G divide AC, BD in 
the ratio m:n. Draw FH, GK each equal to t. BE and parallel to BE, 
and KL parallel to CA, and of length ¢.CA. Then (HL) divides Z, Z, in 
the ratio (m— ti) : (n+ ti). 

Conversely, if (HL) is on the segment 7,Z,, we can find the ratio of 


176 Mn. G. B. MATHEWS [April 27, 


division by drawing HF parallel to BE, meeting AC in F; then the ratio 
of division is (47 _, FH l (Fe «EH 
C  BE/ \AC  BE/ 


6. An interesting special case is when the ratio of division is +7. 
Putting m— ti zd in-4 ti), 
we find that m= Ft=n=}, 


and the figure becomes 


This shows that, after completing the parallelograms ACDE, ACE'B, 
bisecting AC in F, and making HF = FH' — 3BE, the points of division 
in question are represented by (H E") and (H'E) respectively. 

The four points (AB), (CD), (HE'), (H'E) form a harmonic range of a 
special kind. Namely, since the equations 


EL d EE ać. 
p-rt gato 


1+2 ’ 1—4 
imd (EE 
lead to quy ME [+i 


it follows that (CD), (AB) divide [(HE'),(H'E)] in the ratios ? and —7 
respectively. This is easily confirmed from the figure, because HH'DE', 
HH'EB are parallelograms, and AC is equal and parallel to ED. 


7. Returning to the figure of Art. 5, we see that when (AB), (CD) are 
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given, and H is any real point, we can find a point (HZ) which is on the 
segment Z,Z,. We draw HF parallel to EB: this determines m, n, t, 
and we proceed as before to find L. 

The line Z,Z; is defined to be the aggregate of all points such as (HL) 
which divide Z, Z, in a ratio, in the sense previously explained. It will 
be observed that these points form a doubly infinite collection; as a rule 
each real point in the plane is the base of one of the points in question. 

There is, however, one exception. Suppose that AC, BD are parallel : 
then the figure of Art. 5 becomes 


A F H C 


and if we put AC = a, BD = b, we have 
AF = ma, FH = t(b—a) = GK, AH = ma--t(b—a), 
BK = mb++t(b—a), BL = mb+t(b—2a). 
Conversely, ee AH=c, BL=d, 
the equations ma+t(b—a) — c, 
mb 4-t(b —9a) = d, 


(2c—d)a—(c—d)b _ (2a—b)c—(a—b)d 
l == — a i 
ead to m uc Geiko E 


iem bc —ad 
| (a — by 4- a?' 


so that every complex point on the line [(4 B), (CD)] is represented by a 

segment joining a real point on AC to a real point on BD, and conversely. 

A complex line of this sort may be called a strip-line. Any pair of 

parallel lines (in the ordinary sense) represents one or other of two com- 

plex strip-lines according as we take one or other of the parallels as the 

locus of the bases of the points on the strip-line. The equation of a 
SER. 2. voL. 10. No. 1109. N 
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strip-line is reducible to the form 
az--by = c+di, 


where a, b, c, d are real quantities. 


The intersection of two strip-lines is a diagonal of the parallelogram 
which they enclose. Through a given complex point we can draw a pencil 
of strip-lines; the angle between two strip-lines is the angle between their 
boundaries, and so on. In fact, an ordinary geometrical diagram is, 
strictly speaking, composed of more or less accurate strip-lines. 


8. Let (AB), (CD) be any two complex points Z,, Za not on the same 
strip-line. Draw any curve S, and let P be any point upon it; then there 
is a definite complex point (PQ) collinear with (4B) and (CD). The locus 
of Q is a curve S’, and it is easily seen that the coordinates of Q are linear 
functions of those of P, so that S’ is derived from S by a linear transfor- 
mation. The linear series of complex points (PQ) may be called a chain 
associated with (4B) and (CD) by means of S. If, for example, we draw 
all the circles which pass through A and C, the associated chains will 
exhaust all the points on the line joining (AB) to (CD), and we shall have, 
so to speak, a sequence of strip-segments joining the two given complex 
points. 

The analytical expression for the (S, S’) collineation may be found as 
follows. If (z, y), (z', y') are two corresponding points, there will be three 
real constants m, n, t, such that m+n = 1, and (ef. Art. 5) 


z = (na--ma))-4t (e —c). 
y = (nb+mb')+t(d'—d), 
r'—g = (ne+me')+t(a—a’), 
which may be written 
r—a = m(a'—a)+t(c' —c), 
y —b =m(b' —b) +t(d' —d), 
x —r—c=m(c —c)+t(a—a/), 
whence rT'—r—c, c—, aa |=0, 


I-A, a'—a, c'—c 
yas), se dd 
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and similarly y —y—d, d—d, b—b'|=0. 
z—a, a'—a, c'—c 
y—b, bb, d'—d 

Generally speaking, these give a collineation of the form 

z = Lz+My+N, 
y = Pz+Qy+R, 

but there is an exception when 

a'—a, c'—c|— 0. 

b'—b, d'—d 


It is easily verified that the meaning of this is that AC is parallel to 
BD; in other words, Z,, Z; lie on a strip-line, in which case, as we have 
seen, they do not establish a collineation. 


9. We may now proceed to the consideration of the area of a triangle. 
Let its vertices be (4, B), (4gB,), (43B,) respectively, and let [414544] 
stand for the area of the real triangle A, 14.45, and so on. Then for the 
area of the complex triangle, we find 


[41 B,.AgBg.AgBs] = [414543] — EQ +i {[B, Bz Bs] — [4:42 45] ZQ; , 
(5) 
where =Q = (44434B4 B4]--[ 434, B, B,]+[4, A3 D, Bo], (6) 


the sum of three quadrangular areas, taken with attention to sign. 
By supposing one or two of the vertices to become ordinary points, we 
obtain the special formule 


[0.44 B,. A4 B,] = ([04, B3]-F LOB, 44] 7 (OB B4] 
+i1[04,B,]+[0B,4;]-2[04,43]), — (D 
and [0.A.BC] = [04B] +i ‘[0AC]—[OAB}}. (8) 


In the last of these, the area is real if [OAC] — [OAB]; that is, if 
OA, BC are parallel. Another interesting special case is 


[0.4,B,.B,4,] = (1—24)[04,B,], (9) 


and it may be noticed that when the vertices are all complex, but in such 
N 2 
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a way that A,B, AB», 44B4 are all equal, parallel, and of the same 
sense, the area [4, B,.4,B,. A5B4] reduces to [.1, 4, 4;]. 


NUN 
| 


5e 
N 

10. Consider the circle z?+ 4? = a’, and the line r = c, where c>a. 
Their intersections are the points (c, -d-4/c!—a?) represented in the 
figure by (NQ), (NQ'). The real points Q, Q' are (c, +vc?—a’*), which, 
as c varies from a to +œ, describe one branch of the hyperbola 
c —y' =a. Moreover the complex point (NQ) is converted into the real 
point Q' by the substitution z' — z, y' — iy. 

Similarly (MP), (MP') represent the points where P'MP cuts the 
hyperbola. 

If we take any point (c, k) on NQ its polar with respect to the circle 
cuts QQ’ in the point (c, k') where kk’ = a?—c? = — NQ. Hence Q, Q' 
are conjugate points of the involution on QQ’ determined by the circle 
z?+y? = a*. Similarly P, P' are conjugate points of the involution on 
PP' determined by the hyperbola z?— y? = a”. As will be seen later on, 
this brings the present theory into direct relation with that of v. Staudt. 

Any ellipse and a line which does not cut it in real points may be 
orthogonally projected into a circle and a line; and similarly any hyper- 
bola and a line may be orthogonally projected into & rectangular hyperbola 
and aline. Hence we ean define and construet the intersections of any 
ellipse or hyperbola with any straight line. The involution property holds 
also for a parabola (it is sufficient to consider 4? = 4ar and z+h = 0); 
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hence we have a complete theory of the intersections of “real” conics 
with “real” lines. But it must be remembered that the complete theory 
of conics must now include the intersections of complex conics with 
complex lines; and this gives rise to innumerable geometrical problems. 
For instance, a circle is given by means of three complex points upon it, 
(A1 B9, (B5 Bj, (44 B3, and a line by means of two complex points (C,D,), 
(Cz Ds), it is required to find by construction the intersections of the line 
with the circle. 


11. It is now easy to apply the theory to three dimensions. A point 
(a4- di, b-- ei, c - f) will be represented by AB, where A, B are the real 
points (a, b, c) and (a+d, b+e,c+/). This point and its conjugate lie 
on the real line 


The formula (2) of Art. 8 for the distance between two points holds 
good for three dimensions, as may be proved by the use of quaternions 
or by projecting on to the coordinate planes. So does the construction 
of Art. 5 for the division of Z, Z; in any ratio; but here we are confronted 
by a new and remarkable fact. If, in the figure of Art. 5, (AB) and (CD) 
lie in a real plane, HZ is in that plane, whatever the ratio of division may 
be. But there may be no real plane containing (4B) and (CD) ; in this 
case (HL) is not in the same real plane with (4B) or (CD) or with any 
point on the line [(4B), (CD)]. Thus two complex points which lie on 
two real lines which are askew determine a new kind of line, which 
eorresponds to what Staudt calls an imaginary straight line of the second 
kind. 

We obtain all the points on this line by dividing [(AB), (CD)] in all 
possible ratios. Now a reference to the figure of Art. 5 shows that, if 
(HL) is the point corresponding to any assigned ratio, L must he in the 
plane BED which passes through BD and is parallel to AC, while H is 
in the plane through AC which is parallel to BD. H may be any point 
in its plane, and L is uniquely determined from it by a collineation of 
SOMA z'—z—d, d'—d, aa |=0, 

r—a, a'—a, d'—d 
y—b, b'—b, e—e 


with two other similar equations involving y’, z'. This collineation leaves 


unaltered the real line at infinity in the plane AHC. If H describes any 
curve in its plane, L will describe the collinear curve in its plane, and 
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80 on. In particular, BD is the locus of L which is collinear to AC as 
the locus of H, and the points which divide [(4B), (CD)] in real ratios 
are represented by segments joining points of AC to points of BD. 
Moreover, the real lines on which this ehain of points lies form one set 
of generators of a hyperbolie paraboloid containing AB, CD, AC, BD; 
and on each of these generators there is an involution determined by the 
two given points. Thus, if (4B) is conjugate to (AB), the involution on 
AB has A for its centre and (D, B’) a pair of conjugate points. 


12. Let (4, Bj), (45B9, (d3B3) be any three complex points Z4, Za Z: 
it is required to find an expression for the volume [OZ, Z5 Z4]. By definition 


6[02Z,2,23) =|a,+di, bitei, cf 
atdi, bə+est, Cytfąt 
dst dat, by+est, c3+fai 
= (ay bg Cg) — (a, € f3) — (d, ba fa) — (d, €2 Cz) 
+è i (dy 0503) — (d, eg 3) + (a, bafa) + (04 65 03 ; . 
Now write a;, ag, ag, Bis Bo, Bg for the vectors OA,, OA, OA3, OD, 
OB,, OB, respectively ; then 


— Su, agus = (a, baca), 
— S$8,8584 = (abaca) + (a, es fg + (d, ba fe) + (d, e 03) 
+ (d,bącz) + (d; e fa) + (a, bafa) + (a 6303), 
&nd so on, Then, if we put 
L = S(aqazB, + az a, a+ a; aa By), 


M = S(B,Bza, 4- 838, a4 + B,Ba ag), 
we find that 


6 [OZ, Za 4s] = (28a, da az — 2L + M) + (2Sa, dą Ag+ SB, 8,83;—M) i. (10) 


Since every term of L and M is at once interpretable as an actual 
volume connected with the figure, the above is à formula of the kind we 
require. In ordinary notation 


[0.4,B;. A4D,. A4,D,] 
= 22[0444,B,]|—-2[04,B4B;]|—2[04,4:45;] 
—i12[04,444s]+[0B,B;B;|—2[04;44B.]|. (11) 
If we have four complex points given by Z; = (4A,B;), then 


| Zi Za] == [0Z,232,)—[OZ, Z32,|+[OZ, Za Zi]—-[0Z, Za Z;]. 
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Now the right-hand side being independent of O, we may suppose O at 4,: 
this brings the expression to the form 


LA 
= Au —92[4,45454,]-3-? 1n —[B,B,B4B,]—2[4, 45454,);, (12) 
where 
A =[4,434,B,]+[414444B;]+[414,4,B,]|-[4,444,B,| 
—[A,A,A3B,J—[4, 434, Bı], 
w= ([4,4,B,B,J+[4,4,B,B.]+[4,4,B,B3] . (138) 
[41 44B,B4]-[ 4,4, B1 Bs]—[ 41 44 B,B,] 
—[414,B, B3]— [4144 B B,]—[4; 4s B, By] 
Numerous special formule may be derived from this by making par- 
ticular assumptions. For instance, 
[4:.43.435. 4,D,] = (4142434) +7 [4149 43B,]—[4:42454,];, (14) 
[44.443.43.43 B4] = i[ A AAB; (15) 
[dido 43 B4..4,B,] = — [414,45Bs]F [418 44 B.]—[ 4145 Bs Bj] 
| Ti [4:144 49B4H- E4142 45 B,]— 2 [4, 45:1, 4,]; , 
(16) 
[4B.CD.BA.DC] = (8+4i) [ABCD] = (24-0 [ABCD], (17) 
which is what we might expect, because, by formula (3), 
AB. BA® = —(8--4)AB*, = CD. DC? = — (8+ 4) CD’, 


and we know that if two opposite edges of a tetrahedron are situated in 
two given straight lines, the volume of the tetrahedron varies as the 
product of these edges. 


18. The element which has yet to be considered is the complex plane. 
Consider the locus | i 
x = a+ bi, 


where a, b are real constants. This is the aggregate of complex points 
(a+bi, p+qi, r+si), where p, q, r, s are any real quantities. Hence the 
points in question are represented by segments (AB), where A is any 
point in the plane z — a, and B is any point in the plane z = a+b. 
Conversely, any pair of real parallel planes w, w” determine, and may 
be taken to represent, a complex plane (ww'), the points of which are 
represented by segments drawn from points of w to points of ow’. The 
plane (mz) must be distinguished from (v'5). 
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The general equation of a plane of this kind is 
lzr-+my+nz = p+qi, 
where J, m, n, p, q are real: it will be called a slice-plane. Two slice- 
planes intersect in a strip-line, and cut at a real angle: three slice-planes 
intersect, two by two, in three concurrent strip-lines, and so on. Ordinary 
cardboard models of regular solids may be considered as made up of 
portions of slice-planes. 

It is not so easy to realise the aggregate of points on a general complex 
plane. It will contain one real straight line; let this be l, and let (AB) 
or Z be any complex point in the plane. If we take any point P on 
l, then PZ is a line in the plane, and the aggregate of points upon 
it may be determined as in Art. 5, with the proper modifications. By 
making P describe the whole of l, we obtain the aggregate of points in 
the plane. 

Let a, 8 denote the vectors PA, PB; then 


| (m-4-ni) ad -4(8 —a)] = (m+n)a—nB+2 {(—m+n)a+m}, 

so we obtain a point on PZ by joining the end of the vector (m+n)a—nB 
to the end of the vector 2na+(m—n)B, and by giving m, n all possible 
real values we thus obtain all points on PZ. As a verification we observe 
that, if m, n lead to the point (CD), we have, in the notation of Art. 9, 

QA, = 2[PAC] = Va |(m+-n)a—n8B)| = — nVaf, 

QA, = 9[PAD] = (m—n)Vaf, 

2A, = 2[ PBC] = — (m+n) Vaf, 

2^4, = 9[PBD] = —2nVaf, 
whence A,+A,—A, = O = A,+A,—2A,, which, by formula (7), are the 
conditions that P, (AB), (CD) may be collinear. If we like, we can 
change the notation by putting m+n =p, —n=q; the vectors PC, 
PD are then pa+q8 and —2qa+(p+2q)8, which may be written 
pB+2q(8—a). Compare the figure of Art. 5 when B moves up to 4; 
the vector AH becomes, in the notation of that article 

mAC+t(AD—AC) = (n—0AC--tAD, 

and AL becomes 

mAD+t(AD—AC—AC) = — 2tAC +(m+-1) AD, 


which agrees with the above on putting m—t = p and t — q. 
14. It is rather interesting to verify by quaternions that, if (4B), 


(CD), (HL) are any three collinear points, the planes ACH, BDL are 
parallel, and [LBD] = 2[HAC]. 
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Take the origin O so that, if a, 8, y, 6 represent the vectors OA, OB, 
OC, OD, then a+8+y+é6 = 0, and let £, n stand for the vectors OH, OL. 
Then, in the notation of Art. 5, 


£i(i—6 = Qi) {a+i(B—a)} Hn t [y HE GG —)] 
whence ć = na+my—2t(B+y), 
n = n8+-m60+-t(a—28—8y). 

Hence we find, remembering that m+n = 1, 
V (€—a)(€—y) = V|mty—a)—2(8+y)| |n(a—y)—21(8+y); 

= 9tV (a—y)(8- y) 

= 2tV (aB 4- a»y 4- 8-y), 
V (—8)(5—6) = V |m(6—8)+-t(a—28—8y)| |n(8—0)+t(a—28—34): 

= tV (ó—8)(a—28—38y) 

= — tV (at+28+ y)(a — 28 — 8y) 

= 4tV(aB+ay+ By) = 2V(E—a)(E—y), 


on reduction; and this proves the proposition. 


15. By a suitable choice of axes, the coordinates of any two complex 
points, in a general skew position, may be reduced to 


(a+di, ei, fi), (d'i, ated, fi); 


let us find the points collinear with them which have their bases on the 


circle Prea :=0. 
Putting (n-+ £0 (a+ di) + (m — tidi = a cos p4 ui, 
(n+ tr) et + (m — t) (a+ e'i) = d sin o+ vi, 
we have na-+t(d'—d) = a cos 9, 
ma --t(e' —e) = asin$; 
therefore L(d' --e' —d —e) = a(cos $ - sin $ — 1), 
m [sin = (cos L= _ (l—cos MENU 


n = C98 $ (e' —e) 3- (1 — sin 9)(d' — d) 
m d'—d+e'—e | 
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It is clear that u, v will be linear integral functions of cos $, sin $ ; in 


fact, putting d—d=h ER: 


we find that 
_ (hk) cos p+ +h’) sin g—a'+dh+d'k 
u = 
h+k , 
v= — (a? +k?) COS — (a? — hk) sin - a? - eh 4- e'k 
h+k : 


Now the real lines on which all these points lie are found by making 
$ a parameter in the equations 


Em 
u m v f’ 
and as ¢ varies, this will describe a quartic surface, the section of which 
by the plane z = f is the ellipse defined by 


z=f, z=acosp+u, y=asingt+v; 


and this is the curve homologous to the circle z = 0, z?-- y? = a’, in thie 
collineation established by the complex points with which we started. 


16. A fairly simple calculation shows that, by a suitable choice of axes, 
the collineation established by two complex points can be reduced to the 
standard form 


z' = (1+0 r+qy | 
y =— ET stao y | (18) 
z =z+/f | 


The collineation found in Art. 15 is a case of this with 


| @—hk _ a+h 
~anto 17.045 


except that the origin requires to be shifted in the plane z = 0. 

It will be seen that, with the standard axes, the point O' corresponding 
to the origin is (0, O, f); in other words, the axis of z 1s that one real line 
which is perpendicular to the slice-plane determined by the two given 
points, and also contains a point collinear with them. 

It has been assumed that neither a nor (A++) vanishes : this is allow- 
able, because on either hvpothesis the two eomplex points we start with 
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are no longer skew. Thus, if a = O, they are cobasal ; while if h+k = 0, 
they are on the strip-line in which the planes 


rty=at(d+e)1, ż=fi 


intersect. 
From equations (18) we find that 


E = z-di(z'—2)-0-T002z-49yi, 
n = y+i(y'— y) = — LES Vu-E-00y, 


q 
(— fi 
whence the complex line corresponding to the collineation is determined 
h i : 
by the equations (64-0£--qn 2 0, £— fi. (19) 


This, then, is an analytical form to which the equations of any com- 
plex line of the second kind can be reduced. That it is sufficiently general 
follows from the foregoing and is confirmed by counting constants. The 
special position of the origin involves the fixing of three real constants ; 
the direction of the axis of z depends upon two more: and besides this, 
there are three explicit real constants f, 9, 0, making eight in all. Nowa 
complex line corresponds to four complex constants, equivalent io eight 
real ones; so that the results are consistent. 

From equations (18) we deduce 


(0 £ 5) z'+qy' = (1 £1)1(6 £ i) c+-qy;, 
whence we see that for all values of c the cylinder 
a^ + Or +qy)* = c” 
is converted into z!-- (0z--qy? = 2c’. 


17. For the sake of completeness, we give the normal form of the 
eollineation established in the plane z = 0 by a complex line which is not 
a strip-line (cf. Art. 8. The line may be supposed that which joins the 
origin to (a-+ci, b+di); this means that the origin is taken at the one 
real point on the line. Thus the collineation is 


z' =(1+0)z+-qy | | 
y= LI? +O (20) 


with 0 =(abd+cd)/(ad—bc), q = —(+c*) | (ad— be) | 
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This is of the same form as the first two of the equations (19), and 
shows that a complex line of the first kind is, in a way, a limiting case of 
one of the second, obtained by putting f — 0. The equations of the line 


id 6+)E+gn=0, €=0, 


so it is, in fact, the projection upon the plane z= 0 of the line given by 
(19); supposing that the values of 0, q are the same. 

We can make a further and final simplification by turning the axes of 
z and y, in their plane, through an angle w, found from the equation 


2980 


tan ŻY = FF 


(21) 


if z, y are the new coordinates, the collineation assumes the form 


z =z+ky 


| (22) 
y'=- +y 


where k is the appropriate root of the equation 
qà— (--14-g) k-4-q = 0. (28) 


The equations of the line are now, according as it is of the first or 


second kind, ipi us. quud (24) 
or ixt+tky =0, z= fi, (25) 


the former of which may be considered a special case of the latter. 

Thus every complex line which is not a strip-line determines a single 
set of rectangular axes associated with it, and also two definite real con- 
stants k, f, the second of which may vanish, but not the former ; moreover, 
by suitably choosing the positive directions of the axes, we may make 
k > O and f>0. Conversely, a definite set of axes, and two given values 
of k, f satisfying these last conditions, can be associated with a definite 
complex line, and a collineation of the form (22). 

The equations (22), by themselves, may also be considered as repre- 
senting a complex plane, the real line of which is the axis of z, and the 
equation of which is SE 


All these results may be obtained more rapidly by purely algebraie work, 
but their geometrical meauing does not come out so clearly. 
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18. It remains to bring the present theory into connexion with that of 
Staudt. Let us take an elliptic involution on the axis of z with its centre 
at the origin: then, p being a variable parameter, conjugate pairs are 


defined by the equation 
z3--2pr—a? = 0; (26) 


so that for the double points p*--a! = 0 and z = ai. We represent 
these by (OA), (OA’), where A, A’ are the points (a, 0), (—a, 0) respec- 
tively: Staudt represents them by the complete involution, associated 
with the sense A’OA or AOA’ respectively. The same thing holds good 
for any other imaginary point. 

Let the above involution of points be projected from (A, k): this leads 


to k3(2—hY—2Qk(h+p)(x—h)(y—k) +(h? + 2hp—a)(y—k)* = 0. (27) 


In Staudt’s theory this involution, with the appropriate sense, is the 
complex line joining (h, k) to (OA) or (OA'), and, by definition, any 
section of it by a real line gives a complex point upon it: we have to 
show that this is consistent with the Cartesian definitions. Let the in- 
volution (27) be cut by the line 


y = tzr, 
and the section orthogonally projected on to the axis of r. The result is 


|14*—2k(h+-p) t+(h+2hp—a)E; r? 42k i kp—(ip—a9)t; r—ha? = 0. 


(28) 
Now the Cartesian equation of the line joining (i, k) to (at, O) is 
—kz+(h—a)y+aik = 0, 
and, combined with y = tr, this gives 
(ht —k—at)z-Faki = O. (29) 


It is found that the value of p which correspond to the double points 
of (28) are given by p = + ai, as might have been anticipated ; and these 
reduce (28) to the form 


|kai+ [—ati + (k—h0]x]? = 0, 


which is in agreement with (29). For the moment, let g denote the 
complex line we are considering: then we have proved that any real line 
y = tz which cuts the corresponding involutionary pencil meets it in a 
line-involution which determines the Cartesian representation of the 
complex point where g and the line y = tz intersect, in a manner con. 


190 CARTESIAN THEORY OF COMPLEX GEOMETRICAL ELEMENTS OF SPACE. | April 27, 


sistent with our initial definitions. If t= k/h, then y = tz becomes a 
ray of the pencil, and equation (29) gives z = h, whence y = k, and the 
intersection is (A, k), the real point of g: this again is in agreement with 
Staudt. That the same thing is true for all lines in the plane, as well as 
those which pass through the origin, is easily proved geometrically. 

The undoubted advantage of Staudt's definitions is that they are pro- 
jective, and lead to simple constructions for the joins of two complex 
points or planes, and so on. On the other hand, the projective definition 
of a straight line of the second kind is difficult to grasp, and the results 
of Arts. 15-17 may perhaps deserve attention as bringing this element 
into & more concrete and realisable shape. 
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ON THE PROOFS OF THE PROPERTIES OF RIEMANN'S 
SURFACES DISCOVERED BY LUROTH AND CLEBSCH 


By M. J. M. Hu. 


(Received April 5th, 1911.—Read April 27th, 1911.) 


1. The theorem known by Lüroth's name was stated by him in a paper 
in the fourth volume of the Mathematische Annalen. It was very briefly 
indicated, the proofs of the various steps in the argument for the most 
part not being given. 

In the sixth volume of the same journal there appeared a complete 
demonstration of the theorem by Clebsch with some additions, including 
the theorem now known by his name. The proof is long and intricate, 
and the next attempt to simplify the argument was made by Clifford in 
& paper in the eighth volume of the Proceedings of the London Mathe- 
matical Society ; and, lastly, there appeared & proof, differing somewhat 
from Clifford's, in Forsyth's Theory of Functions, Cap. XV. 

These, I think, are all the distinct proofs. 


2. I will first indicate the principal steps in Clebsch's argument. 

Denoting by (ik) the loop which interchanges the 7-th and k-th branches 
of a function w of the complex variable z, and by Gir a group of con- 
secutive loops all having the same symbol (ik), Clebsch shows that the 
loops can be so drawn that they may be expressed in the form 


Gio Gs ... Gin Gos Ga ... Gon ... G1, ns 


where each symbol G;. represents an even number of consecutive loops 
Gk) Then he shows that the loops can be so drawn that they can be 
expressed in the form 


Gio Ge» G3 ... G Lo, n=l Gi-1, ny 


where, as before, each symbol G;. represents an even number of loops. 
This is Liiroth's theorem. 


—— ———M—MM———— NL - mmm 


* It is to be understood that some of the groups Gis may be absent, 
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Then he shows that the loops ean be so drawn that each of the first 
(1—2) groups Gio, Ges, Gs, ..., Gna, 4-1 consists of a single pair of loops, 
whilst G,..;,, consists of some even number of loops. 

This is Clebsch's theorem. 


8. Clifford's demonstration of Lüroth's theorem commences in a 
different way. 

Starting from any loop (pq), he shows that the configuration can be 
replaced by another in which the next loop has the same symbol (pq). 

It will be convenient in what follows to describe two consecutive loops 
having the same symbol as a loop-couple, or, brietly, a couple. 

Clifford thus begins with the loop-couple. 

Clebsch, on the other hand, following Liiroth, does in effect, though 
not explieitly, introduce the loop-couple after he has obtained the arrange- 


ment 
Gio Gais ... Gin Gos coe Gon ove Ga, ns 


when he shows that each symbol Gy. contains an even number of loops 
with the same symbol (4). 

Clifford having obtained his first loop (pq), which he calls OA, and his 
second loop (pq), which he calls OB, commences* to describe OB with 
the p-th branch of the function and describes all the loops from left to 
right. If the p-th branch is not restored before OA is described, and if 
also in describing the loops there are loops passed over which do affect 
the p-th braneh, then these loops have to be replaced by others which lie 
between OA and OB. Thus, after the loop-couple OA, OB has once been 
obtained, its two loops must be again severed in the case contemplated, 
and these severed loops have afterwards to be replaced by others to the 
same singular points which form a couple with the same symbols (pq, pq) 
as before. 

It is this severing of the loop-couple after it has been once obtained 
that seems to me to account for the difficulty of the argument both in 
Clifford's and Forsyth's work. 

My statement of the matter is given in $ 15 below, where I indicate 
the place at which I deviate from their line of thought. 


4. With regard to Clebsch’s theorem, the proof given by Forsyth is 
essentially the same as that of Clebsch, but Forsyth states separately a 


* Forsyth commences to describe the loop OB with the g-th branch of w, but this is not 
an essential difference, because the symbol (pq) is equivalent to the symbol (qp). 
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On the other hand, Clifford seems to me to strike out a different line 
of thought in his demonstration of Clebsch's theorem. 

Whilst Clebsch's proof consists in showing how the loops may be 
drawn in different ways so that their original and final configurations 
correspond to different Riemann surfaces, Clifford's consists really in 
successive deformations of a single Riemann surface. 

Clifford's argument is on this point very obscure. Whether I have 
correctly interpreted his meaning or not, I think the deformations of the 
Riemann surface I give are sufficiently interesting to be preserved. 

I proceed now to the statement of my argument. I give proofs of 
some quite well known theorems in order to make the argument complete 
in itself. 


Definitions. 
5. (i) If there be any number of consecutive repetitions of the same 


loop-couple ab, ab, then the configuration of loops so formed will be called 
the multiple loop-couple ab, ab. 


(ii) If there be a succession of any number of loops whose symbols are 
such as ab, bc, cd, de, ef, 
so that each symbol contains a letter that appears in the symbol of the 
preceding loop and a letter that appears in the symbol of the following 
loop, then the configuration of loops so formed will be called a loop-chain 
or, briefly, a chain. 
(ii) If there be a succession of any number of loops of a chain such as 
ab, bc, cd, de, ef, fa, 


so that if we start with the branch w, at the first loop, and if the complex 
variable z describe the loops in succession, then the value w. is restored 
at the end, then the chain is said to be closed.* 


Subsidiary Propositions.—Arts. 6-14, Props. I-IX. 

6. Prop. I.—Te consecutive loops 
ab, ac 
in this order can be replaced by the loops 
bc, ab 
or by the loops ac, bc. 


* If there were no other loops present, then the closed chain might be called a cycle ; 
but as in this work it generally happens that there are other loops present, it is convenient to 
have a distinctive name. 


SER. 2, VOL. 10. No. 1110. O 
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1 
NY 1 
^o 
$ ^o 
9 
e 
ac 
2 
0 
Fic. 1. 
Fic. 2. 
1 
c 2 
C 
a a 
d 
Fic. 3. 


Fig. 1 shows the original configuration of the loops. 

Fig. 2 shows the change in the loop to the second singular point. 

Fig. 3 shows a loop equivalent to the new loop to the second singular point; and, if we 
commence to describe it with wy, it shows that it becomes w, after going round 1, then 
We after going round 2, and that there is no subsequent alteration. 


The loop to the first singular point, which we will call 1, has the 
symbol (ab). We will suppose that looking along this loop, the loop to 
the second singular point, which we will eall 2, lies on the right of that 
to the first singular point. 

Now let the loop to the second singular point be removed, and draw 
another loop to the second singular point which starts from the origin of the 
loops to the left of that to 1, goes beyond 1, and then rouud 2 (see Fig. 2). 

This new loop is equivalent to the original loop to 1, then the original 
loop to 2, then the original loop to 1, and so back to the origin (see Fig. 3). 

If we set out to describe this loop with the value w,, then on going 
round 1 we get the value wa, then on going round 2 we get the value we, 
then on going round 1 the value w, is unaltered. — 

Hence the new loop changes w» into we, and its symbol is therefore (bc). 
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Moreover, it starts from the origin to the left of the loop to 1, and so 
the order of the loops is now (bc), (ab) to the points 2, 1 respectively. 

Similarly, if we remove the loop to 1, keep the loop (ac) to 2, then 
draw & new loop, starting from O on the right of the loop to 2, going 
beyond 2, and then round 1, its symbol will be (bc). 

Then the order of the loops is (ac), (bc) to the points 2, 1 respectively. 


7. Prop. II.—4 loop on one side of two loops having the same symbol 
as each other can be replaced by another loop to the same singular point 
which starts from the origin on the other side of these two loops without 
altering its symbol. | 


(1) Suppose that the loops in order to the singular points 1, 2, 8 have 
the symbols ab, ab, cd, where: the letters a, b, c, d are all different. 
Then, if the loop to the point 8 be removed and & new loop be drawn to 
8 which starts to the left of the loop to 1 and then passing beyond the 
loops to 1 and 2 goes to 8, this new loop is equivalent to the original 
loops to 1, 2, 8 in Buccession, and then in reverse order the original loops 
to 2, 1. If we commence this new loop with the value w., then the loops 
to 1 and 2 have no effect on it ; but, on describing the loop to 8 it becomes 
wa, which is unaltered by describing the loops to 2 and 1. 

Hence the new loop interchanges w, and wa, and its symbol is there- 
fore still (cd). | 


(2) Suppose that the loops to 1, 2, 3 have the symbols (ab), (ab), (ac). 

Draw & new loopas before. It is equivalent to loops round 1, 2, 8, 2, 1. 

If we commence to describe it with the value w,, this becomes sue- 
cessively Wry Way Wey Wey Wee 


Thus w, is changed into w,, and its symbol is (ac) as before. 


8. Prop. III.—T'he configuration consisting of the two loop-couples 
ab, ab; ac, ac 
can be replaced by a configuration consisting of the two loop-couples 
ac, ac; ab, ab. 
By Prop. II we can replace the configuration 
ab, ab; ac, ac 
by ac, ab, ab, ac. 
And again, using Prop. II, we can replace this by 


ac, ac ; ab, ab. 
o 2 
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9. Prop. IV.—To prove that a configuration consisting of two loop- 
couples, whose symbols contain a common letter, can be replaced by a 
configuration in which one of the loop-couples has the same symbol as 
before, whilst the symbol of the other loop-couple is obtained from the 


symbols of the original couples by removing the common letter. 
Thus it is to be proved that the configuration 


ab, ab; ac, ac 


can be replaced by any one of the configurations 


bc, bc; ab, ab, 
bc, bc; ac, ac, 
ab, ab; bc, bc, 
ac, ac; bc, bc. 
Starting from the configuration 
ab, ab; ac, ac, 
we can, by Prop. I, replace this by 
ab, bc, ab, ac. 
Using Prop. I again, we can replace this by 
ab, bc, bc, ab. 


Now use Prop. II, we can replace this either by 


ab, ab, bc, bc 
or by bc, bc, ab, ab. 
Again, if we start from ab, ab; ac, ac, 
we can, by Prop. I, replace this by 
ab, ac, bc, ac. 
Using Prop. I again, we can replace this by 
ac, bc, bc, ac. 
Using Prop. II, we can replace this by either 
bc, bc, ac, ac 


or by ac, ac, be, be. 


10. Prop. V.—To prove that the configuration 


ab, ab; ab, ab; ac, ac 


(1) 
(IT) 
(LII) 
(IV) 


(1) 
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can be replaced by the configuration 
bc, bc; ab, ab; ab, ab. (II) 
Applying Prop. IV to the 2nd and 8rd couples in (I), it becomes 
ab, ab; bc, bc; ab, ab. 


m Prop. III to the 1st and 2nd couples in | the preceding, it 
becomes the configuration (II). 


Cor. I.—It follows immediately, by using Prop. IV once and Prop. III 
(p —1) times, that the configuration consisting of p couples ab, ab followed 
by one couple ac, ac can be replaced by one couple bc, bc followed by p 
couples ab, ab. 


Cor. II.— By using the preceding corollary q times, it can be shown 
that p couples ab, ab followed by q couples ac, ac can be replaced by qg- 
couples bc, bc followed by p couples ab, ab. 

[By using Prop. II, the q couples bc, bc can be made to occupy any 
place amongst the p couples ab, ub.] 


This proposition is given by Liiroth, l.c., p. 188, and Clebsch, Lc., 
p.228. Prop. IV is & particular case of it. 


11. Prop. VI.—To prove that the configuration 


ab, ab; ab, ab; bc, bc (I) 
can be replaced by the configuration 
ab, ab ; bc, bc; bc, bc. (II) 


This is the essential part of Clebsch's theorem. 

Comparing the two configurations, it is seen that they differ only in 
the 2nd couple. 

Starting from (T) and applying Prop. IV to the 2nd and 8rd couples 
so as to change the 2nd couple, (I) is replaced by 


ab, ab; ac, ac; bc, bc. (III) 
This differs from (II) only in the 2nd couple. Hence, apply Prop. IV to 
the 1st and 2nd couples in (IIT) so as to change the 2nd couple. This 


gives ab, ab; bc, bc; be, be, 
which is (I1).* 


* This is, in effect, Clebsch's statement of the matter. Forsyth sets out separately the 
three steps of Prop. IV in each of the above applications of that proposition, without showing 
that the six steps he gives fall into two groups of three. The demonstrationis made more easy 
to grasp when it is set out as above. 
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19. Prop. VII.—To prove that a closed chain, e.g., 
ab, bc, cd, de, ea, 
can be replaced by ab, ab, bc, cd, de 


which starts by a repetition of the first loop, which takes the place of the 
last loop. 


The singular points to which the loops are drawn may be numbered 
1, 2, 8, 4, 5. 


We remove the loop (ea) to 5. 

Then, starting between the loops to 1 and 2, we draw & new loop to 5 
which goes out beyond 2, 8, 4, and then goes to 5. The description of this 
loop is equivalent to the description of the loops 2, 8, 4, 5, 4, 8, 2 in this 
order. If we start to describe it with the value wy», it becomes successively 


We, Wd, Wey Was Was Wa, Wa- 


Thus s is changed into wa. Hence its symbol is (ad). 
Thus the loops abe based decem. 
to the points 1, 2, 8, 4, 5 
respectively, are replaced by the loops 

ab, ab, bc, cd, de 


to the points 1, 5, 2, 8, 4 
respectively. 


18. Prop. VIII.—If there be interposed amongst the loops of a closed 
chain other loops which are not effective, e.g., suppose the succession of 
loops to be ab, bc, mn, cd, af, de, ea, 
then it is still possible to replace this by a configuration 4n which the 
loop ab is followed immediately by another loop ab. 


To do this, it is essential to replace the non-effective loops, whose 
symbols contain the letter a, by others which are not interposed amongst 
the loops of the chain; but it is just as convenient to deal with all the 
non-effective loops in this way. The symbols of the new loops which 
replace them are not material to the argument, and the proof can be 
shortened by passing over this determination, although in any actual 
case of rearrangement of the loops, it would be necessary to find out what 
these symbols were. 


1911.] PROOFS OF THE PROPERTIES OF RIEMANN’S SURFACES. 199 


Suppose that the singular points, to which the loops 
ab, bc, mn, cd, af, de, ea 


are drawn, are numbered 1, 2, 8, 4, 5, 6, 7 
respectively. 

There are two non-effective loops, viz., (mm) to the point 8, and (af) 
to the point 5. 

Remove the loop (af) to the point 5, and replace it by a loop beyond the 
loop (ea) going out beyond 7 and 6 to 5. Call the symbol of this new 
loop a'f' (which in this case is ef). Then the configuration is 


ab, bc, mn, cd, de, ea, a'f' 
to the points L 2;3,7, 6, 71,5 


respectively. Then remove the loop to 3, and draw a loop between those 
to 7 and 5, out beyond 7, 6, 4 to 3. Call the symbol of the new loop 
m'n' (which in the present case is still m). Then the configuration is 


ab, bc, cd, de, ea, mu, a'f' 


to the points 1, 2, 4, 6, 7, 8, 5 
respectively. 

Now apply Prop. VII to the closed chain formed by the first five 
loops, then the configuration 1s replaced by 


ab, ab, be, cd, de, mn, a'f’ 
to the points 1, 7, 2, 4, 6, 38,0. 
Props. VII and VIII therefore amount to this :— 


When a configuration consists of a closed chain, or of what would 
be a closed chain if non-effective loops were replaced by others branching 
out from the origin outside its limits, then the configuration can be 
replaced by another in which the first loop of the chain is followed by 
another loop having the same symbol. 


14. Prop. IX.— To prove that if the initial configuration consist of 
a set of couples, each of which affects the a-th branch wa, and 4f the 
first couple have the symbol ab, ab, then the configuration can be replaced 
by another consisting of couples each of which affects the b-th branch ws, 
but not wa, followed by a single or multiple couple ab, ab. 


Consider, for example, the configuration 


ab, ab; ac, uc; ad, ad; «e, ae. 
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(i) Suppose, first, the letters 5, c, d, e all distinct. 
Apply Prop. IV to the first and second couples, then the configuration 


can be replaced by bc, bc; ab, ab; ad, ad; ae, ae. 


Apply Prop. IV to the second and third couples, then the preceding 
eonfiguration ean be replaced by 


be, be; bd, bd; ab, ab; ae, ae. ` 


Apply Prop. IV to the third and fourth couples, then ins preceding 
configuration ean be replaced by 


bc, bc; bd, bd; be, be; ab, ab. 


(ii) If b, c, d, e are not all distinct so that some of the couples and the 
couple ab, ab itself may be repeated, then Prop. V or one of its corollaries 
should be used instead of Prop. IV. 


The preceding propositions are all that are necessary for the proof of 
Lüroth's theorem, to which I now proceed. 


Liiroth' s Theorem. 


15. To prove that any configuration of the loops drawn from a non- 
singular point of an algebraic function to its singular points, each of 
these being of the first order and at a finite distance from the origin of 
the loops, can be replaced by another configuration which consists of a 
single or multiple couple ab, ab, followed by a single or multiple couple 
bc, bc, followed by a single or multiple couple cd, cd, and so on. 


Commencing with any loop whose symbol is ab, let z describe a circuit 
containing all the branch points of w, then w will have the same value 
at the end of the circuit as it had at the beginning. 

Hence, if we commence at the loop ab with the value w, and describe 
the loops clockwise in succession, this value must be restored when we have 
gone right round at latest, but it may be restored before we have gone 
right round. Suppose it restored when the loop ae has been described. 

Apply Prop. VIII to the loops ab to ae inclusive. This part of the 
eonfiguration can be replaced by another in which the loop ab is followed 
by another with the same symbol.* 

Commencing from this loop-couple ab, ab and turning round clock- 
wise, look for the first loop whose symbol contains a. Suppose it is ak. 


* In what follows I proceed differently from Clifford and Forsyth. The step I now take 
is one which Forsyth takes at a later stage in his argument. 
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Suppose the loops in order are now 
ab, ab, bc, cd, de, mn, a'f', pq, ak, 


followed by other loops. 

Then, by applying Prop. II, we may replace each of the loops between 
the couple ab, ab and the loop ak by others preceding the couple ab, ab 
without altering their symbols. 

Thus we get the configuration 


bc, cd, de, mw, a'f', pq, ab, ab, ak 


followed by other loops. 

If now we start with the branch w, along the loop ak, and go right 
round the loops, it must be restored at last ; but it is to be observed that 
it will be restored before we reach the loop-couple ab, ab, because, if we 
commence to describe this loop-couple with any branch Wm, then when we 
have finished describing it, we shall still have Wm. Hence Wm must be 
wa, because w, is restored when, starting from ak with the value wa, all 
the loops have been described, and therefore w, is restored before we reach 
the loop-couple ab, ab. 

Now apply Prop. VIII to the loops of the configuration beginning 
with ak. 

When this has been done, ak will be followed by another loop ak. 

Consequently the coupłes ab, ab ; ak, ak are now consecutive. 

Commencing with these couples and turning clockwise, suppose the 
first loop which affects a is al. 

Then replace the loops between the couples ab, ab; ak, ak on the 
one hand and the loop al on the other by other loops which precede 
the couples ab, ab; ak, ak. This can be done without altering their 
symbols. 

Then we have ab, ab; ak, ak; al consective. 

If we begin to describe the loop al with the branch wa, it will be 
restored when we have described all the loops; but, as the description of 
the couples ab, ab; ak, ak cannot alter any branch of w, we see that 
wa will be restored before we reach these couples. 

Hence, applyiug Prop. VIII to the part of the configuration which 
commences with al, we obtain another configuration with the consecutive 
couples ab, ab; ak, ak; al, al; and so on. 

In this way we can gradually replace every loop, whose symbol contains 
a, by another loop which belongs to some loop-couple, whose symbol 
contains a; and then the symbol a will occur only in loops which belong 
to a set of consecutive loop-couples. | 
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Call these ab, ab; ak, ak; al, al; am, am; .. 


ui 


followed by loops whose symbols do not contain a. 
By Prop. IX these can be replaced by 


bk, bk; bl, bl; bm, bm; ...; ab, ab, 


followed by loops whose symbols do not contain a, if all the letters b, k, 
l, m, ... are distinct. 

If the letters b, k, l, m, ... are not all distinct, then we obtain instead 
& series of single or multiple couples whose symbols must contain 5, 
but do not contain a, followed by a single or multiple couple ab, ab, 
followed by loops whose symbols do not contain a. 

The whole configuration will now consist of a single or multiple couple 
ab, ab and other loop-couples and loops, the symbols of some of which 
must contain b, but none of which contain a. 

We can now apply to the configuration consisting of the loop-couples 
and loops which do not belong to the single or multiple couple ab, ab the 
same argument. The symbol b is known to occur in them. Hence we 
can reduce them to a single or multiple couple, which we may call bc, bc 
and other loop-couples and loops, some of which contain c, but none of 
which contain either a or b. 

These can be treated in like manner. 

Thus the configuration of the loops can be reduced to a single or 
multiple couple ab, ab, followed by a single or multiple couple bc, bc, 
followed by a single or multiple couple cd, cd, and so on. 

This is Luroth’s theorem. 

From this Clebsch's theorem follows immediately by applying Prop. VI 
to Lüroth's result. 


Clebsch’s Theorem. 


16. It remains only to explain Clifford’s proof of Clebsch’s theorem 
(Collected Works, p. 249). Clifford speaks of passing the branch line 
qr, keeping its ends fixed, over the branch line pq, and says that the 
branch line pq is then changed into a branch line pr. 

The meaning of these words is obscure, because a branch line in one 
of the planes of a Riemann's surface cannot be deformed across a singular 
point in that plane. Nevertheless, a deformation of the Riemann surface 
exists which gives the result stated by Clifford. 

Suppose that the lines 4B, CD represent the initial positions of the 
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branch lines qr and pq in the plane of the q-th sheet. Let the branch 


A m Ü 
pjg 
qi" 
D 
B 


line qr be deformed, but without altering the position of its ends, as shown 
in the next figure, into the broken line AXVQLMNOPWYB. Then a point 


M L 
c 
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A bap ji K. 2 | 
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starting from E in the plane of the r-th sheet would cross at F into the 
plane of the q-th sheet, and at G into the plane of the p-th sheet. Thence 
it would traverse the path GHK in the p-th sheet. (This part of the path 
GHK does not really cross the branch line qr at H, because it is in the 
p-th sheet. Now imagine the part of the branch line qr which surrounds 
the branch line pq, viz., QHLMFNOP, to shrink round CD and tend 
to coincide with it. Then the path EFGHK will be altered by the co- 
incidence of F and H with G, and will denote a passage from E in the 
r-th sheet to K in the p-th sheet. 
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Thus the connection between the p-th and q-th sheets along CD will 
be replaced by a connection between the p-th and r-th sheets along CD. 

If we had started from E in the q-th sheet, we should have crossed 
at F into the r-th sheet, there would have been no crossing at G, at H 
we should have crossed back into the q-th sheet, and so reached K in 
the q-th sheet. 

Consequently there is no longer any junction along CD from the 
q-th to any other sheet. 

Consider next a point moving from U in the r-th sheet. It crosses 
at V into the q-th sheet and at W back into the r-th sheet, so that at 
Z it is in the r-th sheet again. 

If we now imagine the parts QVX and PWY of the cross-cut gr to 
move up to coincide with each other, then V and W coincide, and the 
path from U to Z may be regarded as being wholly in the r-th sheet. 
Hence the line with which QVX and PWY coincide need no longer be 
treated as part of the cross-cut qr, and may be obliterated. 

As Q and P coincide, and QHLMFNOP shrinks up to coincide with 
CD, CD becomes a junction between the r-th and p-th sheets. 

As X and Y coincide, 4 XY B becomes a continuous cross cut qr. 

Thus the cross cuts AB (gr) and CD (pq) are now replaced by the 
cross cuts AXYB (gr) and CD (rp), which now have the following form. 


This is equivalent to the figure which Clifford gives. 
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The rest of his proof, which I give to make the discussion complete in 
itself, is as follows :— t 


Commencing with the branch lines 


E A H 
q 
Tiq 
q|P 
D 
F 


This is first replaced by the process described &bove by the following : 


1 
T 


A 


Tip 
..B D 
| EE 
r 
q 


(We have now effected the process which in this method corresponds 
to the first application of Prop. IV in the proof of Clebsch’s theorem in 
Art. 11.) 

We now apply the same process again to the branch lines EF (pq) 
and CD (pr), so that the connection along CD becomes a connection be- 
tween the g-th and r-th sheets. 
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Then we get the figure 


1 


(This is equivalent to the second application of Prop. IV in the proof 
of Clebsch’s theorem in Art. 11.) 

Thus one branch line qr and two branch lines pq are replaced by two 
branch lines qr and one branch line pq. 

This is equivalent to Prop. VI, the essential part of Clebsch’s theorem. 


1911.] A SYMMETRICAL METHOD OF APOLARLY GENERATING CUBIC CURVES. 207 


A SYMMETRICAL METHOD OF APOLARLY GENERATING CUBIC 
CURVES 


By W. P. MILNE 


[Received March 12th, 1911.—Read April 27th, 1911.—Received in revised form 
May 26th, 1911.] 


1. In the Proceedings of the London Mathematical Society, Series 2, 
Vol. 9, Part 8, I gave a general solution to the following problem :— 


Given a cubic curve, to find two inscribed triangles ABC and DEF 
such that, if P be any point on the cubic curve, the two pencils of 
lines P(A, B, C) and P(D, E, F) shall be apolar for all positions of 
P on the curve. 


In the former paper, the solution given was unsymmetrical. I have 
since then found a symmetrical solution, which I now proceed to describe. 


2. It easily follows from the above paper that, if the chord DEF of 
the given cubic curve touch its Cayleyan, and if ABC be an inscribed 
apolar triangle, the necessary and sufiiecient condition that A, B, C and 
D, E, F be co-apolar triads with respect to the given cubic curve is that 
the common intersection G of the tangents at D, E, F be the pole of the 
line DEF with respect to the triangle ABC. 

For the apolar locus of ABC and DEF passes through A, B, C and 
touches DG, EG, FG at D, E, F respectively. Hence the given cubic 
and the apolar locus have the following nine-points in common, 4, B, C, 
D, D, E, E, F, F, and must therefore coincide unless A, D, C be collinear, 
which is contrary to the hypothesis. 


8. It will be convenient for our purpose to regard the given cubic 
curve as the projection from a point on itself of a skew quartic formed 
by the intersection of two quadrics. Any one chord of the quartic defines 
a unique quadrie of the above system, and we shall call chords, which 
are non-intersecting generators of the same quadric, chords of the same 
system. 
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Let us now prove that, if z and y be two given chords of the quartic 
belonging to the same system, and if P be a variable point on the 
quartic, then a one-to-one algebraic correspondence exists between the 
planes zP and yP. 

Let z and y be each generators of the quadric S of the above system. 
Then the plane zP will cut the quartic in a fourth point P’, such that 
PP’ is a generator of S of the opposite system to z. Thus yP will also 
cut the quartic in the fourth point P’, whence it is evident that, given any 
plane through z, there exists one, and only one, corresponding plane 
through y such that their line of intersection is a chord of the quartic, 
and vice versa. Thus a one-to-one algebraic correspondence exists between 
the planes xP and yP. It is thus plain that, if A, B, C and D, E, F 
be two triads of points on the quartic, and if z and y be two chords of 
the same system, then if z(A, B, C) is apolar to z(D, E, F), therefore 
y(A, B, C) ts apolar to y(D, E, F). 

We thus see that, if 4, B, C and D, E, F be two triads of points on 
the quartic, and if O be one point on the quartic such that the projection 
of the quartic from O is a cubic curve having the projections of A, B, C 
and D, E, F as co-apolar triangles, the same property holds wherever 
O is situated on the quartic. Let, in fact, O' be another point on the 
quartic. Then, since every chord z of the quartic passing through O is 
such that z(4, B, C) is apolar to z (D, E, F) by hypothesis, therefore every 
chord z' passing through O' is such that z'(4, B, C) is apolar to z'(D, E, F) 
by what we have just proved. | 

It is plain, therefore, that in order to solve the problem of finding 
two triads .4, B, C and D, E, F on a given quartic such that the quartic 
projects from a given point O on it into a cubic curve having the projec- 
tions of A, B, C and D, E, F as co-apolar triangles, we have only to solve 
the problem for one particular position of O. 


4. Let A, B, C and D, E, F be two suitable triads on the quartic, 
and let the planes ABC and DEF cut the quartic again in U and V 
respectively. Consider the cubic curve which is the projection of the 
quartic from U as vertex. Then A, B, C project into three collinear 
-points A’, B’, C’. Now it was proved in my former paper (Art. 5) that, 
if A’, B’, C’ be an apolar triad and at the same time collinear, the 
tangents at A’, B’, C’ to the cubic are concurrent. Hence a line can be 
drawn through U intersecting the tangents at A, B, C to the quartic. 
This is the property of a suitable triad on the quartic that corresponds to 
the fact of an apolar triangle inscribed in the plane cubic. (See Art. 2 of 
my former paper.) We thus have that, if 4, B, C, U be four coplanar 
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points on a quartic such that the same line through U meets the tangents 
at A, B, C, then the quartic projects from any point on itself into a cubic 
curve having the projection of A, B, C as an apolar triangle. We shall 
refer henceforth to a triad A, B, C situated on the quartic and possessing 
the above property as an “apolar triangle on the quartic,” and we shall 
refer to the line through U meeting the tangents at A, B, C as “the 
axis of the apolar triangle 4 BC." 


5. Let now.v be the line through U meeting the tangents at A, D, C, 
and let » be the line through V meeting the tangents at D, E, F. Let 
the two planes ABC and DEF intersect in the line 7. Then, if we project 
the quartic from the point U into a eubie lying on the plane DEF, it 
is plain from Art. 2 that the line u cuts the plane DEF in a point which 
is the pole of / with respect to the triangle DEF. Now, by Art. 2, the 
necessary and sufficient conditions that the given quartic be projected 
from U into a cubie curve having the projections of A, B, C and D, E, F 
as co-apolar tringles is (1) that 4BC and DEF be apolar triangles on the 
quartic, and (2) that u pass through the pole of 7 with respect to the 
triangle DEF. If these conditions be fulfilled, it is plain from Art. 8 
that the same property holds with regard to V. We have thus the follow- 
ing theorem :— 


If ABC be an apolar triangle of the quartic, whose axis passes 
through the pole with respect to the apolar triangle DEF of the line 
of intersection of the two planes ABC and DEF, then the azis of DEF 
passes through the pole of the same line with respect to ABC. 


6. We may now state the symmetrical solution of the problem 
proposed :— 


If ABC and DEF be two apolar triangles on an elliptic skew quartic 
such that the axis of either passes through the pole with respect to the 
other of the line of intersection of the planes ABC and DEF, then the 
quartic projects from any point on itself into a plane cubic having 
the projections of ABC and DEF as co-apolar triangles. 


7. The following is a noteworthy property of an apolar triangle situated 
on the elliptic skew quartic. 
We use the same notation as above :— 


The quadric having the tangents at A, B, C as generators touches the 
quartic at U. 
SER. 2. voL. 10. NO. 1111. P 


210 A SYMMETRICAL METHOD OF APOLARLY GENERATING CUBIC CURVER. [April 27, 


Let the quadric T having the tangents at A, B, C as generators meet 
the quartic again in U and U’. 

Then the quartic would project from U’ into a cubic having J’, B', C' 
(the projections of A, B, C) as an apolar triangle. But a certain line 
through U’ intersects the tangents at A, B, C, since U’ lies on the 
quadrie T. Hence the tangents at A’, B’, C' to the cubic meet in a point. 
But it is easy to shew that, if A’, B’, C’ be an inscribed apolar triangle 
to the cubic curve (A', B', C' not being collinear), the tangents at whose 
vertices are concurrent, then the point of concurrency lies on the cubic ; 
in which case the line through U’ meeting the tangents at A, B, C must 
be a chord of the quartic. But it is known that, if the tangents at 4, B, C 
meet a chord of the quartic, they will meet all the chords of the quartic 
belonging to the same system. This would require that the line through 
U meeting the tangents at A, B, C should be a chord of the quartic, which 
is known not to be the case in general, since the tangents at the points 
of intersection of a tangent to the Cayleyan with the projected cubic curve 
do not in general intersect in a point on the cubic. To obviate this 
difficulty, U' must coincide with U. 

This is otherwise obvious from using elliptic parameters. 
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THE SOLUTION OF THE HOMOGENEOUS LINEAR DIFFERENCE 
EQUATION OF THE SECOND ORDER 


(SECOND PAPER.) 


By G. N. WATSON. 
(Received March 28th, 1911.—Read April 27th, 1911.] 
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1. In a paper with the same title,* I obtained a definite functional 
form for the solution of the difference equation 


A (x) f (c 1) — Ble) f+ C (2) f(c— 1) = 0, (1) 
where A(x), B(x), C(x) were known uniform functions of the complex 
variable z, such that, when |« | > m, the function au) ONT A) could be 

: | B (r) B(z-4-1) 
expanded into the convergent series 
A (x) C(e+1) _ 


where A, was not a real quantity greater than i 


* Proc. London Math. Soc., Ser. 2, Vol. 8, pp. 125-161; this will be referred to as the 
first paper. 


P 
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It was shewn that a solution f(x), of the equation (1), could be con- 
structed by means of an infinite product of infinite continued fractions, a 
typical eontinued fraction being 

Vla) = Lt [i Eg D et D 


1 — Sa 


ern” —w (zr +m) | (2a) 


where w(x) was a function of z depending on the first few coefficients of 
v(x); and the first two terms of the asymptotic expansion of y(x) when 
| r| was large and* R(x) > — à were obtained. 

The objects of the present paper are two-fold: the first is to shew that 
if we assume a series for Y (z), in descending powers of z, and determine 
the coefficients from the equation 


V(x) = [1—v (z) V c+ D], 


the series with coefficients so obtained does actually give a complete 
asymptotic expansion* of V(x) when |z| is large and R(r) > —3; the 
second is to determine how Y (x) and the connected solution f(r) behave 
when R(z) is large and negative. 

In Part I of this paper we make the investigation when A, is not equal 
tol; we shew that W(x) possesses a complete asymptotic expansion, ; 
when || is large and R(z) > —4; if X, is not a real quantity greater 
than 1l, this holds for all large values of |x| except in the vicinity of the 
negative part of the real axis; this result is true when A, is a real quantity 
greater than 1, but it has to be obtained by a much more complicated 
method, and the proof is deferred to § 8 of Part II; the results of Part I 
are generalisations of Cases (I), (II) and (III) of the first paper. 

In Part II we generalise the results of Case (IIIa) of the first paper, to 
prove theorems similar to those just stated when A, = 1 and A, = 0. 

As in the first paper, we need the following theorems :— 


(I) (Weierstrass's theorem.)—If Z u, be not absolutely convergent, 


n=1) 


while 5 (u4—2a4,) and È w? are absolutely convergent, 
0 


n=0 n= 


II [a rus) exp (—a,) ] 
a= 
converges absolutely. 


* We denote the real part of a complex variable z by R(x); and we put R(—ix) = I(x), 
so that z = R (x) + il (x). 

T The expansion is asymptotic in the sense of Poincaré. 

+ That is to say, a series which can be expanded to any assigned finite number of terms of 
negative powers of c. 
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(II) (The fundamental continuity theorem.)—If when | z | Hu 
= M Ls 
> + at. 


be a convergent series, a finite quantity u’ can be found such that when 
|z |> 4’, |S| is less than an assigned positive quantity. 
We also need the following Lemma :— 


If, when |z|> y and* R(z) > —4, & be such that | | « K, then a 
quantity K, can be found such that 


= a C ccs ) 
I [itu +n?) <A, 


where K, K, are independent of s and «x (s being any positive integer), 
provided that R(a) < 0. 


To prove the Lemma we observe that we can find a quantity y (> y), 
such that when |z| > y' and R(z) > —$, 


& 
a Gr n 


z+n (+n) 


<1, 


a cT ax ro. Can 
30 LOBI log | En stn + | ^ £4" (xn) 


where |+| < J, a finite quantity depending on y'. Hence 


d a Can a | : =| 
at (I zt TE |< ins E (X, zn) z poet 
It is readily provedt that > |c+n|"* < Jı a finite quantity depending 
n=0 
on y'. Also 
1 _ T'(c+s+1) "T"'(2) 
x+n  T(z+s+1) T(x) 


= log (x-++s+1)—log z+ EES = " 


where | 7,| < Ja a finite quantity depending on y'; this follows from 
Mellin’s asymptotic expansion of the gamma function. 


z 
n=0 


* Sothat |x|, |1+1|, |1+2|, ... form a non-decreasing sequence. 
t See, e.g., Proc. London Math. Soc., Ser. 2, Vol. 8, p. 168, footnote. 
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Therefore 
mo 2 ndis] ed 
n=0 ON Y 


< R(a) log 


c — I (a) (arg (z 4- s - 1) —argz] £e] 


« m| I(a)| +2Ja|a| (y)7!, 


since R(a) < 0, | z--s-F1| > |z| and |arg(r+-s+-1) —argz | < 7. 

From this inequality, we deduce the required result when |x|> y’; 
to obtain it when |r|2 y, we observe that, when |z| 2 y, R(z) > — 1, 
there are only a finite number of terms at the beginning of the original 
product, for which |x| Ky, and the modulus of the product of these 
terms does not exceed a finite quantity independent of z and s. 


Part I.—2, is not equal to 1. 


2. Let a,, ag be the roots of the equation 
Z —Z-FX, = 0, 
so chosen* that |a; |< |a |; we notice that a, Æ ag. 
We shall shew that it is possible to determine (by purely algebraical 


processes) a series of constants ky, ki, ką, ... (where ky = aj"), such that 
if Y (x) be defined by the equation 


v(x) v@+)) v(r+m) 5 kn ] (8) 
1 — 1 —..— 1 n=o(c+m+1)" 1 


then Y (rz) has a definite limit independent of r (when r is any assigned 
integer greater than or equal to 2), and it asymptotically approaches the 
value given by 


Y (x) = Lt [i 


ky , ky k, 
Y (z) ~ kot E + zi +...4 " 
If |ag| = |a|, it is also necessary to assume that 
r > R Ux (a; — a3)! } . 
[It may also be shewn that,* when | ag| < |a|, if Y (z) be defined as in § 6 
e If the moduli of the roots are equal, a, may be either root ; this is the case when A, is 


real and greater than £1. 
f It cannot be proved that 4 (z) as defined in the first paper has a definite value when 


la] = la. 
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of the first paper, viz., 


v(x) v(2+1) v(z4-m) ( k ) 
„a= [3-5 — 1 —..— 1 ^t zpiuil 


then Y (z) = W(z).] 
Putting kọ = ar”, let us consider quantities 4, n’ connected by the relation 


1 


X 4 + = = PP e BK (3a) 
n=0 = R een 
oo (2 crip tern 
By the fundamental wei theorem, we may put 
2 PE 3b 
1-0 X c ali 2 2-5). (38) 


where |e,| does not exceed a finite quantity independent of r, provided 
that | z| > u and |x+1| > m; and e, is independent of 7’. 
Also, when n <7, 


c, = aj 'Agk,+terms involving the quantities ‘k’ with suffixes less than n. 


[This equation is of the same form no matter what value the integer r 
may have. | 


Thus 
r ken " „| „ją, Er ay ly. ap] 
A z" Tg s IE z" t z+?  (z+l) | 


Using the identity 
=O) = BAR U*-r... +U'*'+U'/1=U), 


we get i rom +2 
= ux ar | z) CEN PRS 
+aj! lx CR reta 
u (2 È, tz RY I. (4) 


On expanding the terms 


OF ayy’. 0(z) ) 
(2 1 2" T sn) + (z+1)7 | 
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by the binomial theorem, we see that 


rtl rtl 
4 ow ay `n’ v(x) 
ża 2 State y 


may be written in the form 


> d, €r S (" .v(z)|" a 
Ze teat 2 lety Ota, 


where |.r.g, (x) | does not exceed a finite quantity independent of z when 
|z|> u and |z+1| > m; e, satisfies the same conditions as e.; and 
gu (z) is independent of 7’. 
The first few terms in the expansion of g,(z) are 
Oca p Cato) a 
x x 


g, (xz) = +terms in z^?, .... (4a) 


Also, when » < 7, 
d, = aj "Xyk, + terms involving the quantities ‘k’ with suffixes less than n. 


[This equation does not involve the quantity r.] 
Now let us choose dy, dą, ..., dr, so that 


d, = ką, da = ką, T" d, = k,. 


Since Asl ui + 1, this choice determines finite values for* k,, ka, ..., kn in 
terms of ay, ag, Ay, Aa, ..., Ar uniquely; the quantitiest cy, Cz, ...,C+41 are 
also determined uniquely ; d,,; can then be determined uniquely in terms 
of these quantities and A,41. 


With this choice of k,, ką, ..., ky we have, from (4), 


7 m | . v (z) | 
i (c 4-1) 


£ n=l 


, 
d++1 €x 


' 1g. (2) --az"71] T rU! zr 


(7 v c ai'n .v(z) ) "+? 
—1 ' "Vn 1 7 


: Ts =1 W (z+-1) ) 
vil ee en e La mJ.vz)|]' 
x[1 laci £^ Tr (z +1) |] 


* Thc value of k, (which will be required subsequently) is Aj aj (a =a). 
+ c,.1 is determined by equation (35). 
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After reduction, this may be written in the form 


zy i Ag PAGE Ps & ss 


aj Z 


rtl , n Xn , 
HE NT (gara S 


a-2  (r-F1)" 
I. en e; „Ta y'.v(x))| "+? 
+ a,x" | E penn prt (c+1)" ) 
-l ; -1 
1— [z [In E cum ai 7] . € (2) ) 
x| E = + zr (z 4-1) ) , (5) 


where |¢,| does not exceed a finite quantity independent of z, when 
|x| > u and |z+1|> w 

The subsequent analysis differs according as |a| is or is not equal 
to | a1 | . 


3a. If |a| <|a,|, we can find a finite quantity 8, greater than or 
equal to u, such that when |x| > 8 and |x+-1| > 8, we have 


A Ay (a — a) — Tro 4 & PT 


aiz 


where o is any quantity such that |agaq'| < a < 1; this follows from 
the fundamental continuity theorem. 


T ZRK z | Taj 5m. : 
Writing — X t+ St uy = Fe 


for brevity, and observing that when 2 <n «; r--1, we have 
{v(x)}" z" 
(z +- 1)” 


(where O is a finite quantity independent of z when |z| > B and 
|z4-1| > 8), we deduce, from (5), the following inequality: 


o 
1g. (z) +a"? | < IPIE 


rtl 
o zw F 
ial < oln | + — Fr Te)" + + (EROS Ina res 17, (6) 


where O, is a finite quantity so chosen that 
Idi ez !| < 8, 
Let O, be any quantity such that 0 < O, < 1; then we can find a 
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finite quantity Og such that, when | z | > 8 and |x+1| > 8, 


PE r.v(r) 
+9; a, (z 4-1) 


We can now find a finite quantity y greater than or equal to 8 such 
that when |x| > y and |x+1|> y, the following inequalities hold, viz., 


4 
2 ad mn a 


n=l z^ 


< Op (7) 


|: | > 205, (8) 
r+ 
6, Z er 
n=2 » 42057 
—— Er) < (1—0)6,. (9) 


We shall now suppose that e > y and |z-F1| > y; and also that 
LAE: (10) 
From (7) and (10) it follows at once that | F(z, »*) | < O4; and therefore 
|1—z-!F(z, n')| > 1— |z| ^! 6; > 4, 
on using (8). Hence, from (6), 
O b „©: 
lal elt zj" + BI Tae] ; (11) 
so that, on using (9), we get 
In| < |n| o 0—99;; 


and therefore, by (10), | | < Oz (12) 
We notice that (11) may be written in form 
In| <o|7|+0,|zl7 (12a) 


where O, is finite and independent of z. 


That is to say, we have shewn that when n is connected with 1! by 
equation (3a), we can find a finite quantity y such that when |x| > y, 
|:+1|> y and | n' | « 9, the inequalities (19) and (12a) are true. 

Now suppose that z is 80 restricted that all the quantities 


|z|, |z+1|, Iz4-2|, 


are greater than y; and define quantities nz, 7241, ..., Hr+m by the follow- 
ing series of equations 


s 1 
> dip. — ae. ee BE 18 
n=0 e (+p) 1—v(r-Fp) | z = c ETF —hpil __ \ | | 
=o(c+p+1)"  (z+p+1)') 
where p takes the values O, 1, 2, ..., m and s;,,,1 = O, so that 


| Nz+m4+1l | < Q,. 
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By the same analysis as that by which we deduced (12) and (12a) from 
(8a), since the necessary conditions are satisfied, we deduce in succession 
from the series of equations (18) that 


| rp | < O, (14) 
| 9:49 | < a Nes p+1| + 0,|z2+p | T (14a) 


where p takes the values m, n, —1, m— 2, ..., 2, 1, O. 
Let y be that one of the quantities z, z+-1, z--2, ... which has the 
smallest modulus; then, from (14a), we get 


|n] < O pal + Ə, ly |75, 


where p = 0, 1, 2, ..., m; from this series of inequalities we deduce* that 
des m+1 z 
|z| Ko"*' | nee mti| + A Mly| 


That is to say, In |< 1—0) 9,| y|}, 
SINCE 424m41 = 0 and o « 1. 
Consequently, if we define Y$ (2) by the equation 
O, — 1 væ) v(rd1) 
HOSTS — 1 


v(r4-m) < k, 
"arae e 


and if all the quantities | |, |r+1|, |1+2|, ... are greater than y, then 


YDG) mA 424%, (15a) 


where |n: | < (1—0)7! 9,]y |7}, and the quantities ©, and o are indepen- 
dent of m. 

We deduce one or other of two conclusions from (15a) according to the 
value of z ; first, if |x| > y and R(x) > — 1, all the quantities 

|z|, Iz 1], | za 2], ... 
are greater than y, and y =z; so that, from (15a), VO (z) has for its 
asymptotic expansion 
r k k, 
VO (z) MA eue (150) 


Secondly, if R(z) £ — 3 and |I(z)| > y, we have | 


ly|>|Z@| and |k;+n.| < |k-|4+0—0) 1 Gy; 
so that in the regions of the plane defined by R (x) << — 3 and | I(z)| > y, 


* By eliminating 9241) Nr+2, +++) Nx+ me 
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YẸ (x) has for its asymptotic expansion 


Vi) ~ kot +...+ ES, (150) 


and r is any finite integer greater than or equal to 2. 


4a. We now wish to show that „Lt Y (z) is a definite quantity inde- 
pendent of r. 


kn r) 
Let — = i 
e v(z-- m) > Gime" Wy 
Also let the n-th convergents of the continued fractions for WC (z), VC i) 
be p/q, PI”/Q respectively ; the last elements of the continued frac- 
tions being taken to be Wy, WA, respectively. 


Since, when n £ m+1, pO = p+», gó) =q'*V, we have 


1 1 l £ 
PEED PO (2) = PRP WR pR» pra Wi p) 
x x Ad Wer ET — gq? ,—W g® 


m+ 1 


r+1 r 
qe 12g C). 


_ (WED — Wi) (PO. 99 — Bre PW), 


m—1 


- II (v(x+-1); 


t=0 


r1) md (r) Sn? 
Hence Wt) (7) — F(x) (tmp gE, 


and it is easily proved that 


Pa TL (YO eH 
Consequently 
VEG *9(2) —Y (2) 


hrs r r+ 
= ppm IL TI [o+] IL [YO ,(z4-0] H [Ft (zd 0). (16a) 


In a similar manner, we may shew that 


VO 9 (2) — VS (2) 
= UY [olc+0] TE [VOL 64-0] HIVE 6-0]. (166) 
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where 
kan 
(7) — _ 
Us E v(r--m4 D 2 Z eura 
L- : ka 
x | ———————7—7—— - 2 =m, | 
ipid) kn n=o (rĘ+m+1) | 


n=0 (c3 2)" 


By methods similar to those employed on p. 144 of the first paper, we 
may shew that 


TI r M r) 
ESL PFO (+8 exp ET zd) 1 <J ; (17a) 
|n II - ŁY ! o (2 4 f) exp oss) l | < Ji, (17b) 


where Ji” and J, are finite quantities* independent of m, when r z 2 and 
|r| >y, R(z) > —4. The first of these results follows from (150). 

Also, noticing how the coefficients ky, k,, ... were chosen, by means of 
(8a), it is not difficult to see that when 


kn zi 


[1—» Peera n=o (zi 4- 2) 


is expanded in powers of (rJ-m--1) the first r-F1 coefficients are 
ko ką, ..., ke Hence | US| < JP | z4-m--1|777), where Js is finite. 

Applying these inequalities to (16a) and (165), we obtain the two 
following results 


| Pot Deir — y0 (x) | 
< | kras |JYJY* PJ |z-m-41|777 | ko A | 


((2k, , X /T'z+m+1)  U'(z) 9k, ) 
à exp Ga x) T (z4-m4-1) FG) R 


[8 agg (£t | 
x: Vale log ( x ) 


< J,|z+m+1 |"! 


<< | 
ay 


(using the asymptotic expansion of the gamma function). 


a 


* The inequality (17b) has to be slightly modified when A, = 0; the conclusions concern- 
ing Lt W(" (x) are, however, unaffected. 
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And similarly 
PFT cn] 


« J,| ct m-4T1|777! M log (O) | ' 


a | 

a x ) 

We may shew, as on p. 145 of the first paper, that for the range of values 
of r under consideration 


( 
exp - 


( Xo (a, = dg) 


m 


Qo 


ay 


(3 _ t+m+1\) 
exp Cee log ( p J | « Je 


And consequently 


| Vs (2)— UP (| < I z4-m4-1| 777, (18a) 
pO. o — VO (x) | < Ja | z-Em-4-1|-777, (18b) 


where J}, J, are finite and independent of m and z. 

From (180), if n >> m, 

EAE OAR WOW) — HR) | 43... FPO 0-20) 

< Jzllc+an| ""+|r+n=1|77'+... 
+|c+m+1|"""']. 
Since r>2, Z |z-t|77-—0 as m>o, ie., VO (9) — P(x) +0 
t=m+1 

AS M, n ©. 

That is to say, „Lt VO) isa definite quantity, possibly depending 


on r; and by proceeding to the limit when m = © in (18a), we finally 
arrive at the result that 


Lt y (x) ts a definite quantity independent of r. 


m= 7». 


We have thus proved the statement at the beginning of $ 2, when 
| q| < |a| and |z| > y, R) > —Ą. 
By the recurrence formula 


PO) = [1—0(2) V9, c4- 0], 


we see that the statement is true for all finite values of z with the excep- 
tion of singularities of v(x), v(c+1), .... 


Putting Lt Fu (1) = Y), 


the asymptotic expansion of Y (x) is given by (155) and (15c). 
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54. From the results at the end of § 44, we can deduce the form of 
the asymptotic expansion of a solution of the difference equation (1) 
when |u| <|a,|. The solution is* 


zac " ^, 0 P@ty 
f(x) = u(x) exp | z logat a,(a;—a,) Lc 


= A 
"M — ME | 
n=1 La, Y(c+n) VE a, (a, — a3) (x +n) en) 
where u(z) satisfies u(x) B(x) = u(z—1) C(x). 
If |r+-n| be sufficiently large, it follows without difficulty, from the 
results of § 34, that —log ja, Y(r+n)| possesses an asymptotic expansion 


of the form ko i k} śl kin t+ Orin 
m (cn) (zn)? eee (cz+n)" 9 


where |0,,,| < J„|r+n|"' and J, is finite when |z+n|> y' and 
R(z+n) > —4, y' being finite. 
Hence, when |z|2 y' and R(x) > — 3, 


© 


1 A 
AT Ls Y (c +-n) SHE zara 


s Í kmt 0... 1 
-ep[E(cE3te e] 
Now 2 (r+n)"" possesses an asymptotic expansion given by the 
equation 
E M 1 01 , & (2)! Bra (mtn—))! Da. 
nl (z 4-7 "e (n —1)z"-! 9.r" + P ght” n! (m — 1)! ti T porem , 


where L, m is finite and , 8,4, is one of Bernoulli's numbers.t Also 


v0: 
È (z +n)” 


< Jn bi |z+n | 5 


«J, X [lz+} P Hna [when Riz) > — 3]. 


Hence, by Cauchy's integral formula, since [|z-F1P--((— 19] 30-*! 
steadily decreases when ¢ > 1, we have 
0n 


à etn < n [iletip me [ena tear rema] 


oo 


— 


* This follows as in $6 of the first paper. 
t The notation is that employed in Barnes's memoir on the gamma function, Messenger 
of Mathematics, Vol. xxix, pp. 64-128. 
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Putting t= 4+ p|r+3!, we find that, when |z| > y' and R(2) > —$, 


al (T+-n)" 


where J is finite and independent of z. 
Using the asymptotie expansion of the gamma function, we see that 
J (x) possesses an asymptotic expansion of the form 


< J|", 


x 0 


m-l 
J (1) = u(r) exp |- log a, + log r+ D v TEES c (19%) 


RE — a) 
where |0 | < J’, and the quantities l, b, ... may be calculated, with 
sufficient labour, in terms of «a, ag, Ay, As, ... ; and 


larg z| < r, R(z) z-—1, Iz| > y. 


By means of (15c) we can determine the form of the asymptotic ex- 
pansion of f(x) when |I| > y' and R(z) x; —1; the following altera- 
tions have to be made in the work immediately preceding : 

In the asymptotic expansion of ['(1+1)/[(x+-1), log r has to be 
replaced by — vr eotzz-4-log(—2), where |arg(—z)| < =. 


And the appropriate expansion for 2, (z-+-n) " is 


Kom zł )* d"-! | 1 1 


—p-1 PET 
w=Didz TODT, px (SP Bantam) 


n—1l)yr"^ 92r" a z"*" n! (on — 1)! 


Since, however, we can only prove that 
„2, 8.,,(1+n)"" < J" | I()|7", 


where J" is finite, the asymptotie expansion does not give a good 
approximation when larg(—2)| is small. 

The expansion (195) is that of which the dominant term was given by 
Ford* when z is restricted to be a positive integer. 


8s. We now return to the point of divergence, at the end of $ 2, to 
discuss the case when |a, |= |a| and a, az; it is easily seen that, since 


d.i = aid,+ı MP a, 441 ay dr+1 


et ——— 0 — 


rz (a,—a,)z a, (a4— 25) (z 4- 1) (a4 — ag) c (xz 4-1) ' 


* Transactions of the American Mathematical Society, Vol. x, pp. 319-336. 
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we may write (5) in the form 


f, mda | fy adea | fa | X(a—29 — Mo, 6] 
” ej zd (ay — a3) (z + 1) | {2+ i + tj 


rtl Iin'.v(zx)]^z" 


f -^5-1 
T> opr WASZE 
Er IE 455-38. €: raj!» . v(x) IRA 
t z? + az? |ln=1 x"! + z TES ) 


«i UE ea e rm 
(m=1 z^ ot? (z+1) | 


where €. and e; are functions of the same nature as ez. 
Putting 


Cb a, €. zajlm . v(x) 


n-l grat git! (z+ 1)" 


= Fí(r,), 


we get, by taking the modulus of each side of the above equation, 


ay de 4) = a 4-41 II Aj, (aj —ag !—r , «& 
L (ay — ag) T <|» (a; — a3) (x +1) | 25 z Mos 


cod r+1 In! v(x) bar | -a-1i 
Tlez^|- Z, apy gta i 
MA | F(a, g) |+ |l1—z7! F(a, 0’); |7". (20) 
| a, 2 | 


Remembering that we take r so large that 
r > R INA; (aj —a3)7'|, (20a) 


we may shew, by the Lemma proved in the-introduction, that 


à AN (uj—ag^—r , «€ | 
1 1 1 9 Lors" - O., 
2 + ^ra aj (I +n) = 


where 9; is a finite quantity depending on m, but not on s, when |x|> m 
and R(x) >—4; we may obviously take O, > 1. 


Let ada | 4 
(a, — a3) u 
Suppose that z' is chosen so that 
PIESO (21) 
Now we can find finite quantities 9 and O, (8 being greater than m) such 
that Y E is "2 TT 


SER. 9. voL. 10. No. 1112. Q 


296 Mn. G. N. Watson [April 27, 


[so that | F(z, 7')| < 38] and 


y(cy} ^ ott? 


rtl 
le |+ X, (W TEN (gn(z)+ar""}| Tla!277787? < 8, 


so that O, and 8 are independent of 1’. 
Supposing now that | z| 7 8 and R(z) > — 1, we see that 
|l1—z^! F(z, n’)| > 3, 


and consequently, from (20), we deduce that 


n— a, d.i 

(a4— a) x 

"0 ai dr+1 A LR C m) 95; 
«| m ast [FR A 


We may find a finite quantity ©; such that,* when 
r|>B and R(0nzz-—1i, 


we have x. |r+n|* < O,[a|7'. 
H = 


ardr+ı rtl 
Q1 — A2 


Now let | 


+0,0,6, | 65! < y, 


where y is finite and y > B. 
We shall now assume that |£ > y and RQ) > — 1. 
Put 

| 1+ MN ŻA +3 at u$ —Q0 


I 


and define quantities nz, 7241, ..., Mri by the system of equations 


: Nr+p 1— [2 T ks Nr+p+1 I 
e p Tato =Í GTP VE, a Gp! 
where p = 0,1, ..., m and »x,,4,1 = a,d,.1(a4—a4)-  (z4- m -1)^!, so that 

| mail < Ox. 


Then, if all the quantities | nes p+il, |nerpse|, Ino are less than Og, 
we can deduce the system of inequalities 


dy d.i a1 dy+1 


Uy — ag) (1 +-9) (a; — a) (z - q 3-1) EST. 


(where q = p, p+l, ..., m), in the same manner as we deduced (22) from 


Nety r.q-177 


Oc. a 


* This can be proved by Cauchy’s integral formula; see § 5a above. 
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(8. Eliminating qrap+ mapa 1:1; Neam from this system of inequalities, 
we get 


m a, d.i 
UPC (m—a)G +p) 
TT aide, 
«nra (a, — ag) (r +m+ 1) bes r4q 
++ È O6,l-a( dp Qa) 
lep] va Tat a 77 
sa adr =i 
< 6, rem (a, — ay) (r 4- m 4-1) +0,8,0;| 1+-p | * 
Therefore sari apres 9. |c+p|"' 


í 


[ (1 — Go 


adii r+] 


< 


16,0,0,' y < 0 


Hence, by induction, all the quantities |qramq1 Ins]; -.., |n.| are less 
than Og; and also, by the inequality immediately preceding, 


fla drs na! = E 
|n.| < | T9469, je] < Jle, 
where J is finite. That is to say, if we define V? (r) by the equation 
1 væ) v(z+1) v (c+ 7n) 
7) (. em ur (a= RA. Ez A RAE RA 
NSE SRR WE WEZ 
XI; ku 4 ada | qq 
A E, (r+m-+-1)" + (a, — a.) (r+ m4+1) *! | ' 22) 
then, when |z| > y and R(x) >—}, 
VOC) = + +... EM, (23a) 
where I». | < — 


The proof that „Lt PO (z) is a definite quantity, V(r), independent* 


of r is almost verbatim* the same as in § 4a. And, just asin $ 5a, the 


* Provided that r satisfies the inequality (20a). 
t It is necessary to make use of the fact that the series 


i Ż|s+m+1|-7-! exp FN 2 log + "| 
o (1 — a? 


is absolutely and uniformly convergent ; and equations (18a) and (18b) have to be modified by 


inserting a factor | exp AE. log (7:7) | | on the right-hand side. 
| Ag (a, — a) z 


2 
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expression f(z) given in equation (19a) is a solution of the difference 
equation, provided that ¥ (z) be defined by means of equation (28) and 
not by equation (15); and, finally, the asymptotic expansion (195) of f(x) 
is still true. 

The asymptotic expansion of f(z), when E (zx) «: — 4, in the case when 
la; | =| a| has to be obtained by other methods; this investigation is 
deferred to § 8 of Part II of the paper. 

The solution of the associated transcendental equation 


1 —v (x) Y (z) V,(z) = 0, 


v(r—1) v(z—9) 


a. de. 
where M (x) = uc mer aci A RR 


may be carried out in precisely the same manner as in Part I of the 
paper* by the writer on the subject when it was assumed that | ag | < lal. 


PART IL.—ÀA, = }, A = 0. 


6. Let a, a’ be the roots of the equation 
Z1i—1Z2-4X = 0, 


it being assumed that 4a is not a positive integer* greater than unity. 

We shall show that it is possible to determine a series of constants 
ky ky ką, ... (where ky = 2, 4, = 4a) such that, if Y(r) be defined by 
the equation 

u 1 væ) v(e+)) v(z+m) ( 4 kn 1 
AL | 1— 1 — 1 —..— 1 vor (c+-m+1)") J’ 
then V(x) is a definite quantity, independent of r, which asymptotically 

approaches the value given by 


Yl) ~ hu 


when |z|2 y, R(x) z —1, where y is some finite quantity and r is any 
assigned integer greater than unity such that r > R(4a). 
Taking ky = 2, k, = 4a, let us consider quantities 7, n’ connected by 
the relation 
C. KA U | g kn n T 
E — + — = |1—v(r) - — 4. —— ; 
E y + x 1—v(z) RA (c+1)" T (+17) . 


* Proc. London Math. Soc., Ser. 2, Vol. 8, pp. 162-177. 
T « may be either root, except in so far as this restriction is concerned. 


1911.] THE LINEAR DIFFERENCE EQUATION OF THE SECOND ORDER, 229 


By the fundamental continuity theorem, we may put 


Kn _ l:- 2 ÓW cz rel. zy 
1—v(r) P (r4-1)» — 3$ Ac r" ES grt? |? 
where |e,| does not exceed a finite quantity independent of z when |x| > m 
and R(x) >—4; and e, is independent of 7’. 
Also 


Cy = $k, —34(n—1)k,_1+ terms involving the quantities ‘k’ with suffixes 
less than n—1; 


and* 


E = —trk, -+terms involving the quantities ‘k’ with suffixes 
less than r, the term involving kọ being ŻA, ky. 
We thus get 


kaka f$ C9 yest 25'.v(r) T’ 
+7 1 =2|1 i = “aon Tuc zur TS 


n= 2, a" 
Using the identity 
(1—U)! = 14 U+ U7 +...+U"t'+U"**/(1— U), 


we obtain the result that 


r ken 7 rtl (2 CZA Yr+1 25. RE 
5 ita AL — 
i= r” T x" CS 2+2 2, m q" F p + A (1 +1) ) 


(S. Cx Yin €: 25! .v(r) \"*? 
+2 > p T po! +Hoe t (r4-1y ) 


| f = Y 25 v(x) | 2 


On expanding the terms 


( T [^ Yr+1 25 .v(r)|)" 
we 1 T" T rp eu) (z+1) ) 


by the binomial theorem, we obtain an equation of the form 
r+1 


y Yr+1 Zy'.v(zx) | * 
2 P Uu zl E FE p! nx (z4-1Yy j 


= é da Ór+1 €, ją KE v(x)!” 

m 2, "C T z'*! Tot P3 l(t") 
where |e;| and | zg„(z)| are subject to conditions similar to those postulated 
for |e,|. 


12"*'+gn(z);, 


* Apart from the first term, the formule for c, (n < r) and for y,.1 are of precisely the 
same form. 
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Also* 
d, = 9c,-4- Ac, c4 1d - terms involving the quantities ‘c’ with suffixes less 
than »—1, 


= ky—(n—1) hai thy b, id terms involving the quantities ‘k’ with 
suffixes less than n—1, and the quantities 
a, Àj ee) A. 


0,+,1 is defined by a formula of precisely the same form with the first term 
omitted, since k,,, is absent from our analysis. 

The quantities k», kg, ... are at our disposal; let us choose them, if 
possible, so that 


d, = ky, dą = ką, ..., di = ky, 6,,1— 0. (245) 


[These equations will all be of the same form when we substitute the 
values given above for dy, ..., dr, 6-41, whatever be the value of r.] 

The equations d, = ky, dą = ką are satisfied, the first obviously, the 
second because 

d, = 20+ 2c = — ka— kı + 8A, Lih = — kz; 

and, since 4,—?4-17E 0, ex hypothesi, when n = 8,4, ..., the series of 
equations 
a dy = du dy = By .., Ge = s Sry =O 
determine ky, ky, ..., k, uniquely in terms of a, Ag, A4, ..., Arai; the 
quantities so determined are finite, and we get the same values for 
ką, ks, ... whatever integer r may be. 

Having determined kz, kz, ..., k, in this manner, we may write equa- 
tion (24a) in the form 


as > (3 . v(x) | pe ont 2 
n — i | (4-1) £ {2 +9,(1) | Hez 


9». 0 (z) ! r+2 
(r4-1)y J 


od. y r+1 €r 25 .v(z) |]! 
x[1 m i zr" m AE pl T grt? (z+1) j| 


T ( y pes €x 
quas i 1 z^" "Ede ptus 


And, from the definition of g, (zr) it is easy to shew that, 


v (r) z 0. 
(r+1) - dg! = Pu 


where 0, is subject to the same restrictions as e,. 


* When n = 2, this takes the slightly different form dą = 2c; + 2c? 
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Putting 


© Cn (Yr) €, Qn! v(x) 
aci zc re ar VES = Fm) 


and taking the modulus of each side of the above equation, we get 
m. n 
ud 


*2|:|7*]iF G, 7)) |**|[1—27 FG, n] (25) 
Let O be a finite positive quantity, and suppose that 


ELI P. cud 
REA Maraga) i| Hel 


Ini « 


In | < ©. 


Since R(4a—r) is negative, it follows by the Lemma proved in the in- 
troduction that when | z| > u and R(x) > — 1, 


Pisa 
(c +n)? 


where s is any integer and O, is independent of s and z, and O, > 1. 
Now we can find finite quantities 8 and O, (B being greater than m), 
such that 
Or .v (x) 


(z 4-1) 


n ut |f1+ mE "+ « 9, 


T9 « 18 


parces] EN 


E Cn + Sup 


[so that | F(z, 5)! < 38], and 


le: | + I e |v(z)|” [12"*' +g. (P; |+27B8+* < O, 


— 
z+1 iż 


so that ©, and 8 are independent of ;/'. 
Supposing now that | z| > 8 and R(z) > — 1, we see that 


|1—z^! F(x, 3)| > 3, 


and consequently from (25) we deduce that 


(26) 


+ l 


As in $ 98 we can find a finite quantity ©; such that when | z| 7» 8 and 


RE (x) > — 3, 
z |c+n 7 < ©z|z|7'. 


n=O 


Now, let 0,0,09,.0^! < y, where y is finite and y > £. 
We shall now assume that |x| > y and R(c) > — 1. 
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Put | 1+ e A 


I z 


=Q, 


and define quantities ^z, 7241, ..., Nz+m by the system of equations 


d kn Nr+p —|1— d k, xt pt = 
z Gto * cHp j v(e+p) | 2 bosa ei d 


where p = 0, 1, 2, ..., m and s,,4,1 = O. 
Then if all the quantities | nei p4i|, [nerps2|, ..., |qząm| are less than 
O (and |7:4m+:| is less than ©), we can deduce the system of inequalities 


o 
| Nx+q | < | 4941 | QT EET. 


(where g = p, p--1, ..., m), in the same manner as we deduce (26) 
from (24). 


Eliminating |ne+p4i{, [nz +1 |2:4| from this system of in- 
equalities, we get 


4 


m o m 1 
rtp rtm II Q, í FT p> O ( II Q, Js 
LIEST api e pet aa JEFYJE 5 6 + 


v.€., E < | Nxr+-mt+l | O, 4-9,0, 2 | 1+q | t 
4=p 
ie. |p| < 0,00; | z-Ep| ^ 
« O (since | z4-p| > 4). 


We infer, by induction, that all the quantities | nrim|, | nil; <- | Nz| 
are less than O, and ‘ 
I| < 9:98, | 2| 7". 


Consequently, if we define YO (2) by the equation 


0,4. . l væ) vcl v(rd-m) | « kin | 
Y» (2) —1—1— 1 —.— 1 (E (c--m+1)" i’ en) 


then when |z| > y and R (xz) > —}, 
ken: 


ur 


PO (2) = hA H.+ (27a) 


where |».| < J|z|"" and J is finite and independent of z. 
In the same way as we obtained (16a) and (16b) in § 4a, we may shew 
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that with this definition of ¥(z), 
| C 2) FE (2) | 


Ks r r+ 
Sims T [oe +O EE LEV 2-0] Ins tr e 0l, 


| ¥ m. (x) | 


< pigra Ë le e+ol IE tero rv eto) 


And, from (27a), | I B <J”, 
t=0 


n [49 (z--]] < Jy, 
where J, J, J’ are independent of m and z. 
Hence 
| HS (ay — Ty (z) | < Ja exp | R(4a—r—1) log|z+m|}, 
| £i) — j£ (2) | < J,exp | EK(4a—r— 1)log| z 4-m|| 
(by Stirling’s formula), where Ja J4 are independent of m and z; and 
since z exp [R(4a—r—1)log| z4-»]|| is absolutely and uniformly con- 


m=0 


vergent [since R(4a) < r], we deduce, as in $ 4a, that Lt VO (z) is a 
definite quantity, Y (z), independent of r. A 
As in $ 7 of the first paper, a solution of the difference equation is 


EM I’ («+102 9 2a 
f(x) = u(x) exp | z log 24- 2a rer |l xr exp | 


and by the methods of $ 54 we can shew that when R (rz) z — 3 and |z| 
is large, the asymptotic expansion of f(x) is 


f(z) = u (z) exp | z log 2+-2a log a+ - PES +) 


where |0| is finite and the quantities l, łą, ... may be calculated with 
sufficient labour. 
The investigation of the associated transcendental equation* 


1—v(c) Y (z4-1) YF (x) = 0 


1 v(c—1) v(x—2) 
- 1 - 1 =... 


* Where Y, (x) = 
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is a little more diftieult than in Part II of the paper* by the writer on the 
subject in which it was assumed that R(a) « 1. The work is identical 
except that in proving that 


(S. T'(r41 I"(—.) 
[1—^v(r) V4 (r) V (e+ 1)] exp | 2a Tory teins PO |j — 0, 


as |r|— o when "3 < R(r) <3, we have to make use of the follow- 
ing arguments : 


Y (x) satisfies the difference equation W(r) = [1—v(z) Y (z4-1)]"*. 


If [v(0 Pi] = x), 
since P (£) -—[1—v(z—1)Y,(—0D0]', 
we have x(c—1) = [1—v() x(x) J, 


so that V (z) and x(r—1) satisfy the same difference equation, and it 
may be proved that both x(r—1) and Y(x) possess complete asymptotic 
expansions in the strip when |z| is large with the coefficients of the 
first two terms the same in each expansion; hence, by the work at 
the beginning of this section, all the corresponding coefficients in the two 
expansions are equal; therefore 1— V (z4-1)|x(x)] ^! tends to zero more 
rapidly than any finite negative power of x as |x| © in the strip; 
hence since 


I"(r-4-1) 
I'(r4-1) 


where J is finite when |.c| > y, 


T'(z+1) TA. 
!1—v (x) VY (z 4-1) V4 (x) } exp | 2a Tet) + 2a des 
tends to zero in the strip. The conclusions in Part II of the paper 
referred to are therefore unimpaired by the introduction of the addi- 
tional generality. 


I"(—2)| 
l(—2)! 


exp | | Qa + 2a < J exp |R(4a)log|z|;, 


7. We now wish to determine the behaviour of V(r) when R(x) is 
large and negative in the two cases (i) when A, is a real quantity greater 
than 4, (i) when Ay =4, A, — 0. We shall investigate the second of 
these first. 

It is not possible to carry out analysis similar to that of $$ 8a and 54, 
for the reason that, if R(z) x; — i and —4$< R(y) <4, y—x being a 


* Proc. London Math. Soc., Ser. 2, Vol. 8, pp. 162-177. 
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positive integer, R [da 0 (X zi sag tet 2) diverges to + © 


c+1 z+ 
as |z| > ©; so that I" '1+ end + Oren | diverges to œ (and not 
ina | a+n (+n) * 


to 0) as [rt] ^ œ. 
Our method of procedure has to be as follows: we obtain a formula 
for the quotient of two solutions of the equation 


f —1) = f(x) —v(2) f(z+ 1), 


the asymptotic formula for the first of them being valid when R(x) > — 3, 
and we thence deduce the asymptotic formula for V,(c) defined by the 
Los ow» , when R(x) > —i; by an 
easy transformation we deduce the asymptotic expansion for Y (x) when 
R(z) « — 3. 

It is, unfortunately, necessary to assume that v(x) is the quotient of 
two polynomials; remembering that 


continued fraction 


A Al) C(r+1) 
va) = 50 Biz D' 
II (x 4- 8) 
we put v(t) = i = 


n (r+ e) i (cd ed D 


common factors of numerator and denominator not being cancelled. 
We may deduce from the results of § 7 of the first paper that two 


solutions of f(z—1) = f(x)— v (2) f (z 4-1) 


— o * I" (z 3-1) RE za 
are f(x) = exp| z log 2+ 2a DIU c4 5 ab C ae mJ 
s z I'(1—2) xp 
Js (x) = exp| z log 2+ 2a Pics |=" (r—n)* c—n 
x 2* II [4 (z-9)]. 
n=0 


From these definitions we may shew without difficulty that 


pig LED Ter, = | 
Aut) fw) rij 2 hop 2 da | 


nal | V(c-+n) CP zkn | nee LUF (e) op ) 
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where 


640 = {1—v@) F +1) V 1); exp (2 Met) , 9, LC! 


*Tc+1) lI(—2a) ) 
a ( 2 | _2a_) 2 [ 9 — Qa k 
A Hu (Fa+n) P En) = 


o (Y;(r=n) SED rend 


and it has been shewn* that Oy(z) is expressible in the form 


cosec? rz P, (cot rz 
8,2) = SOROS eer 


II (cot rz+-cot 7e,) 
n=1 
where P,.; denotes a certain polynomial of degree p— 2. 
Accordingly we may write 


fen _ fala) _ 
p TEX p i 0, (z) F(z), (28) 


and by a use of the equation 


[Y (z)]" = 1—0(2) Y (z - 1), 
we may shew that 


f 4a LED) p 


— ! — 4a 
F,(x) = exp | renj II |F(c+n)—1; exp =p | 


From this result we can deduce the asymptotic expansion of F (z) when 
|x| is large and R(t) >ż—3; for when |z| 2 y and R(z) >—i, 
Y (z) —1 possesses the asymptotic expansion 


hence by the methods of § 54, we may shew that when |z| > y' and 


Fo) = at [y p pop et], (29) 
z c z 
where my, 45, ... are determinate constants, |x£,| does not exceed a finite 


quantity K depending on y’, and |argz| < vr. 
From this result it follows that : 


(A) When R(—4a) < — 1, the series 2 F,(x-+7) is absolutely con- 
n=0 


vergent for all finite values of z, unless one of the quantities F,(r+-n) 
happens to be infinite. 


* See § 6 above, and Proceedings, Ser. 2, Vol. 8, pp. 172-177. 
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(B) If R(—4a) > — 1, and N be the integer (positive or zero) such that 
0 < R(4a)+N < 1, then when |x| > y' and R(x) > —$, 


K 
< pane eet) | 


where K is independent of x (it is obviously permissible to take r > N), 
and hence the series 


| F,(z)—2-* (1+ = +..+ 2) 


S Sp = —4a ) i 
i Fc +n) — (c4 0) (1+ Zu +.. Au) 


is absolutely convergent. 

Now (28) may be regarded as a difference equation to determine 
F3(z)/f,(z). The general solution of this difference equation is, in the 
two cases, 


p = w (r)— O (x) I F(z +n), (A) 


fo ui a | Got) + Y | Fy (x +n)—(2-+n)-* 


x (14 AL +. + tx)il (B) 


where w(x) is some periodic function of z with period unity and Go(7) is 
any particular solution of the difference equation 


_ n My Ly 
Gy(z4-1)—G,(z) = — z-* (1+ apu By). (80) 
If it happens that N+4a = 1, we take 

Ga) = — | Sci (+m Ss DH Fa S) Hun Ges || (800) 


where S,(z) is the Bernoullian polynomial* satisfying the relation 
Sa (1+1) — S, (x) = z". 
If a is not such that N+4a = 1, we take (assuming larg z | « Hm) 


G,(z) = = zl (= (T(1—4a)--4, (—0 T(—4a)+... 


— zt 
+un(—)*T—4a—N)} z dt, (800) 


* This is Hermite's notation; Crelle, Bd. cxv, pp. 201 et seg. Or see Barnes, Messenger 
of Mathematics, Vol. xxix, pp. 74-84. 
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along a contour starting from infinity encircling the origin in a positive 
direction, and returning to infinity ; the contour contains no singularities 
of the integrand save the origin, and is such that when | ¢| is large, 
R(zt) 2-0, R(t) > 0; and arg(—#) is rendered definite by taking it zero 
when ( is real and negative; the ordinary contour integral for the gamma 
funetion shews that the value of G, (x) satisfies (80). 

Further, Barnes has shewn* that when | arg z | < da, G(r) possesses 
an asymptotic — of the form 


G(x) = 


Kn + Ur 
"m 2 r (2— 4a — n) rt l+n giatr? 


where ge is finite, and kg, «kı, ... are determined from the expansion 
iz” ‘T(l—4a) 4+ 4, (—O 0 (—4a) +... Fuy(—d* UT (1—4a—N); 
= Z s(t)”. 
n=0 
Noticing that we can find a finite positive integer n, such that 


|arglr-n,) | < Zr, 
we have, either 


am = = w(r)—9,(z) > „Fote En), (31A) 


or pr = (2) — 04) | Ge+n) - Fo) +Fyle +1)+...+Fole+n—1) 


z+-n Tug ve n" i 


and since F (£) possesses a complete asymptotic expansion in powers of 


ass | F, (zn) — (z +n) (1+ 3 


n=) 


-1, it follows from the asymptotic expansiont of 2 (r-F») ”, that when 
n=0 


|r|> y and K(z) > —4, either of these formule may be written in the 
form ; 
J) = w(1)—O,(r) r! * ! Y y 27^ wat! | ; (32) 
far) IDE 
where the quantities w, v,, ... are determinate and |w,| is finite; if 
N -F 4a = 1, we see from the last term of (30a) that a term — uy log r 
will have to be inserted in the coefficient of Og(c) in equation (32). 
Now let us investigate equations (81A) and (31B) with a view to 


* Philosophical Transactions, 2064, ** The Asymptotic Expansion of Integral Functions,” $5. 
t Quoted in § 54 above. 
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obtaining precise information concerning the periodic function w (r) which 
occurs therein. | 
By the difference relation, 


fa(z—1) = fa(z) —v (z) fa (z4- 1), 


noting that, from the asymptotic expansion of Y (z), f,(z) has no poles 
or zeros in that portion of the plane of the complex variable in which 
R (x) exceeds some finite quantity yı, we see that the only singularities of 
fa (2) in the finite part of the plane are at the poles of 


v(r4d-1) v(r+2), v(z+8), ...; 
that is to say, at the points 
—€,—]1, —e,—2, —e,— 3, — (t = 1, 2, PEE p). 


If no two of these points coincide, it readily follows from the difference 
relation that the poles of f,(z) at these points are simple;* more generally, 
the degree of multiplieity of any pole is, a£ most, equal to the number of 
times that that pole occurs in the list of possible poles 


—e,—l, —e,—2, —e,— 3, n | 


(C) 


—ep— l, —ep— 2, —ep— 3, | 


And from the asymptotic expansion of V(x) we see that the zeros of falx) 
which lie on the right of E (xr) = — 3 lie within the rectangle bounded by 


R(x) =—4, R(z)-— y, I(z) = +y” (where y" is finite). 
Putting falx) = fi) 2% II {4v(e+n)}, 
n=O 
we see that Je. (z) satisfies the difference relation 


fi? +1) = f) —v (z— 1 fi? (z— 1, 
and also that 


m o I'1—2)) T O 2 : = 
( PIC SERCE T1—z) | t = SP wej; 


From the asymptotic expansion of Y,(r) valid when R(x) <4 and 


+ (x) = exp - 


|z| > y', it follows that f$ (z) has no zero or poles in that portion of the 
plane in which R(x) < — y", where y” is some finite quantity. And 


-— nm ERE ————————————————— pam — wy em 


* It may happen that f. (x) is regular at some of the points. 
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hence the only singularities of f, (r) in the finite part of the plane are at 


h 
the points 1—e«, 2—e, 3—4, ...| 


i (D) 


1—e, 2—e,, 8—e, ... | 


the multiplicity of any pole being a£ most equal to the number of times it 
occurs in the list (D). 

Now consider the singularities of the periodic function (x), given by 
one or other of the formule : 


w(t) = pis *0,0) X F,lr+n), (88A) 


w (z) = +9, (x) COTS 2 F,(c-+-n) 


+2 (Feto et (14 +...+ 


n=ny x x n 


in the strips of the plane of unit breadth defined by the following in- 
equalities 


() when |IW|<y+1, y+1< Re) yt; 
(ii) when | J(z)| > y,+1, — 1 < R(x) <i; 


(z+ zm), ] (389) 


where y, is a finite quantity so chosen that all the zeros and poles of f;() 
are in the strip | Z(z)| < y, and to the left of the line E(r) = yı; and 
all the poles of v(x) are inside the circle |x| = yı 

Then the only poles of f,(r)/f,(z) which lie in the rectangle defined 
by | Læ] < y F1, y;1 < Re) < y; 42, are at those of the set of 
points (D) which lie within the rectangle. 

In this rectangle, also, neither the function 


Y Fac +n) 
n=0 


nor the function 


"n,—1 
G,(t +1) + > Fo(x 4-0) 


) 
a Tan ssh 


+ z | F, (r +n) —(r 4-907 * (i2 


(whiehever we have to consider) has any singularities ; while the singu- 
larities of © 9(c) in the rectangle are poles, at those of the points (D) 
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which lie in the rectangle, each being of multiplicity equal to the number 
of times it occurs in the list. 
Suppose that we divide the quantities e, e», ..., e, into sets 


Elly €l, 2; seer €l,a; €8, 15 €23,23; cory EXD 5 covey 


such that any pair of members of the same set differ by an integer, and 
no pair of members of different sets differ by an integer. 
Then we can theoretically determine a quantity w(x), such that 


wz) = Ay Cot r(t+e;, 1) +41 2 cot? m(z4- 6, 1) +... + Ai, .cot°r(e+ei, 1) 
4- As, 1 cot r (2+ es, ) - 45, 2 cot? r (z +e, D+... +A, b cot” 7 (z +e, 1) 
+..., 


and such that a,(z)—F,(x) has no poles in the rectangle | Z (z)| < y,+1, 
Yyr+1 x R(x) Ky +2; where F,(z) denotes the expression on the right- 
hand side either of equation (88A) or of equation (88B), whichever is 
under consideration. 

Consequently, since w(1r)—my(x) is a periodic function with no poles 
in the rectangle, w (z)—wy(z) has no poles in the strip | Z(z)| < y, +1. 

Also, neither (z) nor F(x) has any poles in the finite part of the 
regions defined by |I(z)| z yit1, —à < R(r») xz 1; hence s (r)— e) 
is & periodie function with no singularities in the finite part of the plane. 

Now consider the behaviour of F,(x) when | 


|lz| 9 and —3$a Ru) <}. 
By the asymptotic expansions of Y and Y, it may be shewn that 


- 2 Qu > 2 = 
= Ez exp | Ed A Ev CEPz=n| l, 


and, since A, = 0, II [4v(z4-»)] ^ 1. 
n=0 
£3 (2) fj l'ü1—z) $4 I'(1+2) 
„_ fa) idc i I! (1—z) ad I'(1-F2) | 


— exp (+ Żart), 
the upper or lower sign being taken according as I(r) > — o or +œ. 


2 
Aigo Oiz) = aa TI P,_»(cot rz) , 
II (cot 72 -4- cot ren) 


n-l 
and cosec? vr tends exponentially to zero as I(r) > tc. 
Hence, from (82), w(r) > exp(--2«vi); and w(r) tends to a finite 
limit. Therefore, since w(r)—a,(r) is a uniform periodie function 
SER. 2. vou. 10. No. 1113. I 
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whose modulus never exceeds some finite quantity in the strip 
—3 < Ri) i, w(1)—mwy(z) is never infinite for any value of z; 
therefore, by Liouville's theorem, w(1)—wyę(z) is a constant, A, say. 

The formula for wy(z) as a sum of cotangents shews that we can write 
Á -+-%v(2) in the form 


p 
p? (cot rz) i (cot rz+cot ren)”, 


where PS ? denotes a certain polynomial of degree p. 
We have therefore obtained the result 


) 
aD = PB leotma) __ -6.0) = F,(a-+n) (A) 
z I (cot x2-+ cot men) 


) ni- 
or ha = __ Py(eot ra) - —0,(r) | Golem) + Z, F,(r+-n) 
Jr II (cot rr + cot 7e,) 


n=l 


+ = Finn) o 9)7* (1 + —— +...4+ TIT x); | (B) 


ELT 
according to the value of a. 

This result is true for all values of r. 

Further, from (82), we may obtain the equation 


fcr. _ p) — 42-33 ^ „=N Jae EE. 
falz+1) w (r) —Q,(r) r‘ E yr be, r n ; 


when |z|2 y' and R(x) >—}3; the quantities vo, vi, ... being deter- 


minate. But 
Hern o = v(z) Y,(z) Y (z 4-1). 


And therefore we have the result 
1 w (x) — 0, (z) > F,(z+-n) 


Yi) = v(z) Y (z 4- 1) 


a (2)—Oy(2) X Fyfz+n) 


[this has to be modified as usual when R(4a) > 1] for all values of z 
And, when |z|> y, Rize) > —$, 


( r 
1 w(t) —Op(z) x'~** | > vng” Hwe? | 


eae) v(r) V (r + 1) 


T e. 
mz) 0,27 | X vant etn 
n= 


Since, when |J(z)|>o, w(x) > exp(+2a7i), and © (zx) tends 
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exponentially to zero, we can find finite quantities y, (greater than or equal 
to y') and ô such that, when |I(x)|> y,, |arg c| >ô, and R(z) > — 4, 
Z] &| 
0 = vo Y c1 (+ x |? 
where |6,| <J, J being a finite quantity depending on y, and s being 
any assigned finite integer. Hence, by the asymptotie expansion of 
V'(r4-1) valid in this region, we see that W,(r) possesses an asymptotic 
expansion in negative powers of z, of which the first two terms are 
2—4a[r. But, if V,(r) has an asymptotic expansion of this form with 
the first two terms given, the expansion can be uniquely determined. by 


the equation P (a) — I'1—v(r—1) Y,(z—1)! -1 


Thus the asymptotic expansion of V(x), which, by the methods of § 6 
of this paper, holds when |z| 2 y, R(z) <4, holds over the extended 
region |I(z)| > ys, largr| > 0, R(x) > 4. 

Now Y,(z) = Y'(y), and V(r) = Vi(y), where Y', Yi are the functions 
connected with v(—y—1) in the same way as Y, Y, are connected with 
r(r); and z — —y. Hence it follows without difficulty that the asymptotic 
erpansion of Y (x) given by (27a) holds over the extended region 


|Ir)|>y, |ugr| <r—ó, R) <— 


8. The analysis of $ 7 suggests the method to be adopted in dealing 
with the investigation which was deferred at the end of $ 5, namely, the 
determination of the asymptotic expansion of V(r) for values of x such 
that R(r) £4—3, when |a | = |az|, but a Æ a» As the analysis does 
not widely differ from that of $ 7, it will be given as briefly as possible. 

Two solutions of the difference equation f(r—1) = f(1)—v(z) f(x -- 1) 
in the case under consideration (viz., A, real and greater than 1) are* 


E " Aj. T'(x+1) 
fi) = exp | tog er a,(u,—ag) I(c+1) 


| Ró oer 
e = E Y (c+) CP a (a, — a3) el 


_ (X I"(1—2) 
f(z) = exp E log a, a,(a,—a,) T(1—z) 


© 


1 Ay 
> x È YP (r — n) CE S a Ao 
^ rę] l 1 | exp 


ZW xu 


* Since R(a,) = R (a) = 3, we may take arg a, = —arg a, and |arga,| < àv, so that 
Arg A, = arga, arg a. = 0. 
n 2 


= 
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and we find that AIL AS T = O(z) F(z), (84) 


where ©O(2) = {1—v(z) Y (z4-1) Y,(z)| exp lees 7 cot zr) 
1 (Q1 


o0 


e, [z Yan) P alaa) zr] 


a 1 A 
II | — WENNS | MARE 
^5 n=0 LQ, W (x—n) s» ay (a; — ag) (z—2n) 


= P, (cot rz) 
p 
II (eot rz + cot 7e,) 
n=] 


(where P, is a polynomial of degree p; see the end of § 5); and 


-(my)" XM e+) 
P = (2) exp | Ace —a) Teri) 


—À 
dą | = o LEA s | 
n= SUE I ED qon) li AP wer 
f À 
Putt — ——L—- 
utting Maan 
|z| > ya R(x) >—h, largr| < r, F(z) possesses a complete asymptotic 
expansion of the form 


F(a) = Fa M afit [41 +2 gą Sa. + nS | 


where r is any assigned finite integer ; so that > F(z-+n) converges 


A for brevity, we may deduce that when 


absolutely when R(A) < —1 unless one of the quantities F(z) happens to 
be infinite. 
Regarding (84) as a first order difference equation determining 
fs (f. (c), we see that, either 
| fm) 
fie) 


nj—1 
o A = eta-0( [Gcn)4- "E Fe» 


+È |Fe+n- (2 y “(etn (14- 7 avtet gil 
(85 B) 


= w(r)—O(z) >> F(z+-n), | (85A) 


according as RN) < —1 or >—1; where w(x) is a periodic function 
of r with period unity, n, is an integer such that R(r+n) 2 0, N is 
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the integer such that —1 < R(A)—N «0, and G(x) is defined by the 
integral | 


z 1 fa)” |,_a-a—'! +r)4(— + 
e ^" 


TC -0NcyT'(14-A—N)I dt. 


(a3/a,)—e~' 
In the special case when A+1 is zero or a positive integer (= N), G(x) is 
defined by the equation 


GG = — zł (a) fco IT -H-32-(- 8, P0)4-... 


e" 


+(—577' es T(2+A—N)} dt 


ay (c — 
+ (a) TN | (aala) —e^* dt. 


The contour integrals are taken round a contour of the type defined in 
$ 7, not including any singularities of the integrand save the origin; the 
zeros of (u/a,)—e"' are all on the imaginary axis, and R(x) is supposed 
positive. 

From these integrals," we deduce, as in $7, that when RQ) > —4 
and |z| is greater than a finite quantity y’, the quantity 


(azla) — e^' 


X F(c+n), 


n= 


or the quantity 
ni—1 oo l a r+n+1 
G(z+n)+ 2 F(z+n)+ 2 | Fet (3) (x-+-n)* 
n=0 n-n a3 


o ON | 
a (1+ 1, Pues ps) j 


(whichever has to be employed) possesses a complete asymptotic expansion 
which we shall write in the form 


F, (£) = COE | z+ ped ret), 


where To, Tp ... are definite constants, and w, > 0 as z > «c. 


* The definite integral is of Dorel's type; sce Bromwich, Theory of Infinite Series, 33 136, 137. 
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2 + Oc) F(x) is a periodic function of x; its singularities in 
;( 


the finite part of the Pies are poles which lie in the strip |I (z)| < y» 
where y, is finite; as in § 7, we can construct a function 
PX? (eot rz) 
a (n) = —— 
I (cot 7.c-- cot ren) 
n=l 


where PC? denotes a polynomial of degree p, such that 


f,(2) 
f(z) 


has no singularities in the finite part of the plane; since it is periodic [it 
is equal to w(x) —7,(x)], it is u uniform* function of z where z = e*?""; 
and, qua function of z, its only singularities are at z = 0 and z= œ. 

If 0 < arg (a/a) < m, take z = e"; if 0 > arg (aa) >— T, take 


z= e "n. 


+0 (z) Fa (tc) — as (x) 


When |7(x)| >», in such a way that —3 < R(z) < 3, since 


o6 


"PEE 3X wan! 
n Eere exp a, (a — ay) (z +n) Róż 


$ 1 Ay ] 
a e zr” A PRP VP * 


^ [0(c+n) j>: 
and A Ào exp A x s 


we may shew that 


ho V (M oxy [_— ^: ee be M 
a exp [z Ter log (z4- 1) log (1— 2); x log z |, 


f (x) 


< K 


| z> | 


1.€., 


where K is finite. 
Henee we deduce that 


BO OG) Pam la| « K' (8) iorex", 
Jl) 
where K', K" are finite and independent of z when |I(2)| > ya 
Putting ż r. 4- 9(z) F5(z) —m,(r) = Q(z), 


= - —— n — -u eee 


* Forsyth, je of Functions, 5 112. 
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so that Q is a uniform function of z, we see that 
Lt IQ) |< K”, (36) 


since {I (x) arg (a jag] —R(A log z) > +0 as z — 0. 
The only possible singularities of Q(z) are at O and œ; and hence from 
this result Q(z) is an integral function. * 


Let Lt Q(z) = w. 


Then fa is an integral function of z which, when | z | > exp (Zry;), 
is such that : 
a 
(z) 


= < I i K' l+”) , 


where K"' is finite. 

= (e> 
dą 

upper or lower sign being taken as arg (a,/a,) is + or — 


"a (=) T 
ag 


| z^ exp {— r |I (x)| } |, since | arg (a/a) | < r. 


z^exp | (log $ + mi) | | 


Now 


tends to zero more rapidly than 


Hence, as z ©, 


Therefore ao is an integral function of z, whose modulus is 


always less than a finite quantity K,, and which — O as z > w. Hence, 
by Liouville's theorem, 
2 M [Q(z)—a_] = 0. 


We have thus shewn that f;(x)/f,(z) can be expressed in one or other 
of the following forms: 


2) o 
A = u 02: ay—O(z) Z F(z+-n), (37A) 
s II (cot rx+cot ren) xn: 
n=0 
FAC) PÓ(cot rz) ne 
= y 4 -0—06) | Gle+n)+ £ Fin 


JG) II (cot rz +-cot Ten) 
n=0 


+2 | ! Fc+n)— (3) p^ pu (14 t.c GP ji] 
(37 B) 


* The inequality (36) shews that ^ (z) has neither a pole nor an essential singularity at z = U. 
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according to the value of A; and a, is such that 
P (eot rz) 
? 
II (eot r.c+-cot men) 


n=0 
And when R(c) z—1i,l|z|2 ys we have the complete asymptotic 
expansion 


2) x U 
Ae... TC _ aow) (A) [ryt B+... SEE], 
AU) II (cot z- cot 7e,) a 


n=() 


— dy as I(z)—> +æ (arga > 0), 


or as I(x) —>—@ (arg a, < 0). 


From this we can deduce by the methods of § 7 that when 
larg(—2)| < r—ô, |[I@|>y, Re) > —4, 


Y (z) has the same asymptotic expansion as when R(z) < 4, |z|>y¥; 
and that when |argz| < r—6, |I(z)|> ya and R(z) <4, V(x) possesses 
an asymptotic expansion of the form given by equation (28a). 

| This result concerning the asymptotic expansion of Y (z) is true when 
v(r) is not the quotient of two polynomials; it can be deduced from equa- 
tion (22) in much the same way as (28a) is deduced from (22), by making 
use of asymptotic properties of the gamma function ;* it is not, however, 
possible to obtain any information concerning V(x) when |arg (—.c)| « 6, 
whereas when v(x) is the quotient of two polynomials we can get a con- 
venient explicit formula for V (x) in this region of the plane by applying 
either (87A) or (87B) to the formula 


f;(c—1) fs r—1) WY.ic—1D Yt. 
Ae =i) Au) v(r—1) Y,(z— 1) Y (x). 


It does not appear to be possible to modify this analysis to cover the 


case whent |-1| > 1, so as to obtain an asymptotic expansion of Y (z) 


dą 
when A, is not a real quantity greater than 4, and A(z) is large and 
negative and |Z (x)| is not large; it seems that $ 10 of the first paper and 


$ 94 contain all that can be determined. 


* We can modify the lemma proved in the introduction to shew that the quantity called 
©, in $3b is finite when |argz| € r—38 and | Z(z)| > u, provided 3> 0. 


t For 3 i-i 
"ERUIT (x +)’ 


* 


does not converge for any finite valuc of r. 
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NUMBER OF PRIMES OF GIVEN LINEAR FORMS 


By Lt.-Col. ALLAN J. C. CUNNINGHAM, R.E. 


(Fellow of King’s College, London). 
[Received April 18th, 1911.—Read April 27th, 1911.] 


[The author is indebted to Mr. H. J. Woodall, A.R.C.Sc., for reading the proof sheets 
of this paper. ] 


1. Introductton.—The object of this paper is to give the results of 
actually counting the numbers of primes of certain linear forms, and to 
compare the numbers counted with a certain formula for the same. 

Let N = total number of primes (p) within a given ‘‘range’’ (say R), of the natural 
numbers. 


Let p denote a prime of the linear form p = nw+a (a « n): n is hereinafter styled the 
'! modulus "' of the prime-form. 


Let M, = the number of primes (p) of that form within that range (F). 
Let e (n) denote the totient of n. 


2. Approximate Formula for Mą.—Considering the form of p with 
respect to the “modulus” n, it is seen that a must be prime to n (in 
order that p may be prime): so that the set of values possible for a is 
the whole set of integers prime to n, and <n; and the number of such 
values (of a) is therefore = $(»), the totient of n. 

Hence, unless there be some reason for certain of the $(») values of 
a yielding more primes than other values of a yield, it would follow that 
the numbers (Ma) of primes of the forms 


pP=nw+ta, Weta, .., "wa, (a prime ton, and « n) 


in any one large range of the natural numbers should be nearly equal ; 


so that M=- N approximately (for each value of a). (1) 


$ (n) 
This rule has now been tested by the author by actually counting* 


mà Rem me: Wt = - -—-— — ———M——— ———À —- - mm rc R 1 — — si 


* The labour of such counts is very great : the author had, however, a number of printed 
and MS. tables ready to hand, specially suited to this work. The risk of error (especially of 
missing onc or two primes in counting) is considerable ; all the counts have been done by 
two independent counters. 
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the numbers (M) of primes p of a considerable number of forms (nws +a) 
within various ranges. 


3. Form p=na+1. Count of M,.—The particular form 
p = (no+1) 


(in which a = 1, always) seems the most interesting on account of its 
connexion with Fermat’s theorem for bases a (prime to p), viz., whether 


aíP-U** zx 10r # Fl (mod p), (p= nw241]. (2) 


The main Table (on p. 251) shows the number (M) of primes of form 
p = (nm --1) actually connected with certain ranges (R = 1 to 10f, 10°, 
or 5.10%) for a number (61) of values of the modulus (n). The short 
abstract below shows the total* number (N) of primes in each range (R), 
and the number of cases (i.e., of different values of ») available for dis- 
cussion in each range. 


i Total number (N) of primes in Range (R) 
Values of n. Cases. 


R=1to10'| R =1to10| R = 1 to 5.10 


All even numbers, 2 to 60 30 N = 1228 N = 9391 
Certain even numbers, 64 to 210 15 | N= 1228 N = 9591 
Numbers n = 8q (q prime = 101 to 241) | 16 ` N = 9591 N = 41537 


The Table (on p. 251) shows also the totient (n) of each value of 
n, and the (computed) value of N--4(4», for comparison with the 
(counted) M. 

An examination of the table shows at once that the formula (1) really 
is & very close approximation to the counted number (M), but also 
diseloses the remarkable result that— 


The counted number (M) of primes of form p = (nw +1) is (almost always) less than, and 
in many cases markedly less than, the computed average, N+ e (n). (3) 


The exceptions to this rule, ż.e., the number of cases of M > N-$(n), 
are very few (see detail in the abstract below): and the excess of M over 
N--6(n) is, in all those cases, trifling compared with the relatively large 
deficiency in many of the other cases. 


* The primes 1 and 2 are excluded—throughout this paper—from the totals denoted 
by N. 


1911.] NUMBER OF PRIMES OF GIVEN LINEAR FORMS. 251 


Values of n yielding M > N-4-$(n). Cases. 


22, 28, 34, 44, 50, 54 6 in 45 


1to 10% | 34, 50, 54, 58, 100, 130, 720, 768 | 8 in 61 
1 to 5.10? 432, 552, 720, 768 | 4 in 16 


This renders it probable that the deficiency of the number (M) of 
primes of the forms p=(nw+-1) below the average number N--4(n) 
above disclosed really is a property of primes of that form, when taken 
through a large range of the natural numbers. The cause of this property 
has yet to be sought. 


10 12 14 16 18 20 22 24 26 28 30 
1 2 2 4 4 4 6 8 6 8 10 8 12 12 8 


153 102 102 153 


1228 614 614 307 307 307 204 153 204 153 123 


32 
16 


38 
18 


40 42 44 46 48 50 52 54 56 58 60 
16 12 20 22 16 20 24 18 24 28 


| 
pia | N*$-| 77 77 102 68 77 102 61 56 77 61 5i 68 5t 44 77 
a i 78 64 71 98 63 55 69 63 so 70 50 43 76 


10° Nae -| 600 599 799 533 599 799 480 436 599 480 399 533 399 342 599 
= 599 603 797 525 582 787 466 429 581 486 392 535 385 345 585 


64 70 72 80 88 90 96 100 104 110120 130 140150 210 
32 24 24 32 40 24 32 40 48 40 32 48 48 40 48 


38 51 351: 38 30 51 38 31 26 31 38 25 25 30 26 
38 48 47 35 29 50 35 30 22 29 35 25 24 29 23 


399 299 240 399 299 240 200 300299 200 200 300 200 


300 399 
397 293 228 388 292 243 194 231 286 202 183 235 192 


300 392 


e 
= © N 
= v = | m) v v CN 
e © ) 
1 400 408 424 432 544 552 592 624 664 688 720 768 792 904 912 960 


b 10 N--$-| 9591 24 24 23 22 18 17 16 15 15 I4 13 13 I2 II 10 Io 
M=| 9591 21 18 18 16 17 17 16 II 15 14 15 14 6 it 8 to 

45.10) N+9 = |41537 104 102 98 96 76 75 70 67 63 60 58 54 57 46 46 43 
" |  M=|41537 104 99 96 101 75 77 69 64 63 60 61 58 48 44 43 41 


4. Form p = nu +a. Count of M,.—The above result carries with 
it the property that the number (M,) of primes of the form p = (nz +a) 
(with u > 1) must exceed the average number of the formula for some 
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values of a (> 1); and that, in particular, some M, must be > M,; all 
the M, being, of course, within the same (large) range (R). 

To test this further property, the numbers (1/,) of primes of each of 
the following forms 


p=4w+l; ów+l; 8w+:1, 3; l10w+1, 3; 12w+1,5 


have now been counted within the same range R = 1 to 10°. 

The table below—drawn up very similarly to the preceding—shows 
under each modulus (n = 4, 6, 8, 10, 12) the totient $(») of n, the com- 
puted average number N+ $ (n) of primes of each form p = (næm +a), and 
lastly the actual counted number (M) of primes of that form. 


An examination of this table shows the following somewhat remark- 
able relations between the numbers (M.) of primes of the ¢(n) forms 
p = (nw+-a) with the same modulus (n), all taken, of course, through the 
same range R (= 1 to 10? in this case) :— 

The numbers M, are approximately equal, so that formula (1) is a good approximation. (4) 

The number M, is the least of all the Ma. (5) 

The number M,., is the nezt least of all the Ma. (6) 

(It should be stated that the particular result for the modulus n = 4, viz., that the 
number M, is < M3, has been proved generally true byt Tchebycheff.] 

The two results (5), (6) together involve the following :— 


The number of primes (within a given large range), of which 2, 3, 5 arc 2-ic residues, is 
markedly lesst than the number of which these bases are 2-ic non-residues. (7) 


* The primes 1 and 2 are excluded from all these totals (N): the prime 3 is excluded 
when 7 = 6 and 12, and 5 is excluded when n = 10. 

t In a letter to M. Fuss, published in the Bull. de l'Acad. de St. Pétersbourg, 1853 ; 
quoted in Glaisher's Factor Table for the Fourth Million, London, 1879, Introduction. p. 33. 

+ This property as to 2-ic residuacity is believed to be true for other bases; and a similar 
property is believed to be true for higher orders of residuacity. It is hoped to make these 
properties the subject of a further communication: the data are well in hand. 
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5. Author's Previous Work.—A certain number of the counts (Ma) 
now reported had been previously published by the author on p. xx of the 
Introduction to his Tables of Quadratic Partitions, London, 1904 ; viz., 

8 cases of M, (i.e., for p = nw + 1), viz., for n = 4, 6, 8, 10, 12, 16, 24, 30. 

2 cases of M, 1, viz., for p = (4w —1) and (6w—1). 

Slight errors in those counts have been found, viz., 
Under p = (6w 41); (6w —1); (12w +1); 24w +1; 
Read 611 (not 612); 4806 (not 4807); 2374 (noi 2373); 1181 (not 1180). 
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ON THE CONVERGENCE OF A FOURIER SERIES AND OF ITS 
ALLIED SERIES 


By W. H. Youna, Se.D., F.R.S. 


[Received May 22nd, 1911.— Read June 8th, 1911.] 


l. In & recent paper* published in the Proceedings of the Royal 
Society, I had occasion to make use of the Fourier series of the function 
f(z+u)—f(z—u)} cosecu. In the present paper, denoting by F(z) the 


indefinite integral | f dz, I consider the Fourier series and allied 


» 0 
geries of 


I = |F(x+2u)— F(x— 2u)! cosec u, 
and J = | F(r+-2u)+-F(r —2u)—2F(r)! cosec u, 


and their relations to the Fourier series and allied series of f(r). I am 
thus enabled to deduce tests for the ordinary and Cesaro convergence of 
these latter series, which include as particular cases all hitherto known 
tests. Among such included tests may be specially mentioned the very 
important one for the convergence, in the ordinary sense, of a Fourier 
series, given by de la Vallée Poussin, in a recent paper,t a test which 
itself includes all the usual ones as particular cases. 

I begin by obtaining two fundamental properties required in the sequel 
which themselves relate to the convergence of a Fourier series. These are 


(1) If zf(z) be in some interval containing the origin, the integral 
of a function, say g(z), which is either continuous, or such that 


j | g(c)—g(0) | dz has at the origin a differential coefficient which is 
0 


zero, then the series of the Fourier constants of f(x), supposing this 
to be an even function, converges, and has f(+0) for its sum; while, 
if it be an odd function, the series converges to 


Lt | fe cot 3u .du, 
e-0 T Je 


provided only this limit exists. 


(2) If f(x) in every interval not containing the origin, be an 
integral, and have bounded variation everywhere, then the coefficients 
of the derived series of the Fourier series converge to zero if f(r) be 


nm On the Fourier Constants of a Function,'' § 10, presented December 10th, 1910. 
t ** Un nouveau cas de convergence des séries de Fourier," Rend. di Pal., Vol. xxx1, 1911. 
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an even function ; while, if it be an odd function, the odd terms and 
the even terms have equal limits with opposite signs which coincide 
if f(r) and f(—m) are both zero. 


I then pass to the consideration of 7, and shew that, if s, and £, denote 
the ordinary »-th partial summation and that of Cesàro (index unity) of the 
Fourier series of f(z), and S, and T', the corresponding summations of 


the series 2 A,, where 4,, 4, ... denote the odd coefficients of the 
r=l 


Fourier series of J, then | 
4s, = S,—n4A,, (D 


46, = Ta— Sn (II) 
whence if we please also afr? = TC "ug ; (II) 


the notation referring to a suitably defined Cesàro summation of index r. 

It will be remarked that the success of the method depends essentially 
on the fact that for the consideration of f(r) is substituted that of a fune- 
tion whose behaviour at the point u = 0 alone is, so to speak, abnormal. 
Elsewhere than at this point, in fact, the functions J and J are integrals. 
This is a great advantage. The statement, sometimes made, that the 
character of the convergence of a Fourier series depends only on the 
nature of the function in the neighbourhood of the point considered is 
indeed only true, as the property (2) given above suggests, when properly 
interpreted and under suitable conditions. 

From the equations (I), (II), and (II?) the whole theory follows. For 
example, the sufficient and, provided only the Fourier series of J is, at 
u = 0, capable of Cesàro summation of some index, necessary condition that 
the Fourier series of f(z) should converge, is that the coefficients of the 
derived series of the Fourier series of I should converge to a unique 
limit, while the necessary and sufficient condition that the Fourier series 
of f(z) should converge when summed in the Cesaro way (index 1) is that 
the Fourier series of I should at the point u = O converge in the ordinary 
way. 

Similar statements are true for the allied series of f(x), if we consider 
the allied series of J instead of the Fourier series of J. Moreover, these 
statements may be generalised. 

If, on the other hand, we choose to add to the elegance of our results 
at a slight loss of scope, we may substitute for the convergence of the 
Fourier series of 7, for example, any one of the known conditions, e.g., that 
of de la Vallée Poussin above referred to. Or we may with less loss of 
generality use the fundamental properties (1) and (2) stated above. We 
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then obtain, among other interesting results,* the theorem that it is a 
sufficient condition for the convergence of the Fourier series of f(x) when 
summed in the Cesàro manner (index 2) that, for a certain value of k, the 


function of u f F(z+t) —F(z—t) —kldt 
i 3 


has at the origin a differential coefficient which is zero. Moreover, the 
Cesaro sum of the Fourier series of f(z) is the ordinary sum at the point 
u = 0 of the Fourier series of 

1 | F(zd0—F—t;, 

2u Jo t . 
On the other hand, the use of the equation (II?) alone, gives us, when 
coupled with a theorem of Marcel Riesz, the result that the Fourier series 
of f(z) converges, when summed in any Cesaro manner of index greater 
than unity, integral or fractional, at any point at which the differential 
coefficient of its integral exists and is finite, and that its sum is equal to 
this differential coefficient. Moreover this result may, if we please, be 
still further generalised. It thus appears, too, that the behaviour of the 
function of w represented by the p-fold integral 


1 fi 1 
| | nej frt utt... t) fee ut ty... t) dtu dts ... dtp 


DIL 0 


0 


at the point u = 0, determines the character of the Fourier series when 
summed in the corresponding Cesaro manner. 


2. We begin with the second of the properties stated in the introduc- 
tion and consider first the case of an even function. 


THEOREM.—Zf an even continuous function of bounded variation he an 
integral in every interval not containing the origin, the coefficients of the 
derived series of its Fourier series converge to zero. 


Let g(u) be the function got from the given function by subtracting 
its value at the origin, then, 4a), ©, dg, ..., An, ... being the Fourier con- 
stants of the given funetion, 


Ta, — | g (u) cos nu.ndu = | 1g (wu) -g(—1)) eos nu.ndu 
" 0 


= | {g(u)-+g(—)} cos nu.ndu- | ig()0--g(—10! cos nu . nda, (1) 
0 e 


where e is any fixed quantity between O and 7. 
Now g(w)-4-g(—1) is a function which is continuous and of bounded 


- Einem 


* See, in particular, Lebesgue's theorem in $9 and its analogue in $ 13. 


pe 
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variation and is zero at the origin. It ean therefore be written in the 
form P(x)— N(r) where P(x) and —N (x) are respectively the positive 
and negative variations measured from the origin, so that P(x) and N (z) 
are monotone increasing continuous functions and vanish at the origin. 
Hence we may write the numerical value of the first integral on the right 
in (1) in the form 


| | P(u)—N(u)} cos nu.ndu | < {P(e)+N(e)} | | cos endu 


< 2|P(00+N (e), 


using the Second Theorem of the Mean. By suitably choosing E, and 
restraining e to be less than E, this integral can therefore be made 
numerically as small as we please. 

Again, since g(u) is an integral in the interval (e, m) we may integrate 
the second integral on the right of (1) by parts, and get 


|1960+9(—w0] sin nn | — | |g'(u)—g'(—u); sin nu .du. 


Now, since g(u)+-g(—nu) is an integral, g(u—g'(—u) is a summable 
function, the value zero, or any other convenient value or values, being 
assigned to g'(u)—g'(—u), wherever g(u)+g(—u) does not possess a 
differential coefficient, these points forming in fact a set of content zero. 
Hence, by the theorem of Riemann-Lebesgue, the integral last written 
down has the unique limit zero when » is indefinitely incrensed. It 
follows that the second integral on the right of (1) has a limit, or limits, 
numerically not greater than 


| g(e)\-+g(—e)], 


which, by a suitable choice of E and restraining e to be less than E, is as 
small as we please. 

Hence, also by (1), vna, has limits when n increases indefinitely, which 
are all numerically as small as we please, and therefore all coincide and 
have the value zero. This proves the theorem. 


We next consider the case of an odd function. 


Tnrorem.—If an odd continuous function of bounded variation be an 
integral in every interval not containing the origin, then, if b, denote its 
typical Fourier. constant, (2m+1) 04,,1 and 2mb., both have unique 
lumits when m increases indefinitely, and these limits are in general 
equal with opposite sign : they are both zero if the function has equal 
and therefore zero values at m and —7. 
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Let h (u) be the odd funetion. Then 


Tnb, — | h (u) sn nu.ndu = | 1h (u) —h(—wu)| sin nu.ndu. 
E 5 


Now 


i ih(u)—h(—u)} sin nu.ndu 
= E !h(u)—h(—w! eos n “|+ | [A (0) +h’ (—i0] eos nu „du 
= —  h(r)—h(—m);eos nr + ih (9) — H(—e); eos ne 


2 [Wue + h (—u)] eos nu .du. 


The last integral has the unique limit zero by the theorem of Riemann- 
Lebesgue, and the second term on the right can, by suitably restricting € 
be made as small as we please. Again, as in the preceding proof, 


| hon— h(— sin nundu < 2| P(o4- N (e) |], 
0 


where P(u) and N(u) are the positive and negative variations of 
ih(u)—h(—u); measured from the origin; hence this integral is also 
as small as we please, when e is suitably restricted. 

Hence the limits of mnb, differ by as little as we please from those of 
— ih(z)—h(—7); eos nz. But the latter expression has only two limits 
which are equal and opposite, if they are not both zero. Thus 

Lt mnb, = — h(r)+h(— 7), if n be even, 
=  h(r)—h(— 7), if n be odd. 


This proves the lemma. 


3. We now come to the first of the properties referred to in the intro- 
duction. 


TukonEx.—4f f(u) be an even function of u, having the property that 
uf (u) has throughout some interval containing the origin, a continuous 
differential coefficient, or, more generally, is expressible in the form 


ufu) = là g(u)du, 
0 


where g (u) ts such that \ | gu) —g (0) | du 


[4 
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possesses at the point u — O0 a differential coefficient which is zero, then 
the series of the Fourier constants of f(x) converges to the value f(+-0), 
so that we have 


1+0 = dad Z a,. 


Since | 19%0—900|du possesses a differential coefficient at the origin 
0 


which has the value zero, it follows that, if we write 
1 u 

0 (u) = =| 1g () — g (0) | du, 
1 0 


then (u) is a continuous function of u which vanishes at the origin. The 
same is accordingly true of 


Aw = i| 1g 00—9(0)) du = f (-—9(0). 
* JO 
Hence f(u) has a unique limit as w approaches zero from the right, that is 


f(+0) = g(0): 


for brevity we shall denote this limit by f(0), and g(w)—gq(O) by gi), 
fad—f(0) being accordingly 


f(u) = LU. gi Q0 du. 


=: 


Denote by s, the partial summation ay + 2 d, then 
-1 


Vm 


8, —f (0) =>), f (200 —f(0) | sin Dd T 


2 (", R sin ku — l/94.. 
> | yaso SPM adu [k= pern] 


> [A (u) am f du— = [A (u) gm a R | sin kudu. 
"T jn [ " | 3 


Now by the theorem of Riemann-Lebesgue, the last integral has, when k 
increases indefinitely, the unique limit zero, since the factor multiplying 
sin ku in the integrand is summable. For the same reason the preceding 
integral. vanishes with 1/k, if we change the inferior limit of integration 
from zero to any fixed positive quantity u. Thus 


Lit (s,—f(0)] = Lit af TAC EE du. (1) 
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Let e be any selected small positive quantity, and let u be fixed so that 


for all values of u x m, 
6 (u) < e; (2) 


and therefore | i Ga | < e. (3) 
Then, k being taken greater than r/n, 


n/k 
r f Gà gin ku due <|" FAG) sin in M bi < 2i — wea dj 
and | 
sin ku , _[_1 | her il d d AQ! 7 
E. AO == | du =| j 008 ku aa + rj cos ku quu y 
(5) 


Here the quantity in square brackets vanishes with 1/k, since f,(r/k) 
does so. 
Also the integral on the right is numerically less than 


u u u 
>). d AO] 3 TE i gi u) -4| gV(0dt 


du u u? 
x b | Im 001 qua al Lao du. 
nl | rl: 


du 


Integrating the former integral by parts, the sum of the two integrals 
becomes, by (2) and (3), 


1 E" u m 4 
< T E | | gi) | du| + i u^? 0 (u) du 
0 afk a/k 


«Lee ben 


Now @(u)/ku and the term 4e/ku vanish with 1/k, whence it follows 
that the integral on the right of (5), and therefore also that on the left, 
has all its limits numerically less than 5e/z. Hence, remembering that 
0 « v[k Km, we get by (1) and (4), 


| Lit 1s, —f(0)] | <! Tie 


Since e is at our disposal, this shews that the limits on the left all coincide 
aud have the value zero, that is 


Lt s, = f (0), 
9$ —» o0 


which proves the theorem, 
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We now state and prove the corresponding theorem for an odd function. 


Tueorem.—If f(u) is an odd function of u having the property that 
uf(u) has throughout some interval containing the origin a continuous 
differential coefficient, or, more generally, is expressible in the form 


uf (u) = f g (u) du, 
0 
where g (u) ts such that | |glu) | du, 
0 


possesses at the point u = 0 a differential coefficient which is zero, then 
the series of the Fourier constants of f(u) converges to the value 


nę | f(u) cot du du, 
e=0 T € 
provided only this limit exists. 


Since | |g(u)|du possesses at the point u =0 a differential co- ` 
0 


effieient which is zero, it follows that, if we write 


0(u) — t| |g Q0 | du, 
0 


u 


then (u) is a continuous function of u, which vanishes at the origin. 
The same is accordingly true of 


fu) = 1 | g (u) du. 
0. 


u 


We now choose u so small that 6(u) and f(u) are numerically less than e 
for all values of u in the interval (O, m). 


»—1 
Denote by s, the partial summation 2 b,, then 


hr = 
s, = 2| f (21) {cot 4—cosec £ cos 9kt] dt (x = A. 
0 


Hence also the limits of s, as » increases are identical with those of 


aw 
i | f (2t) (cot t—cosec £ cos 2kt] dt 
m 


+ f f(2t) 1eot t—cosec t cos 2kt} dt. 


qJ [t 
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The former of these two integrals has the unique limit 


> i ft) eot t dt, (1) 
7T Ju 
by the theorem of Riemann-Lebeszue. The second of these two integrals 
m 9 (rh | 
= | J (20) (cos £— cos 2kt; cosec t.dt 
0 


L 
ES - | f (20) 1 eot £t—cosec £ cos 2kt! dt. 


m 
In the former of these two integrals we may write 1/4 for cosec £ without 


affecting the limits sought, since | 9! B Em f(20|dt vanishes 


mq 


0 | sin ti 
with 7/q. Hence, using (1), the limits of s, are identical with those of 


T ja t 


9 (nli føk kr 
2 | £0 2 sin nt sin (14-1) t. dt4- E | f(2t) cot t. dt 
x/q 


¢ H ; 
— = | f (24) cosec t cos 2kt dt. 
m 
Now the first of these integrals is 


t « de, 


>" 


2c ("" 2 sin nt 
ŚĆ —— d 


T 


provided only q > n, and therefore becomes infinite with n. And the third 
of these integrals, precisely in the same way as in the treatment of 


the corresponding integral on page 260, is found to be < = 


Hence, precisely as on page 260, we see that s, has a unique limit, 
namely that of the second of these integrals, provided only that limit 
exists. 


4. Let f(z) be à summable function, rendered if necessary periodic, and 
for convenience, supposed such that its Fourier series has no constant 
term, so that we may write 


fr) ~ z (a, eos nc +0, sin nz). (1) 


n=l 


Denoting MS dz by FQ), we have 
U 


4. 
Fu) = C+ X n”"'(a, sin nz—b, cos nz), (2) 


n=) 
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so that F(c) is periodic with period 27. The same is therefore true of 
Mereven funghon je Meda) en eaae (3) 


here supposed to be summable. 


Evidently g (74-w) = —g(u), so that the Fourier series of g(w) will 
contain only odd terms, and we may write 
glu) ~ X A, cos (2n—1) u. (4) 
n=1 
By (2) and (8), 


AnA = i | g(u) |cos(2n— 1) u—cos (2n+1) u} du 


= 1p g(u) sin u sin Znudu 


= = (a, cos nz-+b, sin nz). (5) 


Hence remembering that though a, is zero, we must regard it as 
n=l 
present, and denoting by s„ the pannal summation I (a, cos rz-]- 5, sin rz), 
and by S, the partial summation i d,, we Bec summing the equa- 
tions (5) after clearing of fractions, 
4s, = x r(4,—4,4) 
A+ A+... AS. nA. 


= SA—NAdh. (D 


Hence also denoting by ¢, and 7’, the Cesaro partial summations 
(5, +S+...+5)/00+1) and (S,+S,+...+5S,)/(n+1), 
we have 4t, = T,—14,4-2444- ... 3-4A. T /(n+1) 
= T,— | Sy +2(82—8,)+ ...-n(8,— Snr) r /(n +1) 
= 2T,.—S,. (1I) 


Hence also E — OT), (II) 
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where 7? = §,, when r = 0, and otherwise denotes the Cesaro sum of 
index r.* 


5. As will have been noticed, the consideration of g(u) presents itself 
naturally. We may, however, replace it by the function 


pu) = (F(z4-2u) — F (z —2u)] [4u, 


without interfering with the substantial truth of our equations. In fact, 


$ Q)—1g(u) = 1 (F(z4-2u) — F(z —2u)| E = a | , 
whence the second factor, like the first, being an integral—as is easily 
seen by forming its differential coefficient and remarking that this is con- 
tinuous—it is evident that the left-hand side of the equation is so too. 
Moreover, ¢(u)—ig(u) has as u > 0 the limit zero. Hence (1) its Fourier 
series converges and has zero for its sum at the point u = 0, (2) the co- 
efficients of its derived series converge to zero. 

Thus, though our equations (I) and (II) no longer hold as they stand, 
they do hold when we regard them as abbreviations for corresponding 
statements as to limits as 7 increases. 

In fact, S,, nA, and T, referring now to the function $, and therefore, 
by the above, differing from the same quantities referring to the function 
1g by additive terms whose limit 1s zero, we have, by (I) and (II) of $ 2, 


$, = S,—nA,-- p, (Ig) 
ti = 2T.—S.d 4. (II¢) 


where p, and q, have the unique limit zero. 


6. From these equations we can deduce at once the following 
theorem : 


THeorEM.—If ¢(u) = zl [f(x 4-20) 3- f (c— 21) | dt 


be a summable function of u, having the property that the coefficients 
of the derived series of its Fourier series converge to zero, then, if tt is 
known that either the Fourier series of f(x), or that of glu) for u — 0, 


* This is, in the first instance, only true for positive integral values of r. It is, however, 
obvious that we may in a variety of ways so define the Cesàro summation of fractional index 
that the theorem is true always. Thus, if r = p-* k, where p is the greatest integer in r, wc 
may suppose the r-th sum to bo formed by first fiuding the p-th sum in the ordinary way, and 
then operating on the partial summations so obtained by any lincar process of index k which 
has the property of coinciding with Cesaro’s process when k is made unity. 
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converges in any Cesaro manner, it follows that both series converge tn 
the ordinary manner, and have the same sum. 


It will evidently be sufficient to prove the theorem for the function 
1g (u) instead of p(w). We then have, by (I), 


Sn = S, —nA n5 


and therefore, ¢, and T, and v, denoting any Cesaro partial summations 
of the same order of the series whose partial summations are s, and S, 
and nA, respectively, jo om ee 
where v, has the unique limit zero, since ^4, has. The latter of these 
equations shews that, if either of the quantities ¢, and T, has a unique 
limit, the other has the same unique limit. But the equation (II), viz., 


ta = 2T,—Sh, 


S; denoting the Cesàro summation of index one lower than T., shews that 
S; has the same limit. Hence, by the above argument, s; has the same 
limit. Proceeding back step by step by means of the various equations 
(ID, we see that S, has the same limit, and therefore, by (I), s, has the 
same limit, which proves the theorem. 


Con. 1.—If the coefficients nA, converge to some finite limit other 
than zero, the above is still true, except that the two Fourier series have 
not then the same sum, the difference being Lt NAn.* 


Con. 2.—If the coefficients nA, converge to a finite unique limit, then 
both the Fourier series of f and that of 4 at the point u = 0 converge 
for every value of x for which the integral of f has a finite differential 
coefficient, and their sums differ by that unique limit. 


In fact, at each such point z, the former series converges in the Cesaro 
manner. t 


Con. 8.—If f(x) ts a finite and summable differential coefficient, the 
necessary and sufficient condition that the Fourier series of f(x) should 
converge everywhere to f(x) ts that bt nA, — O. 


Con. 4.—In order that the convergence of the Fourier series of f (a) 


* A referee has kindly called my attention to an interesting theorem of Hardy’s to the effect 
that a series Xu, converges in the ordinary manner, if at all, provided nu, is bounded. G. H. 
Hardy, ** On Slowly Oscillating Series," 1909, Proc. London Math. Soc., Ser. 2, Vol. 8, p. 308. 

t H. Lebesgue, “ Sur les Intégrales singulières,” 335, p. 90 top. 
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in any Cesaro manner and that of the Fourier series of pw) at the point 
u =0 in the same manner should be the consequence one of the other, it 
is clearly necessary and sufficient that the series whose partial summations 
are the coefficients of the derived series of the Fourier series of glu) should 
converge to zero when summed in the same manner. 


7. That nA, has the unique limit zero if $(w) has bounded variation, 
appears from the first theorem of $ 2. Bearing in mind that the Fourier 
series of a function of bounded variation is convergent, we obtain, by (I9); 
de la Vallée Poussin's theorem :— 


THEOonEM.—Jf (u) = = | if (c 4-20 4- f (a — 201 dt 
SE ; u Jo 
be a function of u of bounded variation up to, and including, the point 
u = 0, the Fourier series of f(x) converges to the value $(4-0). 


Note.—In this case we may, of course, write 
1 t 
= | {f+ )+f(e—o} dt, 
u Jo 
for ¢(u). It is not, however, convenient and, indeed, possible to do this 
in general. 


This theorem relates to the Fourier series of f(x) The analogous 
theorem relating to the allied series of f(x) will be proved below. It will 
be found to be :— 


THeoREM —If x(u) = | Lf(z 4- 2t) —f (x — 2t)! dt 
0 


2 sin u 
be a continuous function of u of bounded variation in an interval in- 
cluding the point u = 0, the allied series of f(x) converges (or diverges) 
if that of x(u) converges (or diverges) at the point u = 0. Moreover, 
the sums of the two allied sertes are the same. 


8. In §7 we have only used equation (I) of § 4. If we employ 
equation (II) alone and its generalisations, we have at once the following 
result :— 


THEOREM.—If the Fourier series of (u) converge in the ordinary 
way at the point u — 0, then the Fourier series of f(x) converges when 
summed in the Cesaro way (index 1). More generally, uf that of p(w) 
converges in the Cesaro way (index r), that of f(x) converges certainly 
in the Cesaro way (indes (r+1)]. Moreover, the sums are the same. 
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If we then make use of de la Vallée Poussin’s theorem and remark 

F(rz+th)—F(c—t) . ; l . 

that SEU n I8 ND even function, we get, by repeated applica- 
tions, the theorem :— 


THrorem.—The Fourier series of f(x) will converge ut the point z 
considered when summed in the Cesàro way (index p) if the p+1-fold 
repeated. integral 


1 
0 


ppu) = 4 N i Uf Ge ut, ty... tp) Hf — ut ty... tu) dt dts... dtu 
has bounded variation in an interval containing u = 0. Moreover, it 
will converge to the limit of this integral as u— 0. 

In particular, in the case p = 1, we may replace the integral by 


1 | F(z+ 1) — F (x — t) dt 
0 t : 


2u 


If instead of using de la Vallée Poussin’s test we use the theorem of 
$ 8, we see that 


The Fourier series of f (x) will converge at the point x considered when 
summed in the Cesàro way, index p, if the p-fold repeated integral 


1 fi 1 | 
ó,(u) = 1 | „| {firt ut tą... t)r/(r=utytg... (0); dt dto ... dt, 
vu JO 0 
is a continuous function of u, or more generally, has the property that 


| | $,() — pp (0) | dt 


has at the point u = 0 a differential coefficient, which is zero. Moreover, 


it will converge to Lt, = | Pp (u) du. 
x 0 


9. We can now deduce Lebesgue's theorem* that if at the point u = 0, 
| | f z+u) +/(r—u)—2/(x) |du has a differential coefficient which is 
U 


zero, then the Fourier series of f(x) converges when summed in the Cesaro 
way (index unity) to f(z). 


* Lebesgue’s proof of this result is given on pp. 80, 81, 82, 83, 84, 89, 90 of his paper 
entitled '* Sur les Intégrales singulières,” Fac. de T.,3e S., I, 1910; and in a slightly different 
form in the Math. Ann., Bd. LXI, 1905, p. 274. 
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In fact in this case p) = — z, | g (u)du, 


where \ | g(u)—g(O)| du has zero for differential coefficient at the origin. 


Hence, by the first theorem of $ 8, the Fourier series of ¢ (u) PERO at 
the point u = 0. This proves the theorem. 

We can also generalise another of Lebesgue's theorems, and prove the 
following result :— 


THEoREM. —At a point at which f(x) is the differential coefficient of 
its integral, or more generally at a point at which the indefinite integral 
of f(x) has a finite differential coefficient, or finally at a point at which 
LE (z4-0 —F(z—1)j[t has a unique limit as t approaches zero, the Fourier 
series of f(x) will converge when summed in any Cesaro manner, index 
integral or fractional greater than unity,* moreover its sum is 


Lt (iF(z4-t) —F(z—10,/2t. 
t=0 


This follows from (II?) coupled with Marcel Riesz’ theorem that the 
Fourier series of a continuous function converges to the function when 
summed in any Cesaro way, whether the index be fractional or not. 


10. The question naturally presents itself as to the necessity of the 
sufficient conditions of § 6 and of § 8. We have this result :— 


A necessary condition for the convergence of the Fourier series of f(z) 
at the point x is either that the Fourier series of 


li f(x 4-20dt = glu) 


gin v |- 


should be such that the coefficients of its derived series converge towards a 
finite limit, or that the Fourier series of glu) should not at u=0 be 
summable by a Cesàro method of any indez. 


For suppose the Fourier series of f(z) to converge, 
4s, = Sr—nA,, 
and 4t, = 2T,—5,, 
8u, = 4U,—2T,, 


* See footnote, p. 264 d Lebesgue's statement the Cesaro order is 2. 
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Adding up these equations to any finite number of terms, and bearing in 
mind that the left-hand side of the equation so obtained has a definite 
unique limit as » increases, it follows that the same is true of the new 
right-hand side. Hence if some Cesàro method gives a convergence of 
the Fourier series of g(u) at u = O, nA, must have a unique limit. 

In just the same way we shew that a necessary condition for the con- 
vergence of the Fourier series, when summed in the Cesaro way, indez 
unity, is either that the Fourier series of g(u) should converge in the 
ordinary way, or else it should not converge for any Cesaro integral index 
of summation. 


11. From the former theorem of § 9 we deduce the following con- 
sequence :— 


TukoREM.—T he necessary and sufficient condition that the Fourier 
series of f(x) should converge at a point at which 


f |f6+95+/G—0—2/(0)|dt 


has a differential coefficient which is zero, is that the coefficients of the 
derived series of the Fourier series of glu) should converge to a unique 
limit. 


In fact $(u) is a continuous function of u at the point u = O for such 
a value of z. Hence 7, has a finite limit; also, as we have seen in $9, 
ta has a finite limit. But from equations (I) and (II) of $ 8, we have 


45, t 4t, = 9T,—n4A ,. 


Hence s, and A, have either of them a unique limit if the other has. 


12. So far we have confined our attention to the Fourier series of f(r). 
It will now be shewn briefly that similar results hold for the allied series 
of the Fourier series of f(z) obtained by interchanging the coefficients of 
the sine and cosine terms, and then changing the sign of the sine terms. 
We have now to consider the function 


va) = > | ! f(x 4-20 —f(x — 21)! dt, 
2u Jo 


or, more naturally, the function 


hu) = !F(r+2u)+ F(z —2u) —29F (x)! cosec u, 
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We proceed as in § 4. Since 


h(a+tu) = — h (u), 


the coefficients of the even terms of the Fourier series of this odd function 
are all zero, and we write accordingly 


kums S Banri 
n=l 


where D,,,—D, 


= | hu) 'sin(2n-+- 1) u—sin(2n—1)u! du 


2 id . 
— h (u) sin u eos Znu du 
T Jos 


| ! F(r4- 91) 4- F (r—2u)—2F (2); cos Znudu 


> ib, COS nr—a, BIN NT}, 


since F(r+2u)+ F(r—2u) —2F(r) 


i | 
— 9 E la,simnr—b, cos nz; (1—cos Żnn)/n. 


n=] 


Hence, summing 7(B,,,—B,) for all values of r from 1 to » —1, and 
n—1 


denoting by s, the partial summation 2 (b, cosnz—a, sin nr), and by 
r=l1 ` 


S, the partial summation 2 B,, we have 
1 


Ts 


4s, = S,—nB,, (III) 
corresponding exactly to (I) of $ 4. Hence the equation (II) of $ 4 follows, 
with the meaning of the present article. 

Again, 


(u—21 — LI r r—9100—9 jt o SG 2 
us Q0 — th (u) 4 Fle +2) + F (r — 2u) —9F (2) Ux cs 


so that, as in $ 5, Y(u) is equal to +h(u) plus an integral. Hence, the 
letters referring now to the function V» instead of h(u), we have the 


equation Sa = S,—nB,-4- ps, (MIT) 


where p, has a unique finite limit which is. however. not zero, as it was in 
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X 4, since the allied series of the Fourier series of V» (u) — 1t (u) converges 
at u = 0, but not in general to zero; the sum is, in fact, 


: li {Y (u)—th(u)} cot 3o. du. 


T Jo 


From (III) we deduce, as in § 6, the following theorem and corollary :— 


TuHEoREM.—IfÍ x(u) = 5 = 7 | Uf(z4- 90 — f (x — 21) ) dt 


0 


be a summable function of u, having the property that the coefficients of 
the derived series of its Fourier series converge to zero, then, tf it is known 
that either the allied series of the Fourier series of fu), or that of x (w), 
for u = 0, converges in any Cesaro manner, tt follows that both series 
converge in the ordinary manner, and have the same sum. 


Cor.—If the coefficients nB, converge to some finite limit other than 
zero, the above is still true, except that the two allied series have not the 


same sum, the difference being Lt nB,. 
| n» aT 


If, instead of using the equation (III), we use the equation (IIIJ), we 
have a theorem more closely analogous to the theorem of $ 6, but having 
the disadvantage, as compared with that just stated, that the sums of the 
two series compared are no longer the same. 


13. From equation (III) we also obtain, in a manner precisely similar 
to that whieh we have already employed in proving de la Vallée Poussin's 
theorem, the corresponding theorem for the allied series, already stated in 
$7. We also obtain without difficulty results for the allied series 
analogous to those obtained in $$ 8 ef seq. for the Fourier series. In 
particular we have the following theorem, precisely analogous to that of 
Lebesgue, stated and proved at the beginning of § 9, viz., 


Tnu&konEM.— If at the point u = 0, | (fir+o—f(r—u)|du has a 
U 


differential coefficient which ts zero, then the allied series of the Fourier 
series of f(x)* when summed in the Cesàro way, index unity, converges to 


Lt j 4 xe (r—w) gy 


e—0 [d 


provided only this limit exists. 
Write g(u) for | f(r+-2u) —f(r—2u);. Then evidently g(w) is a func- 


* f(x) must be supposed made periodic in the usual way. 
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tion which satisfies the conditions of the second of the theorems of § 8. 
Hence we know that the allied series of the Fourier series of W(u) con- 
verges at u = O to i 
Lt = l Y (u) eot gu du. 


Using the result deduced from (IITY/), it follows that the allied series of 
the Fourier series of +h(u), and accordingly that of f(x), converges to 


Lt ES li XÀ(u) cot 3u du, 


e-0 T Je 


provided this limit exists. Writing for h(u) its value, and substituting for 
sin « the expression 2 sin łu cos 32, this last expression becomes 


Lt E f eosec? łu | F(x 42u) J- F(z —2u) — 9F(z); du, 
e=0 e 


which, by a simple trigonometrical transformation, and a subsequent 
change of the independent variable from 2u to u, assumes the form 


Lt f u^? |F(c+u)+-F(r—nu)—2F(a)! du. 


e=0 
Remarking finally that 
.F(r+u) +F(r—u) —2F (r); ju 


has the unique limit zero as « approaches zero, since the existence of a 
u 


zero differential coefficient at u = O of | g(u) du follows from the existence 
0 


u 


of a zero differential coefficient at u = O of | | glu) |du, and making use 
0 


of the method of integration by parts, we at once obtain the required 
result.* 


-- 


* [Note added September 23rd, 1911.—In the paper as originally presented the theorem 
just proved was not explicitly stated. For the sake of brevity it was merely pointed out that, 
in consequence of the parallelism of the theorems proved in $$ 2 and 3 for odd and even func- 
tions respectively, results for the allied series existed which corresponded precisely to those 
for Fourier series, and this fact was regarded as sufficiently illustrated by the theorem proved 
in $ 12 and that stated in 87. The subject appears, however, to gain considerably in interest 
by the explicit formulation of the theorem of the present article. I should like also to call 
the attention of my readers to the results of a paper presented in the interim to the königliche 
baierische Akademie der Wissenschaften. In this paper, which has already been published, I 
shew inter alios that, if ẹ (u), in $ 12 supra, has bounded variation, then the allied series of the 
Fourier series of f (x) converges to the same sum as that obtained in the present article, pro- 
vided only the limit representing the sum exists.] 
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ON PROPERTIES OF CERTAIN LINEAR HOMOGENEOUS 
SUBSTITUTIONS 


By Hanorp HILTON. 


(Received April 25th, 1911.—Read April 27th, 1911.) 


1. Suppose m, k are given positive integers such that m > k>0; 
and 7, j are positive integers both < m. Then e;; will denote +1 if 7, 7 
are both > k or both < k; and —1 if one of 2 and 7 is >k and the 
other < k. 

We prove readily Eih 6j = €ij = Ej. 

Let M be the linear homogeneous substitution of degree m, 

Tz; ene; (i = 1,92, ..., m). 
Let A be the substitution 
Ti = Gi Ty T Gira Ls Fin tn (2 = 1, 2, 1: M), 
let A’ be the transposed substitution 
Li = Atit ai T2+ son get me 
and A the conjugate substitution 
Ti = An HA27,+... anc 

When a;; = ea, A will be called quasi-symmetric. As a particular 
case, if k =m, A is “symmetric.” 

When aj; = eya,, A will be called quasi-Hermitian. 


m 
2— „2 2 m2 __ mr 
If 2 eg Z, = Biba +... ttim ti a Oe 


7 


is an invariant of A, A will be called quast-orthogonal.t We readily 
prove that in this case 


m m 
EA en ^. = €i, 2 enaiday =O Q£) (a) 
m. m 
. 9 . 
to which 2 Erna, = €i; EA En; Cit aj; — 0 Q = J) (a) 


are algebraically equivalent. 
If s is any integer, A* and A~* are quasi-orthogonal. The product of 
any number of quasi-orthogonal substitutions is quasi-orthogonal. 


* a denotes the complex quantity conjugate to a. 
f When k = m, A will be orthogonal. 
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We have, using (a), AMA’ = M.* From this we readily deduce that 
A' is quasi-orthogonal.! 

Again, if A” = 1, A’ =M"'A"'M = MAM, and therefore aj = eydQyy.* 
Hence A is quasi-symmetric as well as quasi-orthogonal, and conversely. 


m i: 
If 2, € Tir, == Ziti t... PLETE Zk Leg —...— TmTm 


is an invariant of A, A will be called quasi-unitary.t We readily prove 
that in this case 


m 
Etk Ati Qi = Eik, — €u Ati Um —0 (x Ds (B) 


iM? 


M3 


to which ex Qj, =O (i EJ) (B8) 


Eir Cit it = Eiks 


ims 


~ 
U 


1 


are algebraically equivalent. 

If s is any integer, A” and A~ are quasi-unitary. The product of 
any number of quasi-unitary substitutions is quasi-unitary. 

We have also, using (8), 4MA' = M.* From this we readily deduce 
that A’ is quasi-unitary$ ; and that, if 4? = 1, A is quasi-Hermitian as 
well as quasi-unitary, and conversely. 


2. Suppose that 4^! is the substitution 
Li = and tH anty t... fanz, (i= 1, 2, ..., m), 


and that A~'BA — C; where A is quasi-orthogonal and B is quasi- 
symmetric. 
Now AMA' — M gives 
A = MA'M or A7-— MA'M. 
Therefore a,j = e;a;,* while ber = e€,,0,,. Hence 


€ji Cj = z Eji Aj Dor Ari == 2 €or Eri Eji Dra Ajo Vix 
a,T G,T 
= x €sj bro Aja Qir = X Erj baraj dia 
o,T g,T 
= Xag5,a,;- ci. 
c,T 


Therefore C is quasi-symmetrie, i.e., * The transform of a quasi-symmetrie 
substitution by a quasi-orthogonal substitution is quasi-symmetric.” 

Similarly, ' The transform of a quasi-Hermitian substitution by a 
quasi-unitary substitution 18 quasi-Hermitian." 


* We remember that the formula giving the product S of three substitutions P, Q, R 
(S = POR) is, with an obvious notation, s; = £r;,9,: Py (9,7 = 1,2, ..., m). 

T This also follows from equations (a’). 

t When k = m, A will be unitary. 

$ This also follows from equations (8'). 
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8. We ean find a quasi-orthogonal substitution of order 2 changing 
zi into duzi Faatoa t ...3- a, 2, where a,, às, ..., a, are assigned constants, 
such that = 
2 — „2 Dod out, = 48 MET 
É ena, = aj +... +a,—a,,,—...—0, = 1. 


In fact, the substitution whose matrix” is 


a, dą PE dk Qi +1 duż An 
" as +1 Ay Qi yg Ak+1 gn 
2 ail "UO atl atl 7 — arl 
a AEA, aj T1 Ay. dy. +1 Ak An 
E a,+1 "^ ati a, t1 Ut a,+1 
= _ U:+1 da maar LN T 2 di+1dm 
el ati `” ati a,+1 JE 4 a, 1 
= x An dą = An A): -- Am Q1 1 = a — 
s arl "C atil a,+1 Ds "REN 


has this property. 

For it is easily verified that it satisfies equations (a), and therefore is 
quasi-orthogonal. But it is obviously quasi-symmetric, and therefore, 
by $ 1, it is of order 2. 

We also readily verify that (taking the upper signs) it has a pole 
(aat l, ag, a3, ..., Urs —Qk41, ..., —A,) corresponding to the root A = 1 
of its characteristic equation, and œ "7? poles 

= (Ay Xo Fas X3 - ... 1 Am Xm) ) 

( a,+1 , X» X3, eee Xn 
corresponding to the (m—1)-ple root A — — 1.* Hence, when it is 
transformed into the canonical form, it becomes 

tysi, Z =— Za, wy du cru. 


which gives another proof that this substitution is of order 2. 
Similarly, we can find a quasi-unitary substitution of order 2 changing 
z, into a,2,4-a425-4- ...-- a, x4, where a, a5, ..., Am are assigned constants 


nm M —— — ——À—À— M M————— MM MÀ —— M A M M OW Z WZ m € 


* Either all the upper or all the lower signs being taken. This matrix was suggested to 
me by the formule which transform the equation of a conicoid when we rotate it through 
180° about the line bisecting the angle between an axis of the conicoid and an axis of reference 
(cf. Hilton's Mathematical Crystallography, p. 81). 

t For the notation throughout, see the third chapter of Hilton's Theory of Groups of 
Finite Order, This book will be referred to as “F.G.” 


T 2 
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u 


such that a, is real and 2 Eu. Q1Q, = 1, namely, the substitution with 
matrix* 


a dą . o Gk Qk 4.1 ... Gn 
7 Ay Ay T1 Ay 0. dą Ak +1 Ag Ay 
2 ati UU «tl a,+1 2 a 1 
— aka Aa, — Ay A +1 Aj Am 
Qj ERES EU — 1 ——L ve = 
t — ati a Xl a,+1 atl 
A i = Ak +1 g "S Q4.) Oy —_ dk+1dką1 F1 E i: 4.10 
T ati ` ati ati i a,+1 
EN. = An Az = Am dk _ dmdk+1 = An dn 1 
acl 7" ati a,+1 za) E 


Also, we can find a quasi-unitary substitution of order 2 changing z, 
into a42;4-as7544-...J-a, z,, where ay, a, ..., a, are assigned constants 


m 


such that a, is real and = Ena = — 1, namely, the substitution with 
matrix* 
0404 El TACY Uy, TAS di dn1 — | 
——1 FI... -—-— — A. ——  —4 
A, T 1 dy, T 1 Am + 1 Qin + 1 
aa akäāk — aza Akam- - 
_ aa, nag m oe _ dkdk+1 E _ Okam- = 
Om + 1 Ont 1 a4 3-1 a„ El 
Ay +11 Gy +10 Gk+10k+1 — Ak+1dm1 = 
€— E ER eee CREDE a Sy ek ce + 1 ee Go og ae Ć Qk+1 
Ont1 a4 11 G4, 11 Ont1 
An—1y Am --1 AK Os -10k41 dn-1dm—-1 Fl Gm-1 
a a eae pa ae a ke a re os eee — oe es m— 
à, tl G4 3:1 às X1 às, 3 1 
M ... ax Qk+1 ... Qm-—1 Gp 


4. The main object of this paper is to call attention to & method of 
transforming & quasi-symmetrie substitution 4 into a simpler form by 
means of a quasi-orthogonal substitution. 


* See note *, p. 275. 
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We shall see that it is possible to transform 4 by a quasi-orthogonal 
substitution into the form 


By SS d use ASEC.u1ny WES XS 
= Sir+1Tr+1 Sira2Zre42d-... Sint. (6 = rt, r+2, ..., m), 
where the characteristic determinant of 
Li = Sir413r41 F Sirtori F.. HSinzn (è= r+1, r2, ..., m) 


has no simple invariant-factor. 
We shall frequently use the following theorem proved in F.G., Ch. im, 
§ 6 :— 


* If. (X,, Xz, ..., Xm) is a pole of a substitution Q, and (Y,, Ya, ..., Ym) 
is the corresponding pole of P^!QP, 


Y, = Pa Xi po Xs... Pim Xm (t = 1, 2, ..., m). (y) 


5. First suppose that A is transformable into a multiplication. ‘Then 
we can choose m poles of A, 


(Xu; Xai; LRL Xm), (X; Xo» LEE X mə), c.. (Xin; Xoms .... Xmm), 
such that, if T-? is the substitution 
Zi = Xu zi t+ XpLot...- + Xin em (2 = 1, 2, — m), 


T is a quasi-orthogonal substitution transforming A into a multiplication. 
For, suppose P^'NP = A, where N is the multiplication 


£z; = Ait; (i= 1, 2, ..., m), 
and let Ci = Cij = ei Pri py €x poi Pyt ... + Emi Dni Pu 


Denoting by |c:;| the determinant, with ci; as the element in the i-th 
row and j-th column, we have | c;;| = | pj |X| exp; | by the ordinary rule 
for the multiplication of determinants. Therefore, since 


+ pu| =lexpil FO,  |cy| EO. 
Now NP = PA gives for each value of t 
Ni Pu = Ay gii + aio Par + .-- + Aim Pmi 
A. psi = Qg Dii F dg poi +... F Aon Pmi 
. ; | | ; (ô) 
A; Dni = dm Pu am puat -F amm Pri 
Multiply these equations by ey py, ezx Dy, ..., Em: Pmj respectively and add. 
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m 
Then ^i Cj = 2 Du (GTTAT Pj + €2k tat Pyt 12. FEmk Ami Pmj) 


R €x pu(ta Py 46 Past... 4 p.) (SINCE an = Ert atr) 
= Ney 


[writing 7 for i in (6)]. 

Hence c; = 0 when A; Æ Àj. 

By equations (6), (pu, Pei ..., pm) 18 a pole of A corresponding to the 
root A; of its characteristic equation. 

Hence, if the poles (Xii, Xo, ..., X) and (Xij, Xz ..., Xn) correspond 
to unequal roots of the characteristic equation of A, 


~ €x Ku Xi = O. (e) 


Now suppose that Ay = A = Ag Æ M (t= 4, 5, ..., m) :— 
the reasoning is general. Then 
Ca = Ce = cge = 0 (t= 4,5,..., m). 


Therefore, since |cj;zE 0, |cn Ca C3 | EO. 
Cor Cog Cog 


Cg, C33 Cg 


The poles of N corresponding to the equal roots A,, A, Ag of its 
characteristic equation are (£, s, €, 0, O, ..., 0), where £ 7, ( may have 
any values not all zero. The corresponding poles of A are, by (y), 
(Zis Za ..., Zm), where 

Zi = Puć + pent pot (£ — 1, 2, cees m). 

Now È eu A = ey £ t can Hea C + Beran + Bes, CE + Zcyąć n. 


1 
Since Cu Cu Cyg | FO, 
Cy C Ces 
C31 C32 Cgg 


we can find independent linear homogeneous functions £’, n’, © of É n, ¢ 
such that 


m 
) 
z € ŻY = exe” ena" e 0; 
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and then Z, takes the form Xa £'+ X«5 +Xi3¢' where 


m m 
Z eX? me > «eA? =e 
ta ik Xa lk» t=1 tk ta 2k» t=1 


2 €x X4 = s | 
m m m T (¢) 
RÀ €i Xi Xis = 0, >> Ex Xi Xa = 0, É €; Xi Xe = 0 | 


We see then that, corresponding to the three equal roots X, As, A4 of 
the characteristic equation of 4, we can find three poles 


(Xy, Xa» ...9 Xn), (Xia Xo» ecc X n2); (Xs; Xe: ...y GA 


satisfying (Ć). 

We deal similarly with A, As, ..., Am. 

Combining (e) and (6), we see that the substitution T~' formed as 
described at the beginning of this section is quasi-orthogonal; and we 
readily verify TN — AT. 

The determinant | X, | £0; for the determinant A formed by the 
corresponding poles of N Æ 0 and by (y), 


| Xy| = A x | py]. 


6. We now return to the more general theorem of § 4. It is sufficient 
to show that, if the characteristic determinant of A has a simple invariant- 
factor, 4 can be transformed by a quasi-orthogonal substitution into 
the form 

£i = AG, £i = betot betat... FHbimőn (t= 2, 8, ..., m), (7) 
for the complete result is then at once established by induction. 

We first assume that a pole (Xi, X, ..., Xm) of A exists such that 


b eu Xi = XiedXt(-Xa-..—X. 0. (0) 


Then, since we are only concerned with the ratios of X,, X, ..., Xm, we 


may suppose " . 
t=1 


Let P be the first substitution of § 8 in which a, is taken as en A+, and 
let B = P^!AP be the substitution 
zi = bazy dnzy+...Hdinin (i= 1, 2, ..., M). 


Since P is quasi-orthogonal, it follows from (a’) and (y) that P^!.1P has 
(1, 0, O, ..., 0) as a pole, and hence 


ba —04,2..—5,20. 
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But, by $ 2, B is quasi-symmetric. Hence 
Dye = Dg oe. = 0; 


and B takes the form (). 


7. The quasi-symmetrie substitution 4 cannot always be transformed 
into the form (4) ;* though this will always be possible by the method of 
§ 6 if A has one pole satisfying (0). We show now that, conversely, if A 
can be transformed into the form (7), A has one pole satisfying (0). 

Let A be transformed by P^! into the canonical form N, which is 


T; = NT; T BiZi (2 = 1, 2, ..., m); 


where f; is 1 or 0, and is certainly O when i =m or M Æ Aii (see, for 
instance, Messenger of Mathematics, 1909, p. 24). 


Asin $5, we have (if 8, = 0) 
A; Dit Bici Pri-a = An Putt Pot... tim pui. (i, t = 1, 2, ..., m); 
and thence 
A; cer Bi-1 Ci-1j = Ajey+Bj-1¢:j-1 (4,7 = 1, 2, ..., m), 
and in particular if Bi-ı = 0 
(Ai— Aca = 0, ArmA.) Ci = Bicas (Ai— Ag) Cis = Baci, 


+... (Au Am) Cim = Bm—1Ci ml. 
Hence, when 8;_, = 0, 
if Ai = Àj Ci = 0, ) 0 
e L 
while if Ài = Àj, Cij-1 = 0, whenever By-1 = 0 j 


From this we may readily show that, when 6, = 0, so that A is trans- 
formable into the form (n), at least one pole of A satisfies (0). 
Suppose, for instance (the reasoning is general), that N is 


(aT;, alg+23, ax44-z,, ar,, argd-zg, arg, aATqıF £g, alg, BIęt Lio Ezio). 


(Ê n, 0, O, 6, 0, 6, 0, 0, O) are poles of N for all values of the ratios 
4:n:6:0; aud by (y) the corresponding poles of A are 


Qué pin pit pO. Pa EF Pant P+ Pab, EA 


i L))J)J)Q—Q))„ZSTĄLTĄAĄA<AĄV+L ————————————————ÓÀ—ÓM———————————Ó——————ÓÓÓM————M—Ó—MM———M———M——ÓM 


* For example, x = az-i(a—b) y, y = 4 (a—b) x+ by. 
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One of these satisfies (0), provided cy, Czas Cg; Cop Cias Ci Ci Cas» Cots Coq AYE 
not all zero. But, by (s), | cy | is 


e; 0 0 c, O vc, O c, O 0 
0 0 O cy O c% 0 cy 0 0 
O O cg Czy O og O cg Czę Caio 

Cay. C42. C43. C Cs C46 Cay Cag Cag (410 
0 0 O cy O cs O cze 0 O0 

Cer. Cea Cox Ces Ces Cee CCo; Ces Ceg 610 
0 0 O Cy O Cy 0 œ 0 0 

Cgi Cen Css Cog Css Cee Car Ces Cag C810 
0 O0 cg Cy O cg O Cog Cog Coto 


O O cos Coa O Crop O Crog Ciog C1010 


Form a determinant of the third order by taking the elements in any 
three columns and in the first, second, and fifth rows of |cy|, and 
multiply this determinant by the complementary determinant. Owing to 
the existence of the zeros in the first, second, and fifth, and seventh rows, 
this product will always be zero if cy — O. But this is impossible, for 
|cj| 5 0. Hence c; Æ 0, and one pole of A satisfies (0). 


8. We notice that, if every pole of any substitution Q satisfies (0), the 
same is true of P^! QP, where P is quasi-orthogonal. 


For, by (y), 2, €tk Y, = 2, €tk X: 


Hence, if every pole of the quasi-symmetric substitution 4 satisfies (0), 
the same is true of the substitution (7). But, if (Y,, Yo, ..., Ym) is a pole 
of (n), so is (0, Yo, ..., Yn). Hence 


PEST 


and it readily follows by induction that A is transformable by means of a 
quasi-orthogonal substitution into a multiplication. As an example of 
such a substitution we may take that in which ay X Vei; = aj + Jey is 
real.* 


* In particular, a real symmetric substitution is transformable into a multiplication by a 
real orthogonal substitution. I take this opportunity of correcting an error in F.G., 
Ch. 111, $6, Ex. 24, and $8, Ex. 11. For ‘‘ symmetric substitution" read ‘‘ real symmetric 
substitution.” 
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In this case every root of the characteristic equation of 4 is real ;* 
and therefore the ratios X,:... : X, : / —1 Xen! ...: / —1 X, are real if 
(X;, X4, ..., Xm) is any pole of A. Hence 


2, aX Æ 0. 


9. We now point out the analogous results for a quasi-Hermitian 
substitution A. 


If D eg XX, = XX +... RZA Xai Keg ee Aa Xn FO (0 


t=1 


holds for the pole (X,, X, ..., Xm) of A, the corresponding root A of the 
characteristic equation of A is real. 


For È, €ii Qij X, X; = M en: Xilda Xit ais Xot -F aimXn) = A. > €i Xi NG 
But » eix Xi Xi, 
and z (ci ij X; Xj ej. ay, X; Xi) = 2. Eix (Qi; X; Xj +a; X; Xi) 


are both real. Therefore A is real when these quantities are not both 
zero.* 

It may therefore be possible to transform a quasi-Hermitian substitu- 
tion into a multiplication, even though (x) is not satisfied by any pole.! 


10. If A = P^!NP, we have, as in § 7, 
Aicg- Bi-10i2j = cy +B;-16i;-1, 


— m — 
where Ci — Cji = à Etk Pu Pij. 


Hence, as in $ 7, we see that if A, is a real root of the characteristic equa- 
tion of A with a corresponding simple invariant-factor, there is a corre- 
sponding pole (X,, X, ..., Xm) satisfying (x); and thence that A can be 
transformed by means of a quasi-unitary substitution into the form 


£i = Nyy, ..., Z ZNTy Ti = Sieg Legit. FSirlr (i= el, ..., 7), 


, ro 
Lr+1 = Àr+1Tr+1s 22.9 Tm — Am Tm; 


* [n particular, if k = m, A is certainly real: a well-known result. 
f Consider, for example, x’ = ax + hy, y! =—hx+by, where a—b is real and Ahh > (a — 5), 
in which YX— Y Y = 0 for both poles. 
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where Aj, ..., Ne, Are «++» Am are real and no simple invariant-factor 
corresponds to a real root of the characteristic equation of 


Ti = Siel Zep +... $52, (t= e+, ..., 7). 


. A result similar to that of § 5 is easily proved for a quasi-Hermitian sub- 
stitution transformable into a multiplication with real coefficients. 

Every Hermitian substitution (in which k = m) is included under this 
category, for every pole satisfies (x) when k = m. Since the above was 
written Dr. Bromwich has kindly pointed out to me that this property of & 
Hermitian substitution is implied in a result established by him in Proc. 
London Math. Soc., Vol. xxxu (1900), p. 349, and is also readily deducible 
from Muth's Elementartheiler, p. 180. 


— e — - xS T (EBAY nn a RÓ. ———; Moon m—— ewe — ———— M — - a wm 


© If A,,...,Ae, Aril, ..., Am are not all real, this substitution is not quasi-Hermitian ; 
and therefore, by $2, .1 cannot be transformed into it by mcans of a quasi-unitary substitution. 
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THE DETERMINATION OF ALL GROUPS OF RATIONAL LINEAR 
SUBSTITUTIONS OF FINITE ORDER WHICH CONTAIN THE 
SYMMETRIC GROUP IN THE VARIABLES 


By W. BURNSIDE. 


[Received and Read Juno 8th, 1911.] 


THE symmetric group of n variables consists of the totality of the 
permutations of the variables. That, for all values of n, there are greater 
groups of linear substitutions on the variables, of finite order, which 
contain the symmetric group as a sub-group, is quite obvious both in 
the general case and when the coefficients are restricted to be rational 
numbers. With the latter restriction, the substitutions will be called 
rational substitutions. 

I have shewn (Proc. London Math. Soc., Series 2, Vol. 7, pp. 8-11) 
that a group of rational linear substitutions of finite order can always be 
transformed into & group of rational integral substitutions in which the 
coefficients are rational integers. 

In a memoir with the title ‘‘ Zur Theorie der positiven quadratischen 
Formen " (Crelle's Journal, Vol. cr, pp. 196-202), the late Prof. Minkow- 
ski shews* that the order of a group of rational integral substitutions 
on » variables is equal to or is a factor of 

II q^ 70) * i70) + Dg (-DJ+.... 

d 
where [a/b] denotes the greatest positive integer contained in the fraction 
a/b, and is therefore zero if a is less than b. The product is extended 
to all primes, but clearly only primes which are equal to or less than 
n-+1 give effective terms in the product. Taken in conjunction with the 
previous result, Minkowski's theorem holds for groups of rational linear 
substitutions of finite order. It is quoted here as use is made of it in 
dealing with the orders of certain special groups which come under 
consideration. 

The investigations of this paper were suggested by the known repre- 
sentation (§ 18) of the group of the twenty-seven lines on a cubic surface 


* I have given an independent proof of this result in my Theory of Groups, 2nd edition, 
pp. 182-484. 
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as a group of rational linear substitutions on six variables. This group, 
suitably transformed, contains the symmetric group in the variables. 
It has a self-conjugate sub-group of index 2, which is a simple 
group, and its order is 27.8'.5. It was anticipated that groups of 
rational linear substitutions would exist for larger values of n analogous 
to this known group for the case n=6. With two exceptions, this 
proves not to be the case; and it is here shewn that, in general, 
& group of rational linear substitutions of finite order, containing the 
symmetric group, is one of a limited number of comparatively familiar 
types. There are, however, two exceedingly interesting exceptions. One 
is a group of linear substitutions on seven symbols, of order 2/?.9'.5.7, 
which gives & representation of the group of the twenty-eight bitangents 
to a quartic. The other, of order 2.85.52. 7, is on eight symbols, and 
gives & representation of Jordan's hypo-Abelian group (case 2» — 8). 
Neither of these two groups of rational linear substitutions of relatively 
high order have hitherto been recognized. 

The table of § 15, which gives in explicit form the substitutions of 
the last mentioned group of eight symbols, has been indirectly checked 
in a very curious way. For this I owe many thanks to Mr. Grace. In 
his memoir on "Systems of Circles, Spheres, and Linear Complexes ” 
(Camb. Phil. Soc. Trans., Vol.xv1, pp. 158-190), Mr. Grace considers systems 
of spheres which intersect six by six in common points. I had noticed that 
the tactical problem underlying this geometrical configuration was identical 
with that of the sets of products of six symbols formed from twenty-seven 
which occurs in the group on six variables. At my request, Mr. Grace 
undertook the formidable geometrical problem of dealing with systems 
of spheres which intersect eight by eight in common points. The scheme 
which he arrived at for the complete representation of such a system 
gives the check referred to. 


1. A group of finite order of linear substitutions with real coefficients 
ON Zi, Tą, ..., £n, must necessarily leave invariant some definite quadratic 
form in the x’s. In fact, if 


Są = 1; z; +-... +22, 
and, if the N substitutions of the group change s, into s (i = 1, 2, ..., N), 
then Xs? is such a definite form. 


A limited converse* of this statement is that, if a group of linear 
substitutions on the z's with rational integral coefficients leaves a definite 


* See Theory of Groups, 2nd edition, pp. 493-495, for a more general converse. 
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quadratic form invariant, the group must be one of finite order. In fact, 
if f is the form and m any assigned positive number, there are only a 
finite number of integral sets of values of the z's satisfying the condition 


f <m; 


and these sets of values are permuted by the substitutions of the group. 
Moreover, by taking m sufficiently large, it may clearly be ensured that 
the only substitution which leaves all the sets of values unchanged is the 
identical substitution. The group is therefore, as a group of permuta- 
tions, necessarily of finite order. 


> Sı = zr... 
the only quadratie forms which are invariant for all permutations of the 


> 8 are Sat As?, 


where A is a constant ; and this is a definite form only when 


Ned. 
n 
A group of linear substitutions of finite order on the z's with real 
coefficients, which contains the symmetric group of the z's as a sub-group, 


has therefore necessarily an invariant quadratic form 


SAS, 
where A is greater than — 1/n. 


2. Denote by G, the symmetric group of permutations of the z's, and 
by H a group of linear substitutions on the z's which contains G, and 
whose coefficients are rational numbers. G, has substitutions whose 
multipliers are n—1 1’s and one —1; in fact, the transposition (z; ty) 
is such a substitution. If the substitutions of G, with these multipliers 
constitute a conjugate set in H, then G, is a self-conjugate sub-group of 
H. Now, except when n = 6, Gn isa complete group. When n = 6, G, 
admits an outer isomorphism which permutes the two conjugate sets 
whose substitutions are of order 3. But when the symmetric group of 
degree 6 is represented by the permutations of six symbols, these two 
conjugate sets have different characteristics, viz., O and 8. Hence, even 
when n = 6, any substitution of H gives an inner isomorphism of G,. 
It follows* that H must be the direct product of G, and another group 
of finite order. 


* Theory of Groups, 2nd edition, p. 94. 


1911.] Groups oF RATIONAL LINEAR SUBSTITUTIONS OF FINITE ORDER. 287 


Now the only linear substitutions which are permutable with every 
permutation of the z's are of the form 


z; =az;,++Bs; @=1,2,..., n). 


This gives sı = (a+nf)s, ; 

and a, B being rational numbers, this can only be an operation of finite 
order if a+-n8 = +1 

and a = +1. 


Hence there are just four substitutions of finite order of the required form, 
viz., 


, 


t= Ti 

, 

X; = — Ti 

P 9 : 

XI = Aq == $1 = 1, 9, 1.29 NJ. 
n 

, 2 

=—-—24+—s 
3 


These constitute a group of order 4, with three sub-groups of order 2. 

If, then, G, is a self-conjugate sub-group of H, the order of H is 
either »!, 2.n!, or 4.n!. There is one type for orders n! and 4.2!, 
and there are three distinct types for order 2.n!. 


8. Suppose, next, that 77 contains substitutions whose multipliers are 
^—1 l's and one —1, which do not belong to G,, and are conjugate 
to a transposition. Let 7 be such a substitution of H, and let 

y = Citit 052a - ... 6s Z4 
be the one linear function of the z's whose sign is reversed by T. Then 


the form of T must be z = nksy (G=1,2,...,n). 


Since y= —%, 
0 = 2+ 2 ki Ci, 
and, when this relation holds among the constants, T is actually a sub- 
stitution of order 2 with the assigned multipliers. 


Since H is, by supposition, a group of finite order containing G,, it 
must have an invariant quadratic form s;4-Asf. 


Now, for T, st — s,+ Y È ki, 
So = + 2y 2 kirit y? > kę. 
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Henee 0 = Wy E kirit y! E k;+2ys, Z ki Ny! (E EY, 
or, since, by supposition, y is not identically zero, 


y = Ps, + Q Zk; t;, 
where P and Q are constant coefficients. Hence, if 


> kiz; = a, 
T is zi = 1;+-k;(Ps;,+ Qa) (1=1,2,...,n), 
and, since T reverses the sign of Ps, + Qa, 
= 24 PL+ Qh, 
where = 2 ki, D= I k. 


Let S be any substitution of G,, i.e., any permutation of the z’s, and 
write S-I TS = T". 
Then 7" will be derived from T by carrying out of the k's such a per- 
mutation K that when K and S are simultaneously effected on the A's 


and the x 8, ką Ty +" ką Tą +... Eum. 


is unchanged. Moreover, by suitably choosing S, K may be any per- 
mutation (^v ET 
kw ką, ..., ka 
of the k's. 
Then, denoting /42,+-k+1++-...+k,z, by B, the substitution T" is 
a; = rid ki (Ps + QB). 

If the only possible value of a were s,, T would be permutable with 
every substitution of G,, and we should fall back on the case of the 
previous paragraph. We may therefore assume that a is not s, and 
also that S is chosen so that 8 is not a. 

Then the three linear functions s, a, 8 are transformed among 
themselves by T and T'. In fact, 


T gives s; = (1+ Pl,)s,+ Qh a, 


a’ = PL s,+(1+ Qba, 
B= Pu s,+ Quat+B, 
where w Lk ki; 
and T'gives si = (14-Pl)s, + QU B, 
a = Pu s,+a+ Qu, 


8— Phs +1+Q58, 
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On calculation it is found that, so far as «,, a, and 8 are concerned, 
TT' is 
s = [q4-Ph*--uhPQ]sd- Qhat —— QU[1+PL+Qu]B, 
' [GF P Ph+ Pu H- QU] s, +++ [Qu - QU) J-PQU L] B, 
P[Qu +u 0 +Ph+h]s + Quat[Q?u?+PQuh+14+ Qi) 6. 
The characteristic x of T'T', then, is given by 
(Qu.d- Phy —1 = x, 
so that | Qu+Pl, = +V1+ x 


Now, by supposition, TT’ is a substitution of finite order, and all 
the symbols occurring in the coefficients are rational numbers. Hence 
x ean only be —1, 0, or 8. Moreover, if x were 8, T and T", so far as 
they affect sı, a, and 8, would be the same substitution, and 8 would be 
the same as a, which is not the case. Hence x is either —1 or 0, and 

Qu+ Ph =—1, O, or +1. 


This is true whatever permutations of the k’s is denoted by K; and 
therefore whatever permutation 


Er ko, zm 2 
kis he, AT k; 


may be, 2 kiki is susceptible, at most, of four values, including 247. 


R 
| 


Q 
| 


The cases n = 2 and n = 8 are easily dealt with. If n > 8, there 
is no difficulty in verifying that, when three k's are distinct, X F; k; always 


takes more than four values. If r ks are A, and n—r are k, © xz n—?), 
> kik; takes r+-1 distinct values. Hence, when n > 8, the only possible 
forms of a are Q) Ax d kalto tty trit... +r), 

(1) kiltit r) + kalez Hri t... +a), 

Qi)  A,(x 4-244 - rg +h, (y+... +2). 


Further, if n < 6, the first two of these are the only possible distinct 
forms forms for a. 


4. Since every substitution of G, is permutable with the substitution 
X, = zid4ms (6=1,2,...,n), 


the form of the substitution T may be further modified without altering 
the form of Ga. 


SER. 2, vor, 10. No. 1116. U 
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Writing S, = z Xi 
and A= 2 ki Xi, 
then Sı = (1-nm)s, 
and A = a+mhs;. 


Hence, with the X’s as variables, 7 becomes 
X; = ziT msi, 
= z;+[m(1 + PL) + Pk;]s; + Q (ml, +k;)a, 


X;-- (ml, +k) fa $94), 


2 
cx ns) (- 2+Q (mh 1) $494). 


l(1 +m) 
Hence, if Mh + ką = 0, 
Q (k-k)? = q, 


then, when a is of the form (i), T is 
Xi = (9X, — 2+9) S, 
Xi = Xi (21); 
when a is of the form (1), T is 
Ar Ż X+q(2,+ X9 — 00 9)5,, 
AE Xa- 4 (X4 + X9 — (1+9) 5, 
Xi — Xi (2 > 2); 
and, when a is of the form (ii), T ìs 
Xi = Xt q (GT X +X) — (GT 9)8, 
X: = Xatga (X+ Xd X) — (3 +9) 91, 
X; = Xs+ (X+ X+ X9 — (+0) S, 
X, X; 2 9). 


Now, if G, and T belong to a group of finite order, the latter must 
leave invariant a definite quadratic form 


S,+AS?. 


A simple calculation shews that, accordingly as T is of the first, second, 
or third of the above forms, A is 
+2 M >: 
(1) inii u) —'—, ll) — 
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When T is X; = (1+9)X,—24+9)8,, 
Xi = Xi (i > 1), 
T", the result of transforming T by (X, Xj), is 
X = (123-9) X4—(2+-9)8;, 
Xi = Xi (2 = 2), 
and TT" is 
Xi = (+1) (4-3) X, +(q +2) X+(9 +1) (+2) 0+...+X,), 
X = — (q + 2) X, — X34— (g + 2) (X3 ... - X), 
Xi — Xi ( > 2). 


This is a substitution of finite order, with rational coefficients, when q is 
—], — 2, or — 8, and in no other case. 

If q is —8, then A is —4, and the quadratic form is not definite 
(n being assumed greater than 3). 

Hence, when a is of the first form, the variables may be chosen so 
that, G, being the symmetric group in them, T is either 


| X1=—X, X;— Xi (1M, 
or Xi2—S, X=X (1. 


Moreover, the corresponding invariant forms are S, and Sat S7. 
When T' is Xi = XqO-X)—0 4-95, 
X = Xy q(OGT X9 —1+q)5,. 
X; = X; (2 > 9), 


T”, the result of transforming T by (X,X;), is 
Xj = X +g (GG X9) — (1 +9) 8), 


X» = X; 
Xs = Xstrą(X,+ X3) — (1 +9) 84, 
Xi = Xi 1 > 8). 


The substitution TT” is 
Xi = (g+1)X,+ qq +2) X,+ 0. X+... 
X = (q+1)X,+(9+1)(9+-2) X+  X:+..., 
X; = — X, — (g+1)X,+0.X,+..., 
Xi = X (i > 8). 
It follows from a consideration of the characteristie that this cannot 


be a substitution of finite order with rational coefficients unless q is 
v 2 
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either —1, —2, or —8. The values —2 and —8 of q make A respec- 
tively —1 and — 4, so that (n being assumed greater than 8) the quadratic 
form is not definite. 

Hence, when a is of the second form, the variables may be so chosen 
that, G, being the symmetric group in them, 7 becomes 


X = — X, X: = — X,, Xi = Xi (1 > 2), 


and the corresponding definite quadratic form is Sy. 
Lastly, when T is 


Xp = Xi 4G T X X9)—(G-T905, 

Xb = X+ (Xi + Xa+ X)—( 4-08, 

X; = X% +q (X + Xa+ X9 — H S, 
it may be shewn exactly as in the preceding cases by a consideration of 
the substitution TT"'", where 7"" is the result of transforming T by 
(X4 Xj, that q again must be either —1, —2, or —3. These values of 
q give for A the values —3, —2, — z+. For the last value the form is 
indefinite when n > 8; the second gives a definite form when n = 4 


and the first when n < 9. For values of n greater than 8, then T' cannot 
be of the last form; and since, when n < 6, the form of a is either 


kit tho(tgt...+2,) or klætt) + Ay... +22); 


T can be of this last form only when 7 is either 6, 7, or 8. 


(n = 2) and (n = 8). 


5. For the sake of completeness the results in the cases n = 2 and 
n= 8 will be stated. The verification is quite simple and may be 
omitted. 

A group of rational substitutions on 2,, £ of finite order, which con- 
tains the transposition (r,z; may be brought to one of the following 
forms, of which the generating substitutions and orders are given :— 


(1) (x4 £o) ; N = 2. 
(i) (x29; zi = — Ti, 1$ = — T3; a wNemd. 
(iii) (z,2); ti = — Z— T), T} = T3; N — 6. 
(v) (z,2); 21 = ty t} = — 2; N — 8. 
(v) (Ziz); ty —z,—24, T: = T3; 4 — — x, Te — — r4; N= 12. 


The greatest possible order, given by Minkowski's theorem, is 24; it is 
not attained. 
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A group of rational substitutions on 2,, £» 13 of finite order, which 
contains Gs, the symmetric group in the variables, may be brought to one 
of the following forms, of which the generating substitutions and orders 
are given. 


(1) G3; | N= 6. 
(ii) G3; £i = — £j t3 = — £», 2 = — £3 ; N 19. 
(i) Gz; zı = £2,—35,, £} = r4— 2s, 23 = £g— $53; N= 12: 
Qv) Gg; zi = — rit $s £3 = — adis, is = — zt 2s; N= 12. 
(v) G3; ci — —um, Ja =— ly, Te = — Zą; | =" 
Ti z,— $5, Ly = gsp L3 = 13— $5): J nd 
(vi) Ga; £i = —s5, Zo = xg, Z3 23; N = 94. 
(vii) G}; 21 = — Zy Za = Ly, Zz = Lg; N = 48. 


In this case the group generated by 
Gs 2 S— 8) 2S ZSEE 4g 
Li = — Ly, Ly = — Ly, 23 = — Zz; 
is not, in fact, distinct from type (vii), though for larger values of » the 
two corresponding types are distinct. 


The greatest possible order, given by Minkowski’s theorem, is 48, and 
it 18 attained. 


6. Leaving now for later consideration the exceptional cases in which 
the linear function, whose sign is reversed by T, is of the form 


ką (ty + lot 13) + kalei t ... +n) 


which can only occur when » is 6, 7, or 8, the general result may be 
summarized as follows. 

A group of linear substitutions H, of finite order, on xy, £2, ..., z, with 
rational coefficients, which contains the symmetric group G, of the n 
variables as a sub-group which is not self-conjugate, can always be so 
transformed (the coefficients remaining rational) as to contain either 


(i) a sub-group H’ generated by 
G, and zi =— £, T; = 2; (1 > 1); 
or (ii) a sub-group H" generated by 
Ga and 1=—5, 2=—-t, =a (> 2) 
or (ii) a sub-group Z'" generated by 


G, and 41 =—s, “= 2; (i > 1). 
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Suppose, first, that H contains the sub-group H', and that U is a 
substitution of H with multipliers (1,1, ...,1, —1) which does not belong 
to H'. 

H' contains the substitution T,, or 


= 2, 2$ — 2y =x (t > 2). 
If kh, x, +h,(tg+...+2,) is the linear function whose sign is reversed 
by Cymer ky — haud Ky... +2.) 


is the linear function whose sign is reversed by T UT- 
Unless two of the three numbers A, ką, —k are equal, no group 
containing T UT, can be of finite order. Hence, either 


| k,— 0 or k =— k. 
If k; — 0, U is I —a £i = za, (6 1). 
When this is combined with T or 
£ =i li=u (i > 1), 
the resulting substitution is 
ti = tp gina, (>1); 
and this is not a substitution of finite order unless 
Wy = ag =... = a, = O, 


in which case U is the same as T. 
If ką = — kı, and if T, is 
ti = Zay 4$— — Iy T3 =—Ty gia (02 8, 
the linear function whose sign is reversed by T UT, is 


ką (14 +x +25) — E (ry... +27). 


When n z 6, this comes under the exceptional case which has been 
excluded. It is therefore only necessary to examine the cases » = 4 
and n = 5. 


Since — TFTP... Tn 


is the linear funetion whose sign is reversed by U, that whose sign is 
reversed by TUT is s,, and therefore TUT is 


ri =zx+as;, (i= 1,2,..., n). 
Now s; is invariant for H, and therefore 
0 — 25, Laiz: +s] Lui, 


giving U; = — —. 
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The substitution UT 1s 


2 2 . 
tı = — z+ uv a= Ziel (i > 2), 


é 
and its characteristic is (7 — 2) (1— =) : 


If n — 5, the substitution UT is not of finite order, and the exception 
cannot occur. 

If n= 4, UT is a substitution of finite order, and it will be seen 
later that H’ may be contained in a greater group of finite order. 

Suppose, next, that k(t z) +k (x34 - ...-4-c,) is the linear function 
whose sign is reversed by U. Then it may be shewn, exactly as in the 
preceding case, that, unless k,+-A, is zero, inadmissible substitutions 
arise; while, if k,--k, is zero, the group again contains a substitution 
with multipliers (1, 1, ..., 1, —1) which reverses the sign of s,. The 
only possible exception is again one for the case n = 4. 


7. Suppose, next, that H contains the sub-group H". It is evident 
that H" is contained in H', and that H' has substitutions with multipliers 
(1, 1, ..., 1, — 1) not contained in H". If H does not contain H', it may 
again be shewn, as above, that H" contains all the substitutions of H 
with multipliers (1, 1, ..., 1, —1), unless n = 4; and that the only then 
possible exception is when H has a substitution that reverses the sign of s,. 


8. For the third case, when H contains H'", there is a substitution 
S, or 


m=, = —8y =e (022); 
and, if kixi t k(t - ...--5,) is the linear function whose sign is reversed 
by U, the corresponding one for SUS 1s 

(ki QE ka) Ly xxm ks. 
This again gives a group whose order is not finite unless either k, or ką 
is zero. If ką is zero, U is 
Z = — 2; Ly = magn, 640 Ly = Intant]; 


and, if 544-5; is invariant for this substitution, 


= = a, = 2 
Ag "T ú a 
But the substitution thus determined when combined with G, immediately 


leads to substitutions which are not of finite order. If A, is zero, the 
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condition that s,--5; is invariant gives for U 


Tı = Sis £; = Lim nic] 
and the substitution that results on combining this with (xz) is not of 
finite order. There can therefore be no substitution such as U contained 
in H and not in H"'. Precisely similar reasoning applies if the linear 
function, whose sign is reversed by U, is of the form 


ky (2, 3-29) + ka (xg - ... + Tn). 


9. The result of this discussion, then, shews that, with possible ex- 
ceptions when z is 4, 6, 7, or 8, every substitution of the group H of 
$ 6 whose multipliers are (1, 1, ..., 1, —1) is contained either in a sub- 
group H' or H" or H"'. Moreover, each of these sub-groups is clearly 
generated by its substitutions having the specified multipliers ; and there- 
fore H has either H', H", or H'" as a self-conjugate sub-group. 

Now H' obviously contains a self-conjugate Abelian sub-group of 
order 2” whose substitutions merely change the signs of the n symbols. 
Every group of linear substitutions which contains H’ self-conjugately 
must clearly (since H’ is irreducible) contain the Abelian sub-group self- 
conjugately. It must, therefore, be a group of monomial substitutions 
on the n symbols; and hence, if its coefficients are rational, it must 
coincide with H’. The second group H” contains a self-conjugate Abelian 
sub-group of order 2"-!, and is itself a self-conjugate sub-group of H' of 
index 2. Any group of linear substitutions on the » symbols which 
contains H” self-conjugately must again be a group of monomial sub- 
stitutions, and, if the coefficients are rational, it must coincide with or 
be contained in H’. The third group H'', generated by 

G. and zi =—s, zi—z (>l) 
is the ordinary representation of the symmetric group of n-+1 symbols 
as a group of linear substitutions of n symbols (in that form in which 
the characteristic of a transposition 18 2 —2 and not —n +2). As pointed 
out above, if H'" is contained self-conjugately in a greater group, this 
greater group must be a direct product. 

Now, since H’” is irreducible, the only linear substitution with rational 
coefficients which is permutable with every substitution of H"" is 


, . 
ti = — qz; Q = 1, 2,... n); 
and the only group of linear substitutions with rational coefficients which 


contains H’’’ is the direct product of H'' and the group of order 2 generated 
by the preceding substitution. 
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10. The results thus arrived at may be stated as follows. 

A group of finite order of linear substitutions on zy, Zas ..., , with 
rational coefficients, which contains G, the symmetric group of permuta- 
tions of the » variables, may in general be transformed into one of the 
following groups, of which the generating substitutions and orders are 
given :— 


(i) G, ; N= A!. 
(ii) Gy; zi =— Ti (i = 1,2, ..., n); N = 2.n! 
Gi) Gas; G =  zi— = 8$ (4=1,2,..., n); N = 2.n! 


(iv) Ga; zr =—z,+ = & @=1, 2,..., 2); N = 2.n! 


(0 Gas zi =—zż; 
9 (02 1.95 is 0) 3 N = 4.n! 
Li = Li — $1 
n 
(vi) G,; ti =— S, Ti = ti (20D; N= (n+1)! 
(vi) Gy; zi =— S}, zi = ʻi (+ > 1); 
i |N = 2040) 
t; = — Z; GS 9, is 
(vii) Ga; ti =— £, 23 = — r, x; = t; (25; N=" n! 
(ix) Gay ti =— Zp Ti = Zi (210); N= 2".n! 
where Sy = zz t... F tn 


There are exceptions for the values 4, 6, 7, 8 of n and for no others. 


(n = 4). 


11. I now proceed to consider the exceptional cases. 

When n = 4, it has been shewn that a group of rational linear sub- 
stitutions in four variables, which contains G, and does not occur in the 
preceding list, can be transformed so as to contain either 


(i) the group H, generated by 


Gp m=—2z, th=xu (Ll, 
zi = 2;—45, (2 = 1, 2, 8, 4); 
or (ii) the group H, generated by 
Gy M=—u, T =— ty =z, (i> 2), 
ci = r — }s; (( = 1, 2, 8, 4). 


The latter group is clearly contained in the former, which may be con- 
sidered first. 
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That H, is, in fact, a group of finite order may be shewn as follows. 
Take new variables defined by 


zi = 2y,— Yo, Tą = Ya Js 
Jg = Y3s—-Ya T. = Ye 


The generating substitutions of Gy are (z,z4 and (z,2%9232,). With 
the y’s as variables, the four generating substitutions of H, are found 
to be 


(rz) ~ y= ye Y= yyt Yy» Ys = Ys Y= Y; 
Y= y» ys = 2yi— Yat Jo 
ys = 2yi—Yotyy ys = Wi Ys; 
zy = XM , , , , 
~ yu=z-—ytye Y= je Ys = Ys Y= M; 


, » =— yvy y; = — BY t ys, 
Ti; = 1; —łs, ~ | l 
Ya = — yit Ys Yy — WM 


With the y's as variables, the coefficients of the substitutions of H, 
are therefore integers. Moreover, since są is invariant for H, with the 
z'sas variables, the definite form 


2y1—2yi Ja V;— Vals + V; — Ys yty? 


is invariant with the y’s as variables. The group H, is therefore (§ 1) 
a group of finite order. 

It remains to determine the order of H, and the totality of its sub- 
stitutions. For this purpose, having verified that it is actually a group 
of finite order, it is most convenient to retain the z's as variables. 

The result of transforming 


z; = z;—łs, (= 1, 2, 8, 4) 
by Ti = Zp T — Z4 L3 =— Zp Z4 = — Typ 
is zi = $(2,+2,+23+2,), 

z3 = $(%,+2,—2;—2,), 

zg = $(2;—Lg+2,—2y); 


£5 = 4 (1,—Tę—Ts+-25). 
Hence, if 


3 (c, + tat Teb cy), Ac, 12—23— 04), $(0— 234-23— 24, $(x; —2$— 234—224) 
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be denoted by a, 8, y, 6; and 
g(— zirt tat zat z), $(£1— tat z+ 13), 
3 (131 to— rtz), $r + tatt — 2, 
by a, Bi yj 61; the group H, contains the 24x2*x8 substitutions 
which replace z,, tą, £g r, by dz, +24, +23, +2, in any sequence; 
+a, +8, +y, £ó in any sequence; and +u, ŁA, cy, £6, in any 
Sequence. 
Now the substitutions of G, change each of the products z,z5232,, 
aBy6, and a, B, y,6, into themselves. The substitution 


x; = 1i—łs, (i= 1, 2, 8, 4) 
permutes z,z42407, and aj8,y;ó, while it leaves aByó unchanged. The 


substitution ti = — 2, “=u (L1 


changes r,z,z42, into —2,2%_2%,2,; aByć into —a,B,y,6,; and a,8,y,ó, 
into —aByó. Hence H, consists of the above specified 27.8? substitutions. 


Moreover, f| = —a, 4=—%, Ti = Zp T4 = T4 


permutes aByó with a,8,y,6, and leaves z;z;,z54:, unchanged. It follows 
follows that H, is an actual sub-group of H;, and that the order of H, 
is 2°, 37, 

That there is no group of rational linear substitutions of four variables 
with the maximum order 27.3?.5 is not difficult to verify. In such 
a group, a substitution of order 5 is permutable with the self-conjugate 
substitution of order 2, and obviously cannot be permutable with any 
other substitution except its own powers. A sub-group of order 5 must 
therefore be contained self-conjugately in one of order 10, 20, or 40. 
The first of these is the only possibility, since 25.8? and 921.8? are not 
congruent to unity (mod 5). In this case, however, the group would 
contain* a self-conjugate sub-group of order 27.8?; and this involves an 
obvious contradiction. The group H, is therefore the greatest group of 
rational linear substitutions of four variables whieh contains G,; and 
the two groups H, and H, are the only exceptions for the case n = 4. 


12. When n is 6, 7, or 8, it has been seen that T may be of the form 


zi = — 24—t3-- 55, 

To = — Xg—2, +38, 

tg = —2,—244-15, 

Ti = 2, (i > 8), 
and that the quadratic form 955 — sı 


* Theory of Groups, second edition, p. 327. 
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is invariant for the group generated by G, and T. That this is a group 


of finite order may be proved as in the previous case. If new variables bə 
defined by 


Z1 = 91/1 — Yas Lo = Ya T Yz .... Ly — Yu-1—Yns Ly = Ju 


the substitutions of G, and the substitution T' becomes substitutions on 
the y’s with rational integral coefticients, while for the group which they 
generate the definite form 


4yi — 8i Yat Y2— Vals - Fi ais ys (0 6, 7, 8), 


is invariant. The group is therefore one of finite order. 


(n = 6). 


18. We shall first determine the linear functions into whieh the sub- 
stitutions of the group change rz,. Every substitution of the group is 
expressible in the form 


S,TS,TS,T ..., 


where Si, Sz, S,, ... are substitutions of Ge. 

Under substitutions of Gy, ©, is changed into any one of Li, u, Ly, Ly, 
£5, 4g. Under substitutions of the form S, T, x, is changed into any one of 
the preceding six forms, together with 


| Eare = as S 
Zs — La — Ty, $S m3 ty, sy Ty — lą. 


Hence under substitutions of the form S, TS, z, 1s changed into any one 
of the twenty-one functions that arise from z, and 1s, —2,— zg by permu- 
tations of the z's. The only new functions into which z, is changed by 
substitutions of the form Sı TSTS, are those that arise from 


ls —2,—r, and s,—r,—27,. 


Since T changes s; into 2s, —3 (4, +2,+2,), 35,—1,—2y, is unchanged by 
T, while 3s, —2,— z, becomes Hs, — (4, + £a tH rgt ritt) or c; —15,. Hence 
under substitutions of the forms S,, S, TSą, S, TS, TS,, x, is changed into 
one of the twenty-seven functions that arise from 


Ty 3851—1łą—1lg,  D4— 35 
by permutations of the z's. These twenty-seven functions are not only 
permuted among themselves by Gs but also by T. Hence by every sub- 
stitution of the group, c, is changed into one of these twenty-seven func- 
tions, and the group is simply isomorphic with a transitive permutation 
group of degree 27. 
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To exhibit all the substitutions of the group explicitly an abbreviated 
notation is convenient. Denote 
ts; —z;—r; by Ji , 
M ae a A G, j = 1, ..., 6). 
r;— 4s, by t 
The product z,25242,2,z, is unchanged by Gs. Under the substitution T 
it becomes 
T0373] Tiz Tą Cz TE; 
and this, under the substitutions of Gz, becomes any one of the twenty 
produets that arise by permutations of the auffixes. 
The product z,r441,4.7,,76,.7,, becomes under the substitution T 


Taz Tg 12 T4 Ty Tes 


and this again, under the substitutions of Gy, becomes any one of the 
twenty products that arise by the permutation of the suffixes. 
The product 744-045-053, 7,7477; becomes under the substitution T 


Ty U12 T1137 3471576; 


and this, under the substitutions of G,, becomes one of thirty products 
arising from permutations of the suffixes. Lastly, the product 
T4 La tg 56 Tg, T45 


is changed by 7 into Float f Ts 


There thus arises a set of seventy-two products, viz., 


Ju uo Pe UN wsie 1, 
ae ey dt se soo 1, 
Palat poti Ty TG ...... 20, 
fa EST pd mes 20, 
4i Disk LT seus 30, 


which are permuted both by the substitutions of Gg and by T. 


The substitutions of 1Gg, T} then are the substitutions which replace 
Tj, Tą, Lg, Ly, Z5, Zg by the factors of any one of these products taken in any 
sequence. The order of the group is 


6!X 72 = 27.84.5. 
It is clear that | Gg, T} does not contain the self-conjugate substitution 


tı =— z; (i= 1, 2, ..., 6); 
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and therefore (Gs, T} is contained self-conjugately in a greater group 
(Ge, T ;' of rational linear substitutions of twice its order. 

Now the greatest possible order of a group of rational linear substitu- 
tions on six variables is 2'°.8*.5. Hence, if |G,, T]' is contained in a 
greater group of linear substitutions the order of the latter must be 
2?.9*.5 or 97.8:.5. In {G,, T}’, the cyclical sub-group generated by 
(1ęT3T4TzTg) 18 contained self-conjugately in a sub-group of order 80. By 
forming the most general rational linear substitution, which is permutable 
with (r,zg2,75r9), it is easily verified that this sub-group of order 80 con- 
tains all the rational substitutions, for which 95, — $1 is invariant, which 
transform the cyclical sub-group into itself. Hence, if {G,, T]' were 
contained in a group of order 2°.8*.5 or 2'°.8'.5, a cyclical sub-group 
of order 5 would be one of 2°.8*.5/80 or 2'°.8'.5/80 conjugate sub- 
groups. This is impossible, since neither of these numbers is congruent 
to unity (mod 5). Hence {G,, T! and {Gs T}' are the only exceptions 
for n = 6. 

The group {G,, T} of rational linear substitutions on six symbols was 
first shown to exist by Herr Burkhardt (Math. Ann., Vol. xur, pp. 820-826). 
The totality of its substitutions were presented in the above form by the 
author (Quar. Jour., 1909, pp. 246-250). It is simply isomorphic with 
the group of permutations of the twenty-seven lines on a cubic surface. 
In fact, if the twenty-seven symbols zi, z;, zij be regarded as denoting the 
twenty-seven lines on the surface, then the seventy-two products corre- 
spond to the halves of the thirty-six double sixes that can be formed from 
the lines; and the group of linear substitutions on the six z's is simply 
isomorphie with the group of permutations of the twenty-seven symbols 
which leaves invariant the set of seventy-two products. 


14. As in the preceding case substitutions of the form S, TS, change 
r, into any one of the twenty-eight functions that arise from 


Tı and ks) —Lg— 03, 


by permutations of the z’s. The only new functions that arise from these 
under substitutions of the form S,TS,TS, are 


45, — (ly 1+.:©5--1,+-21,) or retz — 35, 


and those resulting from this by permutation, From r44-r,— ls, there 
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arises, under T, —2,. Hence in this case every substitution of the group 
replaces z, by one of the fifty-six functions that arise from 

l Zi + (48, — Tą — 23), 
by permutation of the symbols. 


Denote 4si—z;—z, by ty, 
—Asita+2; by zy, (,]=1,2,..., 7). 
—T; by zi. 
From the product Ty TąTąT+TĘTĘTY 


there arise, under the substitution T' and subsequent permutations, thirty- 
five products, of which 

L 19 133731 445 ToT 
is typical. From Tą Tą Tą Tą Tg TT, 
under 7 and subsequent permutations, there arise one hundred and five 
products, of which = | 
Teg 7193 T3 T 44 Tys Te TY 
is typical. From Tyl tyt ud 
there arise, under T' and subsequent permutations, one hundred and forty 
products, of which te, = 
Tag Lg Lig £43 Toq oq Ta 
is typical. From Tą Ty T37 Tse Tes 245 74 
there arise, under T' and subsequent permutations, seven products, of which 


£17 T27 T37 Lag Tor Tg Tq 
is typical. 


One of the latter, viz., 249 243 Tą Ty T16 ıq Tı 
is changed by T into Tą Tg Zag Zia Zis Zie Ty; 
and the product Talit £19 Lig Log £15 
which arises from the preceding by a permutation is changed by T into 
Finally the product Tig £13 Log Ly £g Zg lq 
which arises from the preceding by a permutation is changed by T into 
Ey Tą Lg Ty Ty Lg La; 


so that the group contains a self-conjugate substitution of order 2, 
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The group therefore has substitutions which change the product of the 
symbols into each product contained in the following sets, viz., 


Ty Tą Tg X, Lg Tę Tą ..... 1, 
Ty Tg Tg Tą Tg Tę Tą ... 1, 
Lı Tą Tg Ly Tęqlnglzę ...... 95, 
Ly Ta Ig Ly Xqp348Tgg +--+: 95, 
Tj Tą [ją T3y Cgz tyg lz ...... 105, 
Ty Lo Yita Taz Tzg gą o. 105, 
Xi ię T iz Ti To tan zg e. 140, 
FU wind Tere f ra. cić 140, 
Py Lisl dad qm (e T, 
Liat dial high E sus T. 


There are in all here five hundred and seventy-six products, and the group 
therefore contains all the substitutions which change 2, Ta. Ty, ty, Ty, Zes Tą 
into the factors, taken in any sequence, of any one of these products. 
These constitute 2'°.8*.5.7 substitutions, so that the order of the group is 
equal to or greater than this number. Now the greatest possible order of 
a group of rational linear substitutions on seven variables is 2! .3*.5.7, so 
that the order of ;Gy, T} is either 29.8'.5.7 or 27.8*.5.7. In 1G4, T! 
the only substitution with which a substitution of order 7 is permutable, 
except its own powers, is the self-conjugate substitution of order 2. More- 
over & substitution of order 7 is transformed into its eube by a substitution 
of order 6; and therefore the greatest sub-group containing a cyclical sub- 
group of order 7 self-conjugately has order 84. Now 2'.8'.5.7/84 is, and 
911.8:.5.7/84 is not, congruent to unity (mod 7). Hence, finally, the order 
of {Gn T; is 2'°.8*.5.7; it is not contained in a greater group of rational 
linear substitutions, and the totality of its substitutions is exhibited in the 
above table. 

The existence of this remarkable group of rational linear substitutions 
on seven variables has not previously, so far as I am aware, been recog- 
nised. It may be easily verified that it is simply isomorphic with the 
group of permutations on the fifty-six symbols 


Lis T Lijs tij (^, J == 1, 2, eoey 7) 


for which the set of five hundred and seventy-six products is invariant. 
This group of permutations is clearly imprimitive, permuting the fifty-six 
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symbols in the twenty-eight pairs 
Pid Tij, I (2, J = 1, 2,..., T). 


It contains a self-conjugate permutation which permutes the two symbols 
of each imprimitive system ; and in respect of this self-conjugate permu- 
tation it is isomorphic with the group of permutations of twenty-eight 
symbols for which the two hundred and eighty-eight products, that arise 
from the preceding table on neglecting the distinction between z; and z; 
or z;; and Ty, is invariant. 

An examination of the resulting table shews it to be identical with the 
table of the two hundred and eighty-eight Aronhold systems* that ean be 
formed from the twenty-eight tangents to a plane quartic. It follows that 
if S is the self-conjugate substitution 


zi——m (G= 1, 2,..., 7), 


then {G,, T}/{S} is simply isomorphic with the group of the twenty- 
eight bitangents to a plane quartic. 


(n = 8). 


15. As in the preceding cases, substitutions of the forms S, TS, and 
S, TS, TS, change z, into 


Ly, 351—42—1g fsı — (81 + r4 zb r+ 73), 
and functions which arise from them by permutations. The last form 
may be written 
Te ttrt T8—35,. 


The only new functions that arise from this and its permutations, under 
the substitution T, are 


Tı — Ta 35 ,—2,—24— Ty, 
and their permutations. From these in a similar way there arise 
£43 184—351, 
and its permutations ; and from this 
-z 
and its permutations. Hence the linear functions into which z, is 
changed by the substitutions of the group are 
tr, Gs rcg), E(35—%:—1—2y), Ti— tj 
(4, J, k = 1, 2, ..., 8). 


* Cayley, Collected Works, Vol. vit, p. 125. 
SER. 2. vor. 10. wo, 1117. X 
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Of these there are two hundred and forty, so that {G,, T! is simply 
isomorphic with a transitive permutation group of degree 240. 
Denote —zi; by Ta, 
$s—z;—z, by Ty, 
—iitritz; by zy, 
—4s5,+2:+2;+2% by Lijks 
is—z;—zj—zy by zi 


T;— 2; by Ta» 


8 
The produet i r, is changed by every substitution of the group into the 
product of eight of these symbols. In particular, T changes it into 
Tog Tą, Tia Tą T 5T 6 Ty Tp. 
A permutation changes this into 
Bodka M CI TI. 
and T changes this into £} T5 Tag Pg) PoP 5 45:7 458 


The number of products that arise in this case is so great that it would 

be tedious to give, as in the preceding simpler cases, their actual construc- 

tion. It is easy to verify that, us in the case n = 7, the group contains a 

self-conjugate substitution of order 2, so that, for example, from the last 

written product DP 

L4 Ty Tog Tgj T12 L456 L457 T458 

arises. By continuing the process begun above, I have verified directly 
8 

that all the products in the following table arise from II z; under the sub- 
1 


stitutions of the group. Each entry in the table is to be regarded as a 
typical product, and the number written against it is the number of pro- 
ducts that arise from it under all permutations of the z's; or, which is 
the same thing, all permutations of the suffixes. 


Ty Wa Wa Gy |y Dg Ty Wu siai 1, 
Ty dy, ty au dy Be Ty. y anwar 1, 
Ti dą Ty Ty ly wu Beg Tep ese 56, 
DEP Ja Pm 56, 
Jy dy dą dg ue Te Ta qa crni 280, 


Ty To Ty Ju Cu qa ug Typo ee . 280, 


po 
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ty Ly Lyo3 Tig, bata Ting Lion eee 28, 
Tı T} Zig ia. Tias Log Tig Tig eee 28, 
Tı T} fq ag Ter Tıg Tig Tig e 560, 
Tı Ta Tag Te Tez Tig Tj Tys ee. 8560, 


Tı Tg T gg T 48 L167 L175 £156 Tis) ...... 1120, 


Tı Tg T3g T48 L167 T175 Tıs56 T81) ...d... 1 120, 
» 

Zi Tag T 38 Tıg Teg T 6g Tag Tag) ...... 56, 

Ly Tag T3ą T 48 J'sg I 6g Dag T(g1) ..... . 56, 


Ty Tq Tin Tio. Tias Tis Tam Tas e. 840, 
VQ Tg Tiz Tiy Tiz Tie Ten) Ten (eee 840, 
Ti Tig Tuz Tig Tas) Tao TAD Tag... — 280, 


— 
f] 


ti Tiy Tuz Tias Ten Ten Tay Ten +.. 280, 


Ti tag Ta» Tav Tas) Tao Tap Tarn e. 8, 
Ti Ta) Ton San Tøn T6n Tan Ten e 8, 
Ta up qa Tor Tier Tig Tang Timo ee . 280, 
Tay Ty Tiz Tse Tap Tist Vau Ties ee 280, 
Mig Log Tzs Tgi Tg L038) Tis) Tis eseese 1680, 


Lig Toh £315 T316 Ta Ju Tę) Cinw seese 1680, 
Ligg Liz Lizz Ti agp Law Tia) Lig ee . 168, 
ig Zia Jas Ti Liny Len Tao) Tiz «ss 108, 
Tig Tig Jis Xap Tan Las) Tiz Tas eee» 1120, 


Tig Tig Tras T gi Tan Ton Tig Tss +++» 1120, 


Tiog Tiy Tas Tes) Tia Terg Tass Tses ------ 1680, 
Tio Tiz Lei) (gp Tig Tore Tass Too -+ 1680, 
Zig Tig Tq, Tis Tlen) Tin) Tan Tere ****** 280, 
Ty Tig Tu Tis Tap Tan Tas) Tom (e 280, 
Tig Log (gg) Tiss) Tay Les) Tie Live 168, 
Tig Log J(gy Zax Tes) Tee) TD Tig +++ 168, 
Tag Zi Tig Tias Ters Tene Tsee Tor = i TO. 


There are here in all 17,980 distinct products, and the group contains 


a substitution which changes the r's into the eight factors of any one of 
x 2 
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these products taken in any sequence. The table therefore gives in 
explicit form 17280 X8!, i.e., 2)*.8°.57.7, distinct substitutions all be- 
longing to {G,, T}. 

Now the order of any group of rational linear substitutions on eight 
symbols is a factor of 2'.87.5%.7 ; and therefore the order of {G,, T} 
must be either equal to or one half of this number. In G, the 
cyclical substitution (7,27g732,2,2%_2,) is transformed into its cube by a 
substitution of order 6. It is easily verified that the only rational substi- 
tutions, for which 9s,—s; is invariant, with which (r;z9T54T,T$52X$24) 18 
permutable (its own powers excepted) are 

zu (i= 1, 2, ..., 8), 
T= XQ Zi ==, (i= 1,2, ..., 7), 


and their product. Hence, in {G}, T], the order of the greatest sub- 
group which contains a sub-group of order 7 self-conjugately is 168. Now 
21.35. 5?.7/168 is, and 2/5,85,5?.7/168 is not, congruent to unity (mod 7). 
Hence, finally, the order of {G,, T} is 24.3°.57.7; all its substitutions 
are given explicitly by the preceding table; and it is not contained in a 
group of rational linear substitutions of greater order. 

For the case n = 8, there is therefore again just one exception. The 
existence of this group of rational linear substitutions on eight variables 
has not hitherto been recognised. It contains a self-conjugate substitu- 
tion S of order 2; and it may be shewn that the factor-group {Gg T!/;S; 
is simply isomorphic with Jordan’s first hypo-Abelian group* on eight 
symbols. The proof of this statement, which is not directly connected 
with the subject matter of the present paper, is left for another occasion. 


— 


* Jordan, Traité des Substitutions, pp. 195-206. 
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DEFORMABLE OCTAHEDRA 


By G. T. Benner. 


[Read May 11th, 1911.—Received July 14th, 1911.] 


THE following synopsis of the contents of the paper may be of assis- 
tance to the reader, though necessarily too brief to be intelligible in 


itself. 
S$ 


O 0-909 


Preliminary. 

The infinitesimally deformable octahedron. 

Kinematics of the same. 

Polarizing screws : groups of normals. 

Polarizing quadrics. 

Mechanical completion of the figure: eight rigid tetrahedra. 

Spherical indicatrix : the double-four. 

Kinematics of double-four : centres of rotation and perspective quadrilaterals. 
Other perspective quadrilaterals. 

The axially symmetric octahedron. 

The axis as related to four concurrent planes. 

The axis as related to four coplanar points. 

The axis as related to a tetrahedron. 

Congruences of circles associated with a four-plate mechanism. 

The spherical double-four of the axially symmetric octahedron. 

Plane double-four symmetric about centre or axis. 

The axially symmetric skew hexagon : the general axially symmetric chain. 
The equilateral and rectangular skew hexagon. 

The prismatic case of the axially symmetric octahedron. 

Congruent and mutually inscribed tetrahedra. 

Locus of the reflecting axis of the tetrahedra. 

Tetrahedron with two pairs of equal and opposite edges : cylindroid movement. 
Tetrahedron with three pairs of equal and opposite edges. Three cylindroids. 
Deformable octahedron symmetric about a plane. 

The skew deformable octahedron : preliminary. 

Spherical double-four composed of isogram linkworks. 

Plane double-four composed of crossed isogram linkworks. 

Construction of the skew deformable octahedron. 

Properties of the skew deformable octahedron. 

The two flat forms of the skew deformable octahedron. 

Compound octahedral mechanisms. 

Concluding remarks. 


1. The common regular octahedron has three pairs of opposite vertices, 
four pairs of opposite triangular faces, six pairs of opposite edges, and 
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three diagonals. The octahedron here to be considered has elements of 
the same number and kind as the regular octahedron, but is, otherwise, 
arbitrary in form. Such an irregular octahedron may be supposed to be 
constructed with eight rigid plates for faces hinged along the edges, or 
with twelve rigid wires for edges articulated at the vertices ; and the form 
so constructed is in general a stiff framework. An analytical investigation 
of all the special types of octahedron which are deformable has been made 
by Brieard;* who studies for that purpose the conditions under which 
three doubly quadratic equations in three variables may be poristic. He 
finds that the possibilities are exhausted by three different types of octa- 
hedron. The first type is symmetric about a line: the second about a 
plane. The third is unsymmetrie ; but it is shown to have the alternate 
angles at each vertex equal or supplementary ; and a construction is given 
for either of two flat forms which the octahedron assumes during its de- 
formation. Figures are given in representation of a model of each type. 
To the paper is appended a note of Mannheim, pointing out that, as an 
immediate consequence of the kinematies, the eight faces of each octa- 
hedron are concurrent in two points. 

It is part of the purpose of this paper to give, later, some discussion 
of the geometry of the three types of deformable octahedron, and to 
develop the kinematic properties of the movement. But it is convenient 
to consider first the more general case of an octahedron which shall be 
only infinitesimally deformable: for any results true of this last case will 
necessarily be true of the more special cases in which the free working of 
the mechanism is of finite extent. 


2. Let the three pairs of vertices of the octahedron be A and A’, B 
and B', C and C'. The four pairs of triangular faces may be named as 
follows :— 

AB'C' = a, A'BC =a, 
A'BC' = B, AB'C B, 
A'B'C = y, ABC' y^ 
ABC =ð, A'B'C' = 6. 


Assuming then a small movement to be possible, consider the kinematics 
of the movement of ABC relatively to A'B'C'. The point A, as a vertex 
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* Liourille, 1897, pp. 113-148. 
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of the plate 4B'C', moves normally to the plane AB'C'; and hence the 
point 4 has u as its polar plane with regard to the screw of the relative 
movement; and similarly B and C have as polar planes 8 and y. In the 
same way it appears that the polar planes of A’, B', and C' with regard 
to the same screw are a’, 8’, and y’. Now, since A, B, and C lie in the 
plane ô, their polar planes a, B, y pass through the point D of 6 which is 
the pole of 6: that is, the planes a, 8, y, 6 are concurrent. Similarly, the 
planes a’, 6’, y’, 6’ are concurrent in the point D', which is the pole of ó'. 
The above table of notation may therefore be extended thus :— 


AB'C'D = u, A'BCD' =u’, aß'y' = A, a’ Być” al 
A'BC'D = 8, AB'CD' = 8, ad By'ó = B, uB'ys = D', 
A'B'CD = y, ABC'D' = y', a'B'yo = C, uBy's’ = C, 
ABCD =ð, A'B'C'D' = 6, aByé = D, uB'yć' =D, 
and the complete configuration is that of Mobius, capable of being 
exhibited in four different ways as consisting of the eight vertices and the 


eight faces of two mutually inscribed tetrahedra. The four pairs of tetra- 
hedra are these :— 


A'BCD = dyBu', AB'C'D' = ó'y'8'a, 
AB'CD = you’, A'BC'D' = y'ó'a'B, 
ABC'D = Baoy’, A'B'CD' = B'a's'y, 


ABCD' = a'B'y'6, A'B'C'D = aflyó'. 
In this last table the faces of each tetrahedron are named in the order 


corresponding to that of the opposite vertices : and from it may be read 
off the alternative names of any one of the 24 lines: ez. gr., 


AB' =a8', AB=y'6. 


It is perhaps worth noticing, in passing, that the relations of the 
points and planes and lines of this well-known configuration may be very 
concisely presented by attaching the names to the corners of a cube 
(Fig. 1, p. 812). One corner is named D, the three adjacent corners are 
named A, B, C, and the corners diagonally opposite are named D’, A’, B', 
C’, respectively. Any corner and the three adjacent corners then give the 
names of four coplanar points. The name of the plane corresponding in 
this way to any corner is attached to that same corner: so here, to the 
corners already named, are given (in the same order) the additional 
names ô, a, B, y, 9', u', 8’, y'. Then the following results hold :—(i) a 
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point is on a plane if the names are at the same corner or at adjacent 
corners; (ii) four points are coplanar, or four planes are concurrent, if 
their names are at a corner and the three adjacent corners; (iii) the line 
joining two points is the same as the line of intersection of two planes if 
their names are either at the ends of the same edge of the cube or else at 
the ends of the two diagonals of a face. 

(It should be remarked that the cubical arrangement of the letters is 
one of four such arrangements essentially different, and is selected as the 
most convenient only on account of the alphabetical accident of notation. 
The customary pairing of A with a, etc., is, of course, merely literal and 
not logical.) 

The 28 joins of the eight points taken in pairs are completed by the 
addition of the four lines 4A’, BB’, CC’, and DD’; and the four lines 
aa , 88’, yy’, 60' complete the 28 intersections of the eight planes taken 
in pairs. It may be recalled here, as a known property of the configura- 
tion, that a pair of transversals meet the lines 44’, BB’, CC’, DD', and 
separate each pair of points harmonically ; and that the same transversals 
meet the lines aa’, BB', yy’, 60’, and separate each pair of planes har- 
monically. They will be referred to as the harmonic transversals.* A 
consequence necessary to be quoted later (§ 9) is that the pair of planes 
projecting the pairs of points A and A', B and B’, C and C’, D and D’ 
from any line which meets the harmonic transversals, form a pencil in 
involution, and that the double planes of the involution pass through the 
harmonic transversals. 


* Cf. Quarkriy Journal, No. 168, 1911, pp. 379-350. 
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8. The kinematies of the relative movement of any two of the eight 
plates may now be considered. There are three types of pair. (i) There 
are twelve pairs with a hinge-line of connection, such as a’ and ô with the 
hinge-line BC, the relative movement being rotation about the hinge-line. 
(ii) There are twelve pairs with a common point, such as a and ó with 
the common point A. At the point A are consecutively hinged the plates 
a, 8’, 6, y’ (in this order); and hence the relative motion of a and ô is 
rotation about the line B’y’. (iii) There are four pairs, such as a and a’, 
with no material point of connection, and these have each a screw for 
their relative motion. The relative motions of the 28 pairs may be 
arranged tabularly as follows :— 


a’d’ 
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Si, Są, Ss, S, being screw motions and all the rest rotations. It may be 
noticed that the plates a, 8, y, ô, having the geometrical point D common, 
have as axes of relative rotation the lines of intersection of the plates a', 
B', y', 6, having the point D' common; and also conversely. 


4. It was seen (§ 2) that the mutually inscribed tetrahedra aByó' and 
u B'y'6 are reciprocal with respect to the screw of the relative movement 
of plates ô and ó'. Similar results hold for the other three screws. The 
eight points, polarized with regard to any one of the four screws, give rise 
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to the eight planes according to the scheme :— 
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And thus there are associated with each screw a pair of opposite faces of 
the octahedron and a pair of mutually inscribed and reciprocal tetra- 
hedra; namely, 


with the screw S;, the faces a, a’, and the tetrahedra u Być, aB'y'6', 


” Sa, » B, p, » uB'y6, u'By'ć', 
» 53 9 y» y^ ,» uBy'ć, a B'yć', 
29 NA » ó, ó', » aByć', a’ B'y's. 


For any one pair of reciprocal tetrahedra in relation to the polarizing 
screw the following results hold :—(i) the lines joining non-corresponding 
vertices are rays of the screw, (ii) the lines of intersection of non- 
corresponding faces are rays of the screw, (ii) the lines joining corre- 
sponding vertices are polars of the lines of intersection of the opposite 
faces, (iv) the polar lines of the edges of either tetrahedron are the edges 
of the other tetrahedron which are corresponding-opposite. From the 
last, since the axis of a screw and any two polar lines have a common 
normal, it follows that the six common normals of corresponding opposite 
edges of each pair of tetrahedra are normal to the axis of the associated 
screw. The same also appears immediately and kinematically on con- 
sidering the relative movements of groups of three pieces. Consider a 
group consisting of a, a’ and any one other. For a, a and B', the 
movements are ($3) the screw S, and rotations on aŚ' and yć. Hence 
the common normal of a’ and yó meets the axis of S, Replacing f' 
by each of the other five plates in turn, it appears that the common 
normals of corresponding-opposite edges of the tetrahedra a’Byé and 
aB'y'6' are all normal to the axis of S,. 

It may be observed that any pair of corresponding-opposite edges of 
two reciprocal tetrahedra occur also as opposite edges of another tetra- 
hedron. For example, u8' and yo, above, are opposite edges of the 
tetrahedron uf’yd. Mach tetrahedron gives rise to three common normals 


1911.] DEFORMABLE OCTAHEDRA. 815 


of opposite edges, and the eight tetrahedra altogether to 24 such lines: 
and these may be grouped in four sets of six, each set being all of them 
normals to the axis of one of the four screws. 


5. Less immediately kinematic, but convenient to include for the sake 
of reference, are the four polarizing quadries of the configuration. The 
table of 8 4 shows the four screws to be commutative and therefore re- 
ciprocal. Successive polarization with regard to any three of them has 
the same effect as polarization with regard to the quadric generated by 
their common rays. If Q, is the quadric derived from screws S, Sg S, 
and similarly for Qs, Q4, Q, the following table gives the polar relations 
of the eight points and planes with regard to the four quadries :— 


4 B C D A B C D 


The tetrahedra which are reciprocal with respect to any one of the screws 
are each self-polar with respect to the corresponding quadric. 

The tables of $3 4, 5 conjointly show each of the eight planes as the 
polar of any one of the eight points, provided that the polarizing screw or 
quadrie is properly selected. 

It may also be conveniently stated here that the two harmonie trans- 
versals (§ 2) are the common rays of the four screws ; and hence that they 
are also common generators of the four quadrics. 


6. The symmetry of the relationships which attach to the configura- 
tion of eight points and eight planes does not, so far, extend to the 
material of the mechanism itself: for the points D and D' play a part 
which is merely geometrical. This lack of agreement may, however, be 
removed. Regard the octahedron as constructed of twelve wires articu- 
lated at the points A, B, C, A’, B', C'. Introduce three wires AD’, BD’, 
CD'; so that ABCD' is now a rigid tetrahedron. The point D' has, 
therefore, relatively to the triangle 4'B'C', a movement normal to the 
plane A'B'C' ; and three additional wires A'D’, B'D', C'D' will not pre- 
vent this infinitesimal movement. Similarly, six wires A'D, B'D, C'D, 
AD, BD, CD may further be added without constraining the infinitesimal 
freedom. The mechanism now consists, symmetrically, of 24 wires articu- 
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lated at the eight points 4, B, C, D, A', B', C', D'. (The only non- 
material lines are the four diagonals 44', BB, CC, DD'.) This 
completed mechanism has the same system of kinematic relations as the 
previous and incomplete form. The coraplete mechanism may be regarded 
as a collocation of four different mechanisms of the original form; for, 
whereas omission of the wires having terminals at D or D’ restores the 
original form, omission of the wires having terminals at A or A’ gives a 
fresh form, and similarly for B or B' and C or C'. If constructed of 
plates instead of wires each of the partial mechanisms is an octahedron, 
and the complete mechanism consists of 82 plates. Each plate may be 
named by the three vertices, the vertices being named by three letters 
(out of four) all different, each either plain or accented. The four plates 
connecting coplanar points A, B, C, D lie all in one plane and permit of 
infinitesimal movement: there are eight such planes. The four plates 
connecting points A, B, C, D' form a rigid tetrahedron: there are eight 
such tetrahedra, consisting of the four pairs of $ 2. Two tetrahedra which 
are a pair are not immediately connected and have one of the screws for 
their relative motion: but any two which are not a pair have a common 
edge, and the common edge is the axis of the rotation which is their rela- 
tive movement. The table of $ 8 gives, er. gr., a'6' as the axis of rotation 
for the plates 9 and y: and in the completed figure the plates are repre- 
sented by the rigid tetrahedra A'BC'D' and A'B'CD', with the common 
edge A'D', which is a'ó'. Hence, for the completed mechanism, the axes 
of rotation are now, being material lines of connection, immediately 
apparent without the auxiliary table. 

As an application of this consider the four tetrahedra A BCD’, ABC'D, 
A'B'C'D, A'B'CD', forming a cycle of four rigid bodies hinged consecu- 
tively. The hinge-lines AB, C'D, A'B', CD’ must, in virtue of the infini- 
tesimal freedom, be generators of a quadric. The same is true of the four 
remaining tetrahedra AB'CD, A'BCD, A'BC'D', AB'C'D', giving hinge- 
lines CD, A'B, C'D', AB’ as generators of a quadric. And the two 
quadrics are the same; for each set of four lines meet the other set of 
four. The eight lines are the sides of the skew quadrilaterals ABA'B' 
and CDC'D'. It follows that 4A’ and BB’ are polar lines, and that CC’ 
and DD’ are polar lines; and hence that the two harmonic transversals, 
meeting these four, are also polar lines. There are three such quadrics, 
each passing through all the eight points and touching all the eight 
planes, and together accounting (as generators) for all the 24 lines. 

The fact which has here been sufficiently brought out in regard to the 
Mobius configuration is that, if the figure is materialized, it retains one 
degree of infinitesimal freedom, and that the kinematics of the movement 
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accounts for much of the geometry associated with the configuration. 
And a simple analogue in uniplanar kinematics, which is perhaps not too 
familiar, may here be remarked. A four-bar linkwork gives six instan- 
taneous centres of relative rotation for the six pairs of bars; namely, the 
pivot of connection for any two adjacent bars, and the point of intersection 
of either pair of opposite bars for the other two opposite bars. This may 
be symmetrized by replacing each bar by a triangular plate, the sides of 
the triangle being given by the line of the bar and of the two adjacent 
bars. The figure consists then of the four triangles obtained by omitting 
one line at a time from the figure of a complete quadrilateral. Each pair 
of triangles are pivoted at a common vertex, being a vertex of the quadri- 
lateral, and the whole forms a mechanism with one degree of infinitesimal 
freedom. Three separate four-bar mechanisms are here collocated in the 
one complete mechanism, and are obtainable, each in turn, by the omission 
of the pivots at a pair of opposite vertices of the quadrilateral. (The plane 
analogue differs from the three-dimensional case in that the collocated 
mechanisms have finite freedom.) 


7. Reverting to the original octahedral mechanism with its eight tri- 
angular plates, we may construct a spherical figure to represent, by great 
circles and their points of intersection, the angular positions of the plates 
and the directions of the edges. Such a figure may be called the spherical 
indieatrix of the octahedron. Transferring the notation of the octahedron 
to the spherical figure, the great circles may be denoted by the symbols 
a, B, y, ô, a’, B’, y', 6’: and the directions of the edges will be represented 
by twelve of the sixteen points in which a, 8, y, ô are cut by a’, 8’, y’, ó' ; 
namely, when the four points aa’, BB’, yy', 66’ are excluded. Alternative 
names for the twelve points, such as AB’ for a8’ and C'D' for af, follow 
the same rules as for the octahedron itself: and four points named AJ’, 
BB', CC’, DD' represent the directions of the corresponding diagonals 
of the oetahedron. Excluding these last four points, the figure consisting 
of the eight ares and the twelve points of intersection may conveniently 
be termed & spherical double-four. 

The rigidity of the plate 4'BC of the octahedron involves invariability 
of the angles of inclination of the edges A'B, A'C, BC, that is, of the 
lines a'B, a'y, a'ó of the octahedral figure: and hence the points 4'B, 
AC, BC of the spherical figure, that is, points a'B, a'y, a'ó, may be 
regarded as points marked on a rigid are a'. Similar results hold for 
all the eight ares; and hence the whole spherieal double-four may be 
regarded as a spherical mechanism of eight pieces articulated at the 
twelve crossing points. The infinitesimal deformability of the octahedron 
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involves a like property in the spherical double-four. Such a spherical 
framework would in general, instead of having one degree of freedom, 
be quadruply stiff. The present double-four is of special type. For, in 
the octahedron, the directions of the three pairs of sides of the quadrangle 
A'BCD are in involution, and hence.in the spherical figure the three 
pairs of points in which a is cut by 8 and ', y and y’, 6 and 6, are in 
involution. Hence any three pairs of sides of the double-four cut each 
of the other two in involution. There are eight such involutions in all.* 


8. The kinematies of the spherical mechanism may be considered. 
Each of the 28 different pairs of pieces gives rise to & centre of relative 
rotation. There are three types of pair. (i) There are 12 pairs such as 
a and B, hinged at the point af', so that the point a8’ is their centre 
of rotation. These are the 12 points of the double-four. (ii There are 
12 pairs such as a and Ś, or a' and B'. Since ay'Bó' are the consecutive 
sides of a quadrilateral linkwork, the centre of rotation for a and B is 
the point ,'ó'; Hence the centre of rotation for any two pieces which 
are sides of the quadrilateral aByó is the corresponding-opposite vertex 
of the quadrilateral a'B'y'6', and vice versa. (iii) There are four pairs 
such as a and a’: giving centres of rotation which may be named J, 
Ty, I$ Ip 

The theorem of collinearity of the relative centres for any three pieces, 
if applied to a, a’, and £8, shows J, to be collinear with a’B and y'ó'. 
If each of the other five is associated in turn with a and a’, it then 
appears that the joins of corresponding-opposite vertices of the quadri- 
laterals a'8-ó and aB'y'6' are all concurrent in the point J, and form 
a pencil in involution. A similar property holds for the other three 
pairs of quadrilaterals, namely, a(9'yó and a’By'd’, aBy'd and a'B'yć', 
af yó' and a'8','ó : the centres of the involution pencils being Ig, Iz, I). 


9. The same property of perspective involution may be seen to be true 
of four other pairs of quadrilaterals. For the pairs of planes in involution 
(§ 2) through the line AA’, in the octahedral figure, which project the 
pairs of points B and B’, C and C’, D and D’, give rise to three pairs 
of lines in the spherical figure, concurrent in the point AA’ and in 
involution. Now the six planes, in order, contain the lines AB, AB’, AC, 
AC', AD, AD’; and these are lines of intersection of planes a, 8’, y’, ô. 
Hence in the spherical figure the six arcs pass through the points y', 
af, B'S, ay’, ad, B'y', that is, the pairs of vertices of the quadrilateral 


* Cf. Proc. London Math. Soc.. Ser, 9, Vol, 9, p. 284, $ 14, 
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aB'y'6. Similarly the planes contain the lines A'B, A'D', A'C, A'C', 
A'D, A'D', and hence the ares pass through the points a’B, yó', a'y, Bo’, 
By, a'ó', these being corresponding-opposite vertices of the quadrilateral 
a'Być' as compared with the former. Hence the joins of corresponding- 
opposite vertices of the quadrilaterals a'-ó' and aB'y'ó are concurrent 
in the point AA’ and form a pencil in involution. The same property 
holds for the other three pairs of quadrilaterals aB'yć' and a’By'd, aBy'd' 
and a'B'yó, aByé and a'8','ó'; the centres of the involution pencils 
being the points BB', CC', DD'. 

It may be remarked that the properties of $8 8-9 are geometrical 
equivalents: for the involution property of $ 7 which gives the figure its 
other properties allows of an exchange of any corresponding pair of lines, 
say a and a’. Moreover, from the one figure, by such exchanges of 
corresponding pairs of lines, eight different double-fours may be formed, 
each giving rise to a mechanism. It is thus the kinematic aspect only 
which is responsible for differentiating the 16 quadrilaterals as two 
distinct sets. 

It may also be added that involution theorems corresponding to those 
of $$ 7-9 are true of the plane figure, consisting of four pairs of straight 
lines, which is obtained by taking any plane section of the Mobius con- 
figuration. If the plane is taken at infinity, the theorems become equiva- 
lent to the above spherical theorems which arise kinematically. 


10. The first of the three types of continuously deformable octahedron 
found by Bricard is symmetrical about an axis. The three diagonals 
AA’, BB’, CC’ are all perpendicularly bisected by a line z, the axis of 
symmetry. The eight triangular faces consist of four pairs of congruent 
triangles, each pair being images in z. The figure is geometrically 
completed by the points D and D’ in which the planes of the faces are 
concurrent in two sets of four. The whole figure may be derived from 
the foregoing general case ($$ 2-6) by supposing one of the two harmonic 
transversals to remain a finite line z while the other becomes the line at 
infinity in any plane perpendicular to it. 

That the figure gives a continuously deformable mechanism is apparent 
on dissecting it into two twin halves, taking the skew quadrilateral BCB’C’ 
as the line of separation. One half then consists of the four plates 
ABC, ACB’, AB'C', AC'B with a common vertex 4 and consecutive 
hinge-lines AB, AC, AB’, AC’, and has one degree of freedom perpetually. 
The free edges BC, CB’, B'C', C'B of the skew quadrilateral BCB'C' are 
alternately equal, forming a skew isogram. (Here and elsewhere the 
name ''isogram " is used for any four-sided figure, whether plane or 
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skew or spherical, which has its alternate sides of equal length.) Now 
the diagonals BB’, CC’ of a skew isogram are bisected by their common 
normal z. Hence a half-turn about z converts the figure A BCB’C’, point 
for point, into a figure A'B'C'BC which may be supplied by the second 
half of the dissected mechanism. 

The specification of the figure of the octahedron depends on seven 
parameters: for the twelve sides of the four triangles ABC, ACB’, 
AB'C', AC'B consist of six equal pairs of lengths, but are otherwise 
arbitrary, and the deformability adds one further parameter. It may be 
observed that the equalities among the lengths of the sides are such as 
to allow the four plates (one of each pair) to form a tetrahedron. The 
necessary inequalities, however, affecting the angles are not necessarily 
satisfied. Again, and differently, the figure may be obtained by taking 
an arbitrary triangle and reflecting it in an arbitrarily placed line. This, 
again, accounts for seven parameters. 


11. It is profitable to take another view of the half mechanism 
ABCB'C'. Four plates 6, 6’, a, y' may be supposed consecutively 
hinged along the four concurrent lines AB, AC, AB’, AC’, but the free 
edges may be left undetermined. It would then be an elementary problem 
to determine a set of points B, C, B’, C', one on each hinge, such that 
the lengths of the edges BC, CB', B'C', C'B may be alternately equal. 
There should be a double infinity of solutions, each giving rise to a 
position for z, the common normal of BB’ and CC’, a half-turn about 
which completes the octahedron. The positions possible for z may be 
better found, however, from previous results, as follows. 

The involution of planes through AA projecting the three pairs of 
lines of the four-plane óB'ay' has as double planes ($ 9) the plane A, say, 
through AA’ perpendicular to z, and the plane A, say, through 44' and z. 
The involution is a symmetric involution, with perpendicular double 
planes; and its pairs of planes exchange by a half.turn about z as well 
as by reflection in either A or X. The involution is completed by the 
pairs of tangent planes through AX’ to the quadrie cones inscribed in the 
four-plane. The following consequences arise :—(i) The line AX is a focal 
line of one of the cones. (ii) Two of the cones pass through XX, one 
touching A and the other touching X. (iii) One of the cones has A as 
a principal plane, and another cone has A as a principal plane. 

And so, to construct any one of the axes of symmetry z which may 
be associated with the four-plane, a plane of symmetry A of any inscribed 
quadric cone 1s taken, and z is then any one of the normals of A which 
lie in the companion plane A. It may be noted that a figure of four 
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concurrent planes involves five parameters; and these, together with the 
two needed for fixing z, give seven, as before, for the determination of 
the octahedron. 


12. The relation of the axis z to a set of four coplanar points, say 
ABCD, may also be noticed. A half-turn about z converts the quadrangle 
ABCD and its plane ô into the quadrangle A'B'C'D' and its plane 0’. 
The pairs of sides of the two quadrangles meet the line do’ in the same 
three pairs of points in involution, namely, the points in which óó' is eut 
by a and a, B and 8, y and y. The half turn about z, which is normal 
to óó, exchanges the two points of each of these pairs: and hence the 
involution is symmetrie, with one double point at infinity and the other 
the point zóó. The line óó' is therefore an asymptote of one of the 
conics through 4, B, C, D; and z is a normal to 66 at the point of 
contact of the other conie through A, B, C, D and touching 66’. It is 
easily seen that this construction, like the others, involves seven para- 
meters. 


18. One further construction, associating the axis z with any one of the 
tetrahedra, say ABCD’, may also be given for the sake of its application 
later ($ 21). It was seen (§ 6) that the skew quadrilaterals BCB'C' and 
ADA'D' have their sides all generators of a quadric of which the harmonic 
transversals are polar lines. Here the quadrilaterals are isograms and 
the axis z is a principal axis of the quadric. It follows that a screw of 
proper pitch with z as axis has as rays the four lines BC, BC, AD, AD, 
these being generators all of the same system. Hence BC and AD, 
opposite edges of the tetrahedron ABCD, belong as rays to the same 
serew with axis z. (The same result may also be seen independently by 
noticing that BC' and B'C, being images in z, are polar lines of a screw 
on z, and that BC and AD’ meet both these polar lines and are therefore 
rays of the screw.) "Thus, in relation to the tetrahedron ABCD, the axis 
z satisfies three conditions; namely, it is the axis of three screws each 
having a pair of opposite edges as rays. A single infinity of positions 
of z are associated with the arbitrary tetrahedron ABCD, giving seven 
parameters for the complete figure as before. 


14. From the movement of the octahedron and the results of § 9 may 
be derived a property of any mechanism of four plates with concurrent 
hinges. For, consider the movement of the point A relatively to the 
pieces of the four-plane with vertex A. Relatively to the plate ABC the 
point A’, vertex of the triangle A’BC, describes a circle of which the line 
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BC is axis. Similarly the point A describes, relatively to each of the 
other three plates, a circle of which a side of the isogram BCBC' is axis. 
Each circle may be regarded as a figure rigidly connected with its plate, 
and the four plates concurrent in A’ may be removed. Then, during the 
motion of the four plates concurrent in A, the four circles are always 
concurrent. The two circles of two adjacent plates are sections of a sphere 
whose centre is & vertex of the isogram, and so have necessarily two 
common points. The solitary intersection of the circles of opposite plates 
is one of these two. 

The double infinity of positions of z provided by $ 11 give rise to 
a congruence of such circles associated with each of the plates and cutting 
the plate orthogonally. The circles of the four congruences are associated 
in sets of four, which remain concurrent in a point during the movement. 
The congruences have necessarily the property of being self-inverse in 
respect to the point A, each circle inverting into some other circle. The 
examination of the congruences in greater detail need not be developed here. 


15. The spherical double-four, of §§ 7-9, may now be noticed, as 
derived specially from the axially symmetrical octahedron of §§ 10-18. 
Like the octahedron, the spherical indicatrix itself is also continuously 
deformable. The symmetry of the octahedron about the axis z implies 
central symmetry of the double-four about a point Z; but, regarding 
antipodal points as equivalent, it may be taken as symmetrical about 
a great circle A, whose plane is parallel to the plane A of § 11 and per- 
pendicular to z. And further, it follows that the great circles a, 8, y, ô 
touch a sphero-conic having A as one of its three axes; and hence the 
four pairs of lines of the double-four are tangents to a sphero-conic and 
symmetric about one of its axes. The figure with central symmetry 
equivalent to this consists of four pairs of tangents to a sphero-conic at 
the extremities of four diameters (through any one of the three centres). 

That any three pairs of the lines cut each of the other two in involu- 
tion (§ 7) is true here in virtue of the fact that symmetry about the line 
A makes all the four pairs of tangents cut any arbitrary tangent whatsoever 
in involution. 

The system of centres of rotation is given by § 8; the points I, Ia 
I,, I, being on the axis A. The involution centres AA’, BB, CC, DD' 
(§ 9) are also on A. The involution perspectives of $$ 8-9 reduce all to 
the theorem that, if a quadrilateral cireumscribes a sphero-conic, and if 
the vertices are joined each to the image of the companion vertex reflected 
in an axis of the conic, then the six lines so drawn intersect the axis 
in the same point. 
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The pair of quadrilateral linkworks a8'6y' and a' Bó'y are images in 
the line A. Their hinges account for eight of the twelve points of the 
double-four. The remaining four are the hinge-points ad’, a'ó, By, By 
connecting the two quadrilaterals. They are the intersections of sides 
which are corresponding-opposite ; and they are the vertices of a crossed 
isogram having A as axis of symmetry. The complete mechanism dissects 
into two parts, similarly, in two other ways; namely, by taking the pair 
of quadrilaterals ay 86' and a'yB'6 or the pair af yó and a Być. 

The quadrilateral mechanism af'éy, taken by itself, with the points 
ad, By, sa’, y'B marked on its sides, has the property that these four 
points remain the vertices of a crossed isogram during the deformation. 
There are a single infinity of such sets of points, each set being derivable 
by reflection of the quadrilateral in an axis A of any conic inscribed in 
the quadrilateral, and that, too, for any position of the deforming quadri- 
lateral. If the degenerate conic is taken which touches a and 6 at their 
intersection and touches B' and y’ at their intersection, the set of four 
points obtained are ać on a, and ô and Sy on B and y. This process 
alone, continually repeated as the quadrilateral deforms, is sufficient to 
define the correspondence on the sides of the quadrilateral of such sets 
of points as remain corners of a crossed isogram. (It must not, however, 
be assumed that the whole extent of the sets of points are necessarily 
thus secured: a limited portion, only, may pass through the special form 
in which the points of the isogram lie on its axis. For the octahedron 
itself, the skew isogram BCB'C' may or may not happen to pass through 
the plane parallelogram form during the motion.) 

The property of § 14 has its spherical interpretation. With each 
side of the spherical quadrilateral a8'ôy' may be associated, as if rigidly 
connected, a sphero-conic with the side as one axis. The vertices of the 
isogram of points connecting aB'óy' with its image a'Bo'y are poles of 
eyclic ares of these conics. The four conics remain concurrent in the 
point AA’ during the movement. So, for any arbitrary spherical quadri- 
lateral mechanism there are a single infinity of such sets of four conics, 
carried by the four sides and perpetually concurrent. 


16. Two plane mechanisms, each a double-four, one centrally sym- 
metrical and the other axially symmetrical, are obtainable, as limiting 
cases, from the spherical figures, by keeping the dimensions finite while 
enlarging the sphere till it becomes a plane. They occur as varieties of 
a class of mechanism of eight pieces discussed by Kempe* and Darboux.t 


* Proc. London Math. Soc., 1878, Vol. 1x, pp. 133-147. 
t Bulletin des Sciences Mathématiques, 1879, pp. 151-192. 
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Fig. 9 represents half the mechanism of the axially symmetrical type. 
It has been drawn without reference to the conie touching the eight lines 


Fic. 2. 


by use of the conditions of $ 9. Starting with & crossed isogram, let its 
alternate vertices be ad’ and a'ó, By! and B'y, images in a line A, the 
intersections of alternate sides being points BB’ and CC’ on A. (The 
precise notation of $ 9 is preserved.) Arbitrary lines a’, B, y are drawn 
through the points a'ó, £y', B'y. The line joining BB to a'B cuts y in 
yo’: and the line joining CC’ to a'y cuts B in Bó'. Then a line ô 
passes through all three points yó', Bó', ad’. 

The jointed quadrilateral with consecutive sides a’, B, ó', y has thus 
its two chief diagonals each concurrent with a pair of opposite sides of 
the isogram. During the deformation of the quadrilateral these four 
points, one on each side, remain always vertices of an isogram. To 
complete the mechanism the lines a’, B, y, ó' are reflected in A, giving 


a, 8’, y, 6. The symmetric pair of jointed quadrilaterals, pivoted at 
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the vertices of the isogram, give the plane deformable double-four with 
its twelve hinge-points. (The corresponding figure given by Kempe* 
seems to be wrongly drawn: for the necessary concurrences of the above 
lines are neglected.) 

It may be easily seen from the results of § 11, and is suitably re- 
marked here, that a section of the axially symmetric octahedron by a 
plane through the axis of symmetry and perpendicular to one of the 
diagonals 44, BB’, CC’ produces a plane figure of the type just described. 


17. Some special forms and derivatives of the axially symmetric octa- 
hedron may now be briefly noticed. First, as remarked by Bricard, if 
a pair of opposite plates are removed from a deformable octahedron there 
remains a closed chain of six triangular plates consecutively hinged and 
freely deformable. If the plates omitted are ABC and A'BC’, the hinge- 
lines of the six pieces are the sides of the skew hexagon ABCABC. 
Hence a skew hexagon symmetrical about an axis, with angles and sides 
all constant, is a deformable mechanism. 

In general a closed chain of six rigid bodies, consecutively hinged, 
forms a stiff configuration ; so that any deformable chain of six pieces 
is a singular mechanism. The above example, in which the chain consists 
of plates, may be rendered more general by supposing that the six hinge- 
lines have symmetry about an axis merely; the conditions of consecutive 
intersection being set aside. It may be seen that such a chain is deform- 
able. For, suppose the hinge-lines, in order, to be the non-intersecting 
lines a, b, c, a, b, c, and let z be the axis of symmetry; so that a and 
a are images in z, and likewise b and b, and c and c. Points on the 
lines a and a which are images in z may be called corresponding points. 
Among them occur the ends of the common normal of a, a, and z, other 
pairs being equidistant from these points. Suppose, now, that the chain is 
dissected into two twin halves by separation along the hinge-lines a and a. 
Each half is then an unclosed chain of three bodies with two degrees of 
freedom of deformation; and whatever hinge movement, about b and c, 
is made by one half may be imitated by the same hinge movements of 
the other half about b and c. If these identical deformations are made 
arbitrarily, the correspondence of points initially noted on the lines a 
and a will be upset. But at the expense of one degree of freedom of 
each triad of bodies (one degree of freedom surviving), the ends of the 
common normal of a and a may be kept corresponding points. The two 
triads may thus, at any stage of their movement, be reunited along the 


* Loc. cit., p. 141, Fig. 8. 
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lines a and a’ without any alteration of the original fit. It follows that 
the axially symmetric chain is deformable. 


18. Among the skew hexagons of $ 17 the equilateral rectangular 
hexagon deserves brief but special notice. It is a suitable form for a 
model, in that the complete cycle of its movement can be executed with 
no mutual interference of its parts. At six stages of the movement the 
form of the hexagon is such that the sides may be regarded as the edges 
of two adjacent faces of a cube, the common edge being omitted. It may 
be mentioned that with the same material may be formed a skew hexagon 
which does not appear during the movement; namely, a form given by 
the six consecutive edges of a cube which do not meet a selected diagonal. 
This form is stiff. 


19. Degenerate forms of the axially symmetrical octahedron occur if 
a pair of vertices, say A and J’, are at infinity. The four plates con- 
eurrent in either of these points form an ordinary prismatie mechanism 
with four parallel hinge-lines. In each of two cases two such mechanisms 
are combined with all the hinge-lines parallel: a normal section giving 
one or other of the plane double-fours of $ 16. But in a third and more 
general case the axis of symmetry z to be associated with an arbitrary 
prismatic four-plate may be neither parallel nor perpendicular to the 
hinge-lines. Taking plane A, of $ 11, to be the plane at infinity, the 
companion plane X passes through the two lines, say z and y, midway 
between pairs of opposite hinge-lines, say b and b’, c and c. The plane 
A consequently cuts any normal section of the four-plate in the line of 
collinearity of the mid-points of the diagonals of the quadrilateral. And 
the line z may be taken to be any line in this plane, and so is any line 
meeting the parallels z and y. If the plane through zz normal to z 
meets b and b in points B and B, and if the plane through yz normal 
to z meets c and c in C and C', then BCB'C' is a skew isogram with 
z for its axis. A half-turn about z completes the octahedron, which 
consists of two equal prismatie four-planes hinged along edges forming 
a skew isogram. 

With a given prismatic four-plate it may be regarded as an elementary 
problem to determine points B, C, B', C’ on the hinge-lines b, c, b', c' 
such that BC = B'C' and BC' = B'C. It is easily found that the distances 
of the points (in order) from any normal plane section differ by an arbi- 
trary constant from 


u+Ulu, —nu-cVlu, u—Ulu, —nu—Vlu, 
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where u is arbitrary, and 
16U =—2*+q*+r—s*, 
16V= p+q—P—s*; 


P, q, r, s being the widths bc, cb’, b'c’, c'b of the plates. This result 
may be verified as in agreement with the above construction for the axis 
of symmetry. 


20. An interesting problem of rigid geometry has its solution im- 
plieitly contained in the properties of the figure of the axially symmetric 
octahedron ; and, without attempting here a complete and exhaustive 
study of the solution, we may gather such information as is readily 
forthcoming. 

The problem in question is to place two given rigid tetrahedra in such 
a relative position as to secure that they shall be mutually inscribed. 
It is at once apparent that, if the tetrahedra are of arbitrary form, the 
problem is insoluble: for the eight conditions to be satisfied, though 
reducing to seven in virtue of Mobius’ theorem, are in excess of the six 
degrees of freedom available. If, however, the tetrahedra are congruent, 
the problem is not only soluble, but has an infinite number of solutions. 
For it has been shown ($ 18) that with any tetrahedron ABCD' may be 
associated a single infinity of lines z such that a half-turn about z brings 
the tetrahedron into the position A'B'C'D with the two tetrahedra 
mutually inscribed. Hence a continuous movement of the two tetrahedra 
is possible with the property of mutual inscription maintained. 

For present purposes the notation may be changed for convenience 
and the tetrahedra taken as PQRS and P'Q'E'S'. Then, as regards the 
kinematics of the relative movement, since P' describes a curve in the 
plane QRS, the normal at P' to the plane QRS is a ray of the screw of 
the movement; and similarly for each of the other points. Hence the 
eight lines, drawn one through each vertex normal to the plane through 
it, are rays of the screw. The line z generates a ruled surface relatively 
to PQRS such that half-turns of PQRS about the generators give rise 
to all the positions of P'Q'RS. It follows that the axis of the screw 
movement is the common normal of consecutive generators. Hence the 
screw axis is normal to z, and touches the ruled surface at the point where 
the line of striction cuts z. 


21. The form of the threefold restriction on z which associates it with 
the tetrahedron ($ 13) may now be modified. If a screw with axis z has 
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QR and PS as rays, it follows that screws of the same pitch on QR and 
PS have z as & common ray. Now screws of equal piteh on QE and PS 
determine (regardless of the magnitude of the pitch) a cylindroid of which 
QE and PS may be called a pair of symmetric generators, being images 
in either of the principal generators of the cylindroid ; and z must be 
& normal to some one generator of this cylindroid. Similar results hold 
for the other pairs of edges, and hence the restrietion on z may be put 
in this fresh form. Namely, each pair of opposite edges of the tetra- 
hedron are taken as a pair of symmetric generators determining a 
cylindroid ; and the line z is then a common normal of three generators, 
one of each cylindroid. 

It may be noticed that the restriction on z which is immediately and 
obviously necessary consists in making the images of points P, Q, R, S 
in the line z lie each in the opposite face of the tetrahedron; and then 
also the image of each face passes through the opposite vertex. But this 
is a fourfold restriction. The foregoing geometry sufficiently indicates 
(the verifiable fact) that these four latter conditions are not independent, 
and that they are equivalent to the three more symmetrically used above. 

Lacking any further investigation of the nature of the surface gener- 
ated by z, the positions of a number of special generators, obtainable by 
elementary means, as legitimate reflectors, may at least be mentioned. 
There occur (i) the image, in the centre of the tetrahedron, of the common 
normal of any pair of opposite edges ; (ii) the two perpendicular normals 
to an edge at its middle point, each equally inclined to the faces through 
the edge; (ii) any line which can be drawn meeting two opposite edges 
and bisecting, internally or externally, at each of its extremities, the 
angle subtended by the opposite edge. (For each pair of opposite edges 
there appear to be seven of these last lines, and apparently at least three 
are real.) 


22. A simplification occurs in the surface locus of z if the tetrahedron 
has two pairs of opposite edges equal; say PQ = RS and QR = PS. 
So PQRS is a skew isogram with unequal diagonals PR and QS, having 
an axis of symmetry z perpendicularly bisecting PR and QS. The 
cylindroid of which PQ and RS are symmetric generators has x as a 
principal generator, and so has the cylindroid of which QR and PS are 
symmetric generators. Hence, if the first cylindroid is turned through 
one right angle about its axis z (in either sense) then any generator of 
the new cylindroid is normal to a generator of each of the three cylin- 
droids. Hence, for a tetrahedron of this special type, part of the surface 
locus of z consists of a cylindroid. Half-turns of the tetrahedron PQRS 
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about the generators of the cylindroid give a continuous series of positions 
of the moving tetrahedron P'Q'E'S'. 

To consider the nature of the movement, let the position of a generator 
z, normal to z, be denoted by the coordinates ¢, 0, with the relation 
= «sin 20. A half-turn about this line brings the initial line into the 
position (', 6’, where E = 9€ and 0'— 26. Hence the movement in 
question i8 & screw movement on the permanent axis z with shift and 
turn related by the condition ©” = 2x sin 0'. It is at once apparent that, 
for such a relative movement of two bodies, any point of either lies always 
on a cireular cylinder with axis z, and also on a plane fixed relatively to 
the other body, and so describes an ellipse. A movement described by 
Mannheim and Darboux,* allied to the well known trammel motion, gives 
elliptic paths for all the points of one body relatively to the other. The 
present movement is & special case, with the trammel motion reduced to 
rotation about an axis: and, unlike the general case, the two bodies have 
each the same motion relatively to the other. Any point of either body 
describes an ellipse relatively to the other. 

Incidentally it may be noticed that if half-turns of a fixed point K 
about the variable generator z give rise to the moving point K’ with its 
elliptic locus, it follows that the mid-point of KK’, namely, the foot of 
the perpendicular from K on z, has also an elliptic locus. This is the 
well known theorem that the generator-pedal of an arbitrary point with 
regard to a cylindroid is an ellipse. It attaches itself naturally to the finite 
screw motion here associated with the cylindroid, and not to the small 
screw movements more familiarly known in connection with the generators 
of the cylindroid. 


23. If the tetrahedron has each edge equal to the opposite edge, then 
the results of § 22 occur three times over. The surface locus of the axis 
of reflection z gives rise to three cylindroids; and it may be shown, in 
fact, that these account for the whole of the real part of the locus. 

The regular tetrahedron, in particular, is included under this last case. 


24. A second type of deformable octahedron is symmetrical about 
a plane. It is of less interest geometrically than the other types, and 
may be described and dismissed briefly. 

Consider four articulated wires forming a plane crossed isogram 
BCB'C'. If BC meets B'C' in X, and BC' meets BC in Y, the line 
XY is the axis of symmetry of the isogram, and the plane ¢ through 


ea a a ee ee 


* Comptes Rendus, 1881. 
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XY perpendicular to the plane of the isogram is the plane of symmetry. 
Take any point A in the plane ¢ and connect it by wires, articulated at 4, 
with B, C, B', C. Then the isogram may deform and remain in a plane 
€, the point A remaining in the plane ©. A second point 4 may be taken 
in €, and four fresh wires AB, AC, AB, A'C' added, without affecting 
the freedom. (Any number of such sets of four wires, indeed, may be 
added. The twelve wires constitute the edges of a deformable octahedron, 
symmetrical about the plane ©. The diagonal AA lies in the plane €, 
and the diagonals BB', CC' are perpendieularly bisected by the plane (. 
Like the axially symmetric type, this octahedron has four pairs of equal 
triangles for its faces, and six pairs of equal edges; and the figure 
depends for its form on seven parameters. The points D and D’, in 
this case, are the points of intersection of AX with A'Y and AY with 
A'X. The harmonic transversals of the figure are the line XY, in the 
plane ¢, and the normal to ¢ through the intersection of AA’ and DD’. 


FIG. 3. 


The corresponding spherical indieatrix consists of two crossed iso- 
grams, with a common line of symmetry ¢, connected at points which 
remain on a line £, normal to ¢, during the deformation. (Fig. 8.) 
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The corresponding plane mechanism is of the same character, and is 
one of the class already referred to ($ 16). 


25. The third type of deformable octahedron has no centre or axis 
or plane of symmetry, and may be called the skew deformable octahedron. 
Its twelve edges are of unequal lengths. It is less easy to realize than 
the two symmetric types and is of greater geometrical interest. A pro- 
gressive exploration of the figure, starting from the stage at which Bricard 
leaves it, and deriving later the spherical indicatrix, would not afford 
such a clear view as the reverse process. The spherical double-four 
associated with the octahedron shall be described first; and the octa- 
hedron, with this as preliminary basis, may then be built up. Several 
detailed properties will then be readily derivable. 


26. Consider a spherical figure (Fig. 4) consisting of two concentric 
small circles, centre O, with radii r and 7’, cutting at an angle 20, and two 
intersecting tangents of lengths a and a’ drawn at their extremities. 


Fic. 4. 


Taking the triangle OPP’ formed by lines of which PP’ is the polar of 
the point of intersection of the tangents, and the others are the radii pro- 
duced, the analogies of Napier give 


tan 0 tan + (a+a') = sin 3 (r—7’)/cos 3 (r +7"), 
tan 0 cot 3 (a—a') = — cos à (r—7’)/sin 3 (r+r’). 
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If r and 7’ and Ó vary, but the ratios 
tan 0 : sin $(r—r’)/cos 3 (r+-r') : cos $(r—7’)/sin 1 (r+-r') 


are kept constant, the sum and difference of a and a’ remain constant ; 
and therefore also a and a’ themselves. The figure also shows that 


cos A cosr = cosa’ cos ?”, 


and hence cosr/cosr' is constant, which is in agreement with the con- 
stancy of the last of the above ratios. 

Take now two other variable angles ¢, Yy, and let the further ratios 
tan © : tan $ : tan V remain constant. Then the lengths of the tangents 
b and b” associated with ¢ are constant, and also c and c' associated with 
V; and, further, 


cos a/cos a’ = cos b/cos b' = cos c/eos c’. 


Draw (Figs. 5, 6) tangents a, 8, y, ô to the circle of radius r, at points of 
which the azimuths, measured from an initial radius, are respectively 


0—$— y, 
—8+$—v, 
—0—$-rv, 

00r ey; 


Fic. 5.—Deformable spherical double-four composed of isogram linkworks, shown in stereo- 
graphic projection. The points lie, as three pairs of couples, in equal and opposite 
latitudes. (If the points on 5 and 5' are replaced by the antipodal points the iso- 
grams become crossed isograms.) 
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Fic. 6.—Deformable plane double-four composed of crossed isogram linkworks. The figure 
also sufficiently represents the corresponding spherical double-four (§ 26) of which 
Fig. 5 shows a modified equivalent. 


and draw also tangents a’, A, ,', 0’ to the circle of radius r” at points 
with azimuths respectively equal to 


The tangential distances of the twelve points of the double-four from the 
circle of radius 7 are then as shown in the table :— 


a —c | —b | +a | 

| 

ME E GAJ | 

Bi —c —a | +b, 
, —b | —a +c 


3 +4 ud ies | 


and a similar table gives the tangential distances ta’, +0’, +c’ from the 
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circle of radius r’. The tangents being all constant, their algebraic differ- 
ences are also constant, and hence the relative distances of the three 
points on any one of the eight lines are constant. It follows that the 
variable spherical double-four is a continuously deformable mechanism. 
During the deformation the quadrilaterals aByé and a'B'y'6' cireumscribe 
concentric circles, and the points of contact are permanently the same 
points of the bars. The twelve hinge-points consist of three sets of four, 
each set lying on a circle with the same centre O. The three pairs of 
quadrilateral mechanisms into which the complete mechanism dissects are 
all crossed isograms. ‘The figure depends on five parameters, which may, 
in particular, be taken to be the radii of the five concentric circles. 

Since the quadrilateral aByó circumscribes a circle, the projection of 
its pairs of vertices from the centre gives a symmetric involution. The 
azimuths of the pairs of vertices ara +0, +¢, ŁY; and hence the line 
which counts as initial line is one of the two perpendicular double lines of 
the involution. The vertices of the quadrilateral a’B’y's' give rise to the 
same involution; vertices which are corresponding-opposite (such as By 
and a'ó) lying on the same ray. 

As the angular radii r and r’ vary, subject to the condition that 
cos r/cosr’ is constant, one of the angles assumes all values, and the other 
oscillates about the value $7. For this mean value of the oscillating angle 
the other takes alternately the values +37; and on each of these two 
different occasions the circles are coincident and the eight pieces of the 
mechanism all lie in line. 

A special ease of this mechanism occurs if the radii r and 7’ are equal. 
The two circles then perpetually coincide and the figure is symmetrical 
about the initial line. 


27. The spherical mechanism of § 26 gives as an ultimate form, when 
the sphere is flattened, a plane mechanism (Fig. 6) precisely analogous. 
For the plane figure the ratios 


tan 0 : tan $: tan y :r—r' : 1/(r+r) 


must remain constant ; where r and r' are the lengths of the radii of the 
concentric circles. The lengths of the tangents from the hinge-points 
satisfy the equations 


a—a*=bb*=c—c=r—r". 


During the deformation one radius varies from +œ to — œ, the other 
oscillating from +0 to a minimum and baek again. For each of the 
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two extreme cases the circles becomes two identical straight lines, and the 
mechanism takes a rectilinear form. 

It is of interest to notice that each of these rectilinear forms, besides 
being a critical shape through which the mechanism of crossed isograms 
passes, is also a shape from which the mechanism may pass through a 
series of parallelogram forms (Fig. 7). This is at once apparent from 
the table of § 26 (used here for rectilinear measurements) and a comparison 
of the figures. In virtue of the relations 


a3 — aq" — b?— bp’? — 2—0 


y 
p” 
ABa 


BCe y’ 
8” 


Q^ 


Fic. 7.—Parallelogram linkwork composed of the same material as Fig. 6. 


it follows that the pairs of parallelograms aj/9''ó and a'8-yó', aB'yć' and 
a'By'ó, aBy's' and a B'yć are reversely similar. On each red may also 
be marked, in the parallelogram figure, the point which remains the point 
of contact with the circle in the crossed isogram figure. The line joining 
these points on a and B or on a’ and $' is in each case parallel to the 
diagonal line joining af’ to a 8. Hence the set of contact points on a, 8, 
y, ô form a quadrangle whose three pairs of sides are parallel to the six 
diagonal lines of the double four, and similarly for the contact points on 


a’, p', y ô’. 
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A special case of the mechanism arises if the radii r and 7’ are equal 
and the two circles coincide. The figure is then symmetrical about an 
axis of symmetry. This last figure seems to be given by Darboux* where 
the more general case might have been expected. 

Another special case arises if b = c and b' =—c’. Two of the circles 
through the hinge-points then coincide. The sides of the isogram a8'dy' 
are all zero, and the four rods are hinged all at a point. The complete 
mechanism consists of a crossed isogram a'Bó'y with four concurrent rods 
hinged each to a point on one side. 


28. By aid of the spherical double-four of § 26 the skew deformable 
octahedron may now be readily constructed. 

Take two points of space, D and D’, on a line whose direction is repre- 
sented by the point O of the spherical figure. Through D draw planes a, 
B, y, 6 parallel to those of the corresponding great circles of the spherical 
figure: and through D' draw planes a’, 8’, y', 6’ parallel to the planes of 
the second set of great circles. Then the lines aó and B'y' have (§ 26) 
the same azimuth relatively to a plane A through the line DD’, and there- 
fore intersect in a point 4; and, similarly, By and a'ó' meet in a point 
A'. Similarly also for four other sets of concurrent planes, giving points 
B, B', C, C. The figure formed is thus a case of the Mobius configura- 
tion of § 2. 

Consider the octahedron with vertices A, A’, B, B', C, C'. The tri- 
angle ABC has its angles represented in the figure of the spherical 
mechanism by the constant ares separating the points BC, CA, AB on 
the great circle ó: and similarly for all the other faces of the octahedron. 
Hence, if the double-four goes through its mechanical movement of defor- 
mation, the octahedron derived from it has constant angles for all its 
triangular faces. The twelve edges have therefore constant ratios, and 
it is only necessary that the length DD’, on which the scale of the figure 
depends, should suitably vary, in order that the lengths of the edges should 
remain constant. The deformability of the skew octahedron above con- 
structed is therefore established. 

The figure of the spherical mechanism is specified by means of five 
parameters (§ 26), and hence that of the octahedron by means of six. 
This is one less than it was in the case of either of the symmetric types 
of octahedron (S$ 10, 24). 


* Loc. cit., p. 174, Fig. 4. 
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29. Some simple and essential properties of the skew octahedron may 
now be described. l 

The planes a, 8, y, 6 through D are tangent planes to a circular cone, 
say I, with vertex D and axis DD’: and the planes a’, B', y’, 6’ are tan- 
gent planes to a circular cone I" with vertex D' and the same axis. These 
cones I’, I" eut each other in two circles K,, Ką in planes xj, ką, perpen- 
dicular to DD’. Each of the circles K,, Ka is touched by all the eight 
planes a. 8, y, ô, a’, 8’, y’, 6’. Let the plane through DD’ corresponding 
to the line of symmetry of the spherical figure be A,, and let A, be the 
plane through DD’ perpendicular to A,;. Then the section of the figure 
made by the plane x; is a plane symmetrical double-four (§ 27) with the 
axis of symmetry «,A,; and the section by the plane ką is a plane sym- 
metrical double-four with axis of symmetry xA. These lines are perpen- 
dicular diameters of the circles K,, A, They are, moreover, the harmonie 
transversals (§ 2) of the figure. For consider the line aa’. The lines xa 
and kju are symmetric about the line «,A, and intersect on «,A,; and 
hence the line aa’ meets x,A,: similarly aa’ meets kady. So the lines «,A, 
and «xÀ, meet all the four lines aa’, 88’, yy’, 66’ and are therefore the 
harmonic transversals. 

Consider the skew quadrilateral BCB'C' with its consecutive sides a'ó, 
By, aó', By’. Taking the opposite sides By’ and B'y, a rotation 2(¢—w) 
about DD' brings planes 6’ and y to coincide with y’ and 8 respectively. 
Hence the line By’ is obtainable from the line B'y by a rotation 2 (¢—wW) 
about DD’: and similarly a'ó is got from ad’ by the rotation 2(¢+wW) 
about DD'. Hence the four sides of the skew quadrilateral BCB'C' are 
generators of a hyperboloid of revolution H, with DD?’ for its axis. 
Hyperboloids H, and H}, similarly, have as generators the sides of the 
quadrilaterals CAC'A' and ABA'B'. It follows that the pairs of edges 
AB, AB' and AC, AC' are each of them a pair of image lines in the plane 
ADD' through the axis DD’. A similar property holds good at each of 
the eight points. The skew octahedron has, in detail, these well-marked 
symmetries. 

The plane a is the plane of the triangular plate 4B'C', whose edges 
B'C', C'A, AB’ are respectively generators of H,, Hz, H4. Hence the 
plane a is a tangent plane of all three hyperboloids, and so also for the 
other planes. Hence each of the three hyperboloids H,, Ha, H; has all 
the eight planes as tangent planes, and has I' and I" as tangent cones. 

The sum of the projections of the sides of the quadrilateral BCB'C' 
upon DD’, the axis of the hyperboloid of revolution containing them, is 
algebraically zero. Hence if, conveniently, the lengths of the edges are 
denoted algebraieally by BC, CB', B'C', C'B, the contained signs of each 
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depending on the sense of the projection on DD’, then 
BC--CB'--B'C'--C'B = 0. 
And hence the edges of the octahedron satisfy the three relations 
BC+B'C' = BC +-B'C 
C4+C'4' = CA'+C'A 
AB-- A'B' = AB'+A'B 
And further relations connecting the lengths come as follows. From the 
triangles AB'C', BC'A', CA'B' we obtain 
AC’ _ sin(a+c) BA’ _sin(b+a) CB’ _ sin (c+) 
A B' 


; (i) 


sin(a-+ 5) ' BC'  sin(b4-c)' CA'  sin(c+a)’ 

and hence BC'.CA'. AB' -B'C.C'A.A'B = 0. 

And in this way are obtained the four equations 
BC'.CA'. AB'--B'C.C'A.A'B —0 
BC'.CA.4A'B'+-B'C.C'A'.AB —0 | Gi 
B'C'.CA'.AB+BC.C'A.A'B' = | | 
BC.C'A'.AB'--B'C'.CA.A'B —0 

The seven equations (i) and (ii) make the lengths of the twelve edges 

depend on five parameters, which is (§ 28) the number necessary for 

specifying the material of the octahedron. 

The permanence of the points of contact of the tangents to the circles 
of the spherical double-four (S 26) gives a further property of the octa- 
hedron. Namely (speaking conveniently of DD’ as if kept vertical) the 
slope lines which may be supposed traced on any plate are permanent, 
and hence also the level lines. Any horizontal section of the octahedron 
therefore cuts the eight planes in lines which are permanently level ; and 
it gives therefore a deformable plane double-four of the type described in 
$ 27, the rods being supposed articulated at the junctions. But a dis- 
tinction is to be observed if hinge-lines are used in place of mere articula- 
tions. In the case of the articulated double-four of § 27 (as indeed for any 
plane mechanism) hinge-lines all normal to the plane may replace the 
articulations. If, however, the double-four got from the octahedron is 
supposed cut out, as a thin slice, by a pair of parallel planes close together, 
then the lines of the edges of the octahedron may be taken as hinge-lines 
of the new mechanism. The fact that this latter remains flat, although 
consistent with the property of the articulated double-four, is more exten- 
sive in meaning, and is indeed tantamount to the whole theory of the 
skew octahedron itself. 


1911.] DEFORMABLE OCTAHEDRA. 389 


Among the horizontal sections of the octahedron may be noticed the 
eight sections which pass each through one of the eight vertices. The 
plane double-four mechanism so derived is of the type consisting of a 
crossed isogram and four concurrent bars each linked to a side. 

Two other horizontal sections, already mentioned, are made by the 
planes «xı, xg. They give double-fours of the symmetric type. Any one of 
the planes, say a, touches the circles K,, K, in these two planes, at points 
which are permanently the same points of the plate. The projection of 
the constant slope line, joining the points, on to the line DD’ gives the 
join of the centres of the circles K,, K,; and hence the width between the 
planes k;, ką Varies as cos 7, and therefore also as cos r'. The extremities 
of parallel diameters of A,, K, are, moreover, vertices of a plane crossed 
isogram with constant sides, and hence the product of the radii of K, and 
K, remains constant. Any one of these equivalent results supplies the 
information needed (§ 28) in regard to the scale of the figure during 
deformation. 


90. When the spherical indicatrix passes through either of its critical 
and linear forms (§ 26) the skew octahedron becomes flat, all its eight 
plates being coplanar; and the chief features of these two plane figures 
(Figs. 8, 9) may be derived as corollaries of those of the octahedron. 


Fic. 8.—One of the two flat forms of a skew deformable octahedron. The dotted isograms 
show lines, one on each plate, which may remain level lines during the movement. 


z 2 
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zza 


Fic. 9.—The companion form of Fig. 8. The plates a, B, y, 5 have turned over. (A portion 
of one of the three inscribed circles with centre O isshown; the rest falls outside the 
limits of the figure.) 


At the point A the angle-bisectors of the angle BA B' are the same as 
those of the angle CAC'. Similarly for each of the other points B, C, A', 
B',C'. The two companion figures are of the same type as those given 
by the six centres of rotation connecting four arbitrary positions of 
a two-dimensional body.* The present figures are special, however, in 
depending on five parameters instead of six, and have the following addi- 
tional properties. 

Each of the three quadrilaterals BCB'C', CAC'A', ABA'B' has the 
sum of two sides equal to the sum of the other two sides. Also a circle 
touches the four sides BC, CB’, B'C', C'B of the first quadrilateral, and 
similarly for the other two. The three circles have a common centre O. 
Further, the angles AOA’, BOB', COC’ have the same angle-bisectors. 


* Proc. London Math. Soc., 1910, p. 284, 818. 
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Taking one point of each pair a triangle is formed, and the remaining 
three points form a companion triangle. If non-corresponding vertices 
are joined a hexagon is constructed. The products of the alternate sides 
of the hexagon are equal. This occurs in four different ways. 

From these properties, and in various ways, the special type of figure, 
depending in any case on five parameters for its form and size, may be 
drawn. One method is this:—Take the points O, A, B, C arbitrarily. 
Then to find A’, B', C', reflect CA in CO, AB in AO, BC in BO, and 
take their respective intersections with the reflections of BA in BO, CB 
in CO, and AC in AO. This construction is virtually equivalent to that 
devised by Bricard.* 

À more symmetrical construction is derivable from the fact that if the 
plane double-four of $ 27 (Fig. 6) is projected from points D and D' on 
the normal through the centre O, the four lines a, 8, y, ô being projected 
from D and the other four from D', a skew deformable octahedron is ob- 
tained. And if D and D' are taken very near O, then in the limit the 
octahedron is constructed in a flat form. The point A of the octahedron 
is got from the double-four as the intersection of the lines joining D and 
D' to the points AD and AD’ respectively. These last are the points of 
intersection of opposite sides of the isogram linkwork a8'dy' with vertices 
AB, AC, AB', AC’, and lie on its axis of symmetry through O. The 
orthogonal projection of 4 on the plane lies on the line at & point such 
that, associated with AD, AD' and O, one of the cross-ratios is equal to 
OD/OD'. This persists in the limit when D and D' coincide with O and 
A is in the plane. Hence, on the axis of the crossed isogram linkwork 
AB, AC, AB', AC’, a point A is taken giving an assigned value to the 
eross-ratio (O, 4, AD, AD’), and similarly in turn for each of the six 
isograms. The set of points A, B, C, A’, B', C' thus symmetrically con- 
structed give the figure of a deformable skew octahedron in one of its flat 
forms. (The number of parameters involved in this construction is, in- 
eluding the value of the cross-ratio, six instead of five: but the extra 
parameter is accounted for by the fact that the flat octahedron is here 
derived from a section of it by its own plane, and this section is one of a 
single infinity of different figures all of which would give the same octa- 
hedron.) 

Another symmetrical method, avoiding the use of a cross-ratio, depends 
on & representation of the octahedron in one plane diagram which may be 
got by taking the sections through D and D' and projecting either on to 
the other. The plane a gives lines ay and a, say, and the plane a’ gives 


e Loc. cit., p. 144. 
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lines a’ and ay. The diagram consists of lines a, 8, y, ô, a', B', y', à 
forming a plane double-four, together with lines a, Bo Yo ôo a, Bur Yor So» 
concurrent in the centre and respectively parallel to the lines of the 
double-four. The point A of the octahedron, being the point common to 
planes a, 8’, y', ô, is represented in the plane diagram by the point of 
concurrence of the joins of corresponding vertices of the quadrilaterals 
aßoyoô and ayB'y'6,. These are similar isograms with a common axis, 
and the point A is their centre of similitude. The set of points A, B, C, 
A', B', C' are thus immediately derivable from the figure of the plane 
double-four : and if D and D' coincide (which does not affect the construc- 
tion) the six points are the vertices of a flat octahedron. 


81. Two instances may be given in which skew deformable octahedra 
may be united to form a compound mechanism. 

First, taking a plane double-four (Fig. 6), projection from points D, 
and D; on its axis gives the octahedron a,B,y,01a1 Biyiói, say the octa- 
hedron Q,: and projection from other points D,D$ on the axis gives an 
octahedron Q}. These two octahedra may then be united by hinges along 
the lines of the plane double-four. The compound mechanism consists 
of 16 plates with 32 hinges, four in each:plate : the hinge lines being the 
12 hinges of each octahedron, and the eight hinges of connection a, ag, etc. 
The set of eight plates a,8,y262 and @,u,6,y; constitute a deformable 
octahedron, each, in the order named, being hinged to the non-correspond- 
ing three of the other set of four. It 1s an octahedron of the type of § 24. 
There are six such octahedra included in the compound mechanism. 

Another compound mechanism may be built up of four skew octa- 
hedra. Let one octahedron be (3,: let its images in the perpendicular 
principal planes A, and A, through the axis DD’ be Q, and 0,: and let the 
common image of either of these last be Q}. So that a half-turn about 
DD! brings Q, to coincide with Q, and Q, with Q, The four planes 
a,4:a504 touch the circles Kı, Kz at the ends of parallel diameters, at 
points forming the plane crossed isogram of $ 29: and the four plates 
may be supposed consecutively hinged along the tangents at those points. 
Similarly for aj agaga, and so also for the other sets of four. The com- 
pound mechanism consists of 82 plates with 80 hinges, five in each plate : 
namely, 12 for each of the four octahedra, and 16 hinges of connection, 
tangents to each of the circles. The set of eight plates a,a;8,8, and 
Bs Bia4a; constitute a deformable octahedron: each plate being hinged to 
the non-corresponding three of the other set of four. It is a special case 
of the skew type. There are 12 such octahedra included in the compound 
mechanism. 
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32. The questions of obvious interest which suggest themselves in 
connection with the deformable octahedral mechanisms are far from 
exhausted by what has been exhibited in this paper. To mention only a 
few: in regard to the relative motion of opposite faces, for any one of the 
three types, it is natural to enquire concerning the locus of any point, the 
envelope of each plate relatively to the other, and the nature of the axodes 
of the relative screw motions. The possibility (mentioned in § 18) of 
forming a stiff octahedron with the same material and the same connec- 
tivity as a deformable octahedron has not been treated. The spherical 
mechanisms of $815, 24, 26 belong presumably to a class of such 
mechanisms, as yet unexplored: and similarly for closed chains of six 
pieces. The movement of $$ 20-23 merits, too, a more complete study. 

The recommendation by Mannheim* of the movements associated with 
the octahedra as '' dignes des efforts des géometres "—an encouragement 
which reached the author only when the greater part of the above work 
had been completed—is still not seriously impaired. 


* Liouville, 1897, p. 150. 
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ON THE NATURE OF THE SUCCESSIONS FORMED BY THE 
COEFFICIENTS OF A FOURIER SERIES 


By W. H. Youne, Sc.D., F.R.S. 


[Received and Read June 8th, 1911.] 


1. Given two ordered successions of constants 


Ay, Qo, ...; 
dy, b, cons 


what conditions must hold, in order that a summable function may exist 
of which they are the Fourier constants ? 

It is known that, if Za? and Zb? both converge, such a function exists, 
namely, one whose square is summable.* Thus a sufficient condition is 
known. On the other hand, the consideration of the integrated series of 
a Fourier series shews that, if, as usual, we regard the b's as the coeff- 
cients of the sine terms, it is a necessary condition that 2b,/n should 
converge. A less easily obtained, but even better known, necessary con- 
dition is that a, and b, should each have the unique limit zero, as n 
increases indefinitely. 

If the function in question is to have bounded variation, it is a 
necessary condition that 2a, should converge, and that Żb,/a” should 
converge for all positive values of 4. On the other hand, the convergence 
of Za,, as well as Zb,, is neither a necessary, nor a sufficient condition, 
that some function should exist of which a, and b, are the Fourier con- 
stants. This condition is certainly not necessary, since En~? sin nz and 
Zn cos nx are both ordinary Fourier series. That it is not sufficient 
follows from the fact that the series Z(—)" sin nz/log n is not a Fourier 
series, since its integrated series diverges at the point z = r. 

Returning to the sufficient condition first stated, it will be remarked 
that in this condition there is no distinction between the a’s and the b's. 
Moreover an infinite number of interchanges may be made among the a's 
by themselves, and among the b's by themselves, without affecting the 


* F. Riesz, ''Sur les systémes orthogonaux de fonctions," 1907, Comptes Rendus. 
* Ueber orthogonale Funktionensysteme,’’ Göttinger Nachrichten, 1907, pp. 116-122. 
E. Fischer, ‘‘ Sur la convergence en moyenne," 1907, Comptes Rendus. 
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truth of the condition. Further, any finite or infinite number of the con- 
stants may be omitted, and the gaps filled up by means of suitable move- 
ments in the remaining constants. No such change will affect the fact 
that the trigonometrical series considered is the Fourier series of a 
funetion whose square is summable. 

The main object of the present paper is to shew that this simplicity at 
once disappears, equally whether we occupy ourselves with the question 
whether a given series is the Fourier series of a function whose properties 
are more restricted than those of a function whose square is summable, 
or whether we examine the conditions that must hold in order that two 
successions of constants may be Fourier constants at all. For this purpose 
I first point out the essential nature of the distinction between the a’s and 
the b’s. Mere inspection of two of the series of Bernoulli serves to shew 
that the Fourier series of a function of bounded variation may cease to be 
the Fourier series of such a function, when the a’s and b’s are inter- 
changed. I shew that even if the function of bounded variation is an 
integral, the effect of such a change may be to render the new series di- 
vergent. I further shew that the omission of a single constant, accom- 
panied by the moving up of the subsequent constants, may equally well 
produce a similar effect. 

On the other hand, it appears that, if we consider Fourier series in 
general, an interchange of the a's and b's may deprive the series of its 
Fourier character altogether, and that the same result may equally well 
follow from the omission of a single constant. 

The only obvious properties then shared by the successions of the a's 
and the b’s with the constants of a convergent series are (1) that of con- 
verging to zero, (2) that of allowing any finite number of the terms to be 
removed and replaced by any other constants. In particular it is plain 
that no condition depending on the convergence alone of series involving 
the a's and the b’s can possibly constitute a necessary and sufficient con- 
dition that a given trigonometrical series should be a Fourier series, or 
that it should be the Fourier series of, for example, a function of bounded 
variation. 

I terminate the paper by proving the following theorem, which serves 
to illustrate the distinction between the a's and the 6’s :— 


If X(a,cos nt-4- b, sin nt) and Z(b, cos nt—a, sin nt) are respectively 
the Fourier serves of any function f (t) and tts allied series, and An, Bn are 
the Fourier constants of another function, then 


LA, (an cos nt+ bn sin nt) 


and ZB, (b, cos nt— a, sin nt) 
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are both Fourier series, and this equally whether the allied series of the 
Fourier series of f(x) is itself a Fourier series, or not. 


2. To convince ourselves that the allied series of the Fourier series of 
a function of bounded variation, though of course necessarily a Fourier 
series, need not be the Fourier series of a function of bounded variation, 
we have only to consider the two series investigated by D. Bernoulli, 


slog icosec3x ~ 2 n`! cosnz 


^l 


and f(z)~ Z n"'sin nz, 
n=1 


where, if 0 < z, f(x) = 1(—2), and, if z > 0, f(z) = — i42). 

Here the second series has for Fourier function a function of bounded 
variation, whereas its allied series, viz., the former of the two series, 
corresponds to a function whose variation is not bounded in any interval 
containing the origin. 


3. The point raised in the preceding article is most simply elucidated 
by mere inspection of the series of Bernoulli there cited. The example 
given in the present article, which will be utilised in the sequel, might 
have been used for the same purpose. It requires, however, more than 
mere inspection to perceive this. The principle used depends on the 
necessary and sufficient condition, which I have lately obtained," in order 
that the allied series of the Fourier series of a function F(x) of bounded 
variation should converge at the point z, viz., that 


| | E [F(z+ t) —F(z—1)]dt 


should have a unique finite limit as the inferior limit of integration 
approaches zero. If the function F(x) of bounded variation be such that 
this limit is not unique, or is infinite in value, it follows that the allied 
series of the Fourier series of F(r) has as Fourier funetion one whose 
variation cannot be bounded. It will be found that this is the case with 
the function which is equal to 


e « Zur Theorie der verwandten Reihe einer Fourier'schen Reihe," 1911, Münchener 
Bericht. 
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in the neighbourhood of the origin. Writing, for shortness, y for log 1/t, 
MEDIE F(t) = —F(—t-logyly (0«90, 


and we may put F(0) = Lt F(t) = 2 log y/y = 0. 


Then, if f(0 —-f(-0- v = (—1+log y)/ty? (0 « 0, 


J(0) = 0, 


f (t is bounded in the interval (e, t), where 0 < e< t, and therefore by 
Lebesgue's theorem, 


t 
F()—F()— | f (dt. 
Since F(t) is continuous at t = 0, we get, letting e approach zero as limit, 
t 
F(t) = | f dt, 
0 


the latter integral existing in the Lebesgue sense, since f is positive, pro- 
vided ¢ is sufficiently small, t.e., provided 0 < t «e *, e being the base 
of the system of logarithms we are using. Also 


F(—) = — F(t) = N f(t) dt. 
Again, writing e' for log 1/e, 
| ae dt = — j wy dy = 4 (log e)? —4(log y)*. 
Now a8 e approaches zero, e’ approaches -+ ©, and therefore 


Lt [79a o. 


e 


Thus Lt f MOT MED 


e—u 


; dt — ro. 
Thus this limit is infinite, and therefore the allied series of the Fourier 
series of F(x) diverges at the point x = 0, and hence the function of 
which it is the Fourier series cannot have bounded variation. 


4. A slight modification of the function F(t) just given enables us to 
shew that the allied series of a Fourier series need not be a Fourier series 
at all. 
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Let us write = = gin $2, 


G(u) = F (2). 
Then G (u) is an integral which has the property that 
G (7) = G(—7) = 0. 


Hence, G(u) being a periodic integral, the derived series of its Fourier 
series i8 à Fourier series, namely, it is the Fourier series of the function 


— 4G _ d log log (e cosec łu) _ , — 
gs du du log(e cosec $2) E zx ZA 
But the allied series of the Fourier series of g(u) has for integrated series 
the allied series of the Fourier series of G (u), and this certainly does not 


converge to an integral, for, like the allied series of F(t), it diverges at 
the origin, since 


| GO) ay x | Pu t= | ZO |1+tP(t)) dt, 
" e e 


/1—e*t? sin”! a t 


where P(/) is a bounded function of ¢, and therefore, by § 2, 


" G(u) su Vie. 


and also Lt | 


"—?0 Jn 


Hence the allied series of the Fourier series of G(u) does not converge to 
an integral, and therefore the allied series of the Fourier series of g(u) is 
not a Fourier series. 


5. We now consider the question of the possibility of omitting one or 
more of the constants of a Fourier seriee, and moving up the others so as 
to fill the gap. Since any finite number of the constants may be made 
zero without disturbing the Fourier character of the series, it is clearly 
sufficient to examine the character of the series 


Z |an+1 COS n£4- 5, ,1 Sin nt], (1) 
n=l 
and, we may add, of the series 


| an-ı cos nt+ bn sin nt]. (2) 


2 


i M8 


Let fi@~ > | a, cos nt+b, sin nt}, 
n=l 
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then 2f(t) cos t — 5 (an; +1 cos nt+ (b, 14-04 1) sin nt}, (8) 
n=0 


2f (t) sin t ~ > | (bn41—Da-1) eos NE—(An41—An_1) SIN nt]. (4) 
n=0 


By (3) we see that the necessary and sufficient condition that (1) and 
therefore also (2) should be Fourier series, is that 


[^^] 


(a5 41— an-ı) cos n£4- (b, 41 — 5, 1) sin nt! (5) 


n=l 


ll 


should be a Fourier series. But (5) is the allied series of (4). 

Hence, if the allied series of the Fourier series of f(é)sin?¢ is not a 
Fourier series, 2.e., if the allied series of the Fourier series of | / (0) sin tdt 
does not converge to an integral, (1) and (2) are not Fourier series. 

The following example ($ 6) shews that (1) and (2) are not in general 
Fourier series. It appears also, as is shewn by another example ($ 7), 
that the process here investigated does not in general lead from the 
Fourier series of a function of bounded variation to the Fourier series of 
another function of bounded variation. On this question no light is 
thrown by the series of. Bernoulli considered in $ 2. In fact the Fourier 
series Zn”! sin t, whose Fourier function f(t) has bounded variation, leads 
to the Fourier series of other functions of bounded variation, namely, 


+ sin ¢ log 1 cosec? 4£+-2/ (t) cost ~ Zn”! sin (n 3-1) t. 


6. Let us then write u = v—c, and, using the function g (u) con- 
structed in § 4, let 


PO RCIE 
hw) = g (u) = — 
du log e cosec łu (0 «wx T), 


h (c+) = h(c—u) | 
h(c)=0 and hw + 2r) = hw). 
Writing, for brevity, H (v) = | h (v) sin v dv, 
0 


we have 


H (c4- 0) — H(c— t) = [. h (v) sin v dv = f h (u+ c) sin (u+c)du, 


and therefore, taking account of the nature of h, is equal to 


t 
2 sinc | h(c+u) cos udu. 
0 
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Hence 


{H(c+)—H(c—d! [t 
= 9sginc | h(c+u)du/t—2 sinc | h(c-+ u) (1 —cos u) duft 
0 


= 2 sin c P (t) —2 sin c Q(t), 


| - SE LT __ log log e cosec 3t 
where P(é) = | vero dult = IZ du/t = alae ETUPES E log e Corset 


t 
so that, by $8, Lt | P(jdt=+o, 
e—0 Je 


: PARE d log log e cosec $u 
= 31,414 — 21 S 
and Q(t) = [oto 2 sin* 4udu/t = f 2 sin“ łu au teco la du 


This last integrand is bounded in the closed interval (0, £); let us denote 
it by q(u)/t. Then 


t 
Q(t) =+ | qG)du, Lt glu =0, 
0 u=0 


so that Q(é) is, like q(0, bounded for all values of ¢ including zero. Hence 
t t 
Lt | Q (0dt -| Q(5dt, 
e—0 Je 0 


so that this limit is unique and finite for each value of ¢, and lies, if t 
varies, between finite upper and lower bounds. 


We have therefore proved that 
t 
| [1H(c+4)—H(c—t)| /t] dt 


has, as e approaches zero, the unique limit +0. Hence the allied series 
of the function H (t) diverges properly at the point c, and cannot therefore 
converge to an integral. "Therefore the series got by differentiating it 
term-by-term is not & Fourier series; that is, the allied series of the 
Fourier series of h(t) sint is not a Fourier series; and therefore, by what 
was shewn above, the Fourier series of A(t) ceases to be a Fourier series, 
if we omit a, and b,, and move down the remaining constants each one 
place, or if we move each of the constants on one place, and omit the terms 
cos ¢ and sin f. 

This proves that the process considered in the present article, and at 
the beginning of § 5, does not in general preserve the Fourier character of 
the successions of Fourier constants. 
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7. Next, retaining the notation v = u+-c, let us write 


K(v) = G(u)— EDITUS (0 « u), 


K(ctu) =—K(c—u), K) =0. 
Then K(c+u) sin(c+u) — K (c —w) sin (c —u) = 2K (v) sin c cosu; 


and therefore 
t 
Lt | I [K (c+) sin (c 3-u) — K (c —w) sin(c—u) | du 


t 
= Lt | OSE K(o) du = Lt | EE Gondu = +o, 
e=0 Je e | 


e—0 


by § 4, since E G (u) is a bounded function of u in the closed in- 


terval (0, £), and has therefore a finite integral over this interval. 

Hence the allied series of the periodic integral K (v), although of 
course a Fourier series, diverges at the point c, and cannot therefore 
be the Fourier series even of a function of bounded variation. 


8. It remains to prove the following theorem given in the introduction. 


THEOREM. — If 2(a, cos nt+b, sin nt) and È (b, cos nt— a, sin nt) are 
respectively the Fourier series of any summable function f (t) and its allied 
series, and An, B, are the Fourier constants of another summable function 


g(x), then D (a, Án cos nt-- b, An sin nt) 
and 2 (b, B, cos nt—a, B, sin nt) 


are both Fourier series, and this equally whether the allied series of the 
Fourier series of f (t) ts itself a Fourier series, or not. 


Writing, as usual, F(x) for | f (x) dz, 
0 


Fatt) = C+2[cosnt(a,sin nz — bcos nz) F sin nt(a, cos nz-]- b, sin nz) |/n. 


Now F is a continuous function of bounded variation, and g(z) is 
summable, therefore 


|. F(z- 0 g(0dt 
= 2[4,(a, sin nz —b, cos nz)  B, (a, eos Ħne+ b, sin nz)] [n. 


Thus it is sufficient to shew that the functions of z represented by the 
left-hand side of this equation are both integrals. 
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Now, since F(z) is an integral, we can, after choosing e, find E such 
that the total increment of F(x+-£) over every set of non-overlapping 
intervals on the z-axis of content less than E is less than e. This is not 
only true for each fixed value of t, but it remains true when ¢ varies, since 
the increment of F(z+2) over an interval (z; z: +h, is the same as the 
increment of F(x) over the interval (z,;+¢, 27; +¢t+h,, and therefore the 
total increment of F(x1+-£) over a certain set of intervals of content less 
than E is equal to that of F(x) over another set of intervals of content 
less than E, and is therefore less than e, whatever value ¢ may have. 


Hence it follows that the total increment of f F(r+t)g(t)dt over a 
set of intervals of content less than E is less than 2! 1g (0| dt, and is 


therefore as small as we please. Thus | F (z 4-0 g (t) dt is an integral 
when regarded as a function of z, and, in like manner, the same is true 
of f F(x—t)g(t)dt. The same is therefore true of the sum and differ- 
ccol these two functions, that is, the series 

ZA nlan sin z—b, cos nz)[n 


and Z D, (a, cos nz +-0, sin nz)/n 


converge throughout the closed interval (— m, m) to integrals. But this is 
the necessary and sufficient condition that the derived series of these two 
series should be Fourier series, which proves the theorem. 
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ON THE ZEROS OF JACOBIAN FUNCTIONS 
By H. F. BAKER. 
[Received July 15th, 1911.— Read June 8th, 1911.) 


M. PorNcanE obtained, in 1888 (Bull. de Sc. Math. de France, t. x1, 
p. 182), a formula for the number and sum of the common solutions of 
two theta functions of two variables. Herr Wirtinger, in 1896 (Monatsh. 
f. Math. u. Physik, vu, Jahrg., pp. 1-25), obtained the corresponding 
results for n Jacobian functions of n variables, but under the condition 
that only one bilinear relation connects the periods of any two arguments. 
M. Humbert, in 1899 (Liouvilles Jour. de Math., 1899, pp. 254, 270), 
obtained, for two Jacobian functions of two variables based on the periods 
arising on a Riemann surface when subject to a further bilinear relation 
—so called intermediary functions—a formula for the number of solutions, 
deduced from Poincaré’s formula for theta functions. 

It remained, unless unknown to me this has already been done, to 
ascertain what bilinear relations among the periods, in addition to the 
universal bilinear relation, are necessary for tbe existence of Jacobian 
functions of » variables based on the most general possible periods; and 
to obtain a formula for the number, and for the sum, of the common 
solutions of 2 such functions. The results are contained in the following 
pages (see p. 373). 

In order to make clear the fundamental assumptions it 18 necessary 
to give references, and I have ventured to refer to my own volume, 
Multiply-Periodic Functions, Cambridge, 1907, using the abbreviation 
M.P.F. This volume contains an exposition of Wirtinger's paper quoted 
above, which is also the basis of the process here adopted, but it will 
be seen that in what follows, though the case dealt with is much more 
general, a considerable simplifieation is introduced into the inductive 
argument. Further, as the notation of matrices, which is used throughout, 
offers difficulties for some readers, I have given details of the work and 
examples, in some cases at greater length than is strictly necessary ; and 
for similar reasons have included two preliminary sections dealing with 
formule which essentially are well known. 

SER. 2. voL. 10. No. 1120. 2 A 
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The sections are as follows :— 


1. Known Results for Symmetric Functions, pp. 354-856. 

2. A Relation connecting a System of Matrices, pp. 857-360. 

3. The Conditions for the Existence of a Jacobian Function, pp. 360-372. 

4. The Number and Sum of the Common Zeros of n Jacobian Functions of n Variables, 
pp. 972-388. 

5. Some Particular Cases, pp. 388-395. 


1. Known Results for Symmetric Functions. 


Considering n fundamental quantities (roots) a, B, y, ..., A, and a set 
of positive integral exponents p, q, r, ..., OF Pis Po ps --., We denote Èa”, 
extended to all the roots, by (p); we denote Ża”Ś*, extended to every 
two different roots, by (p, q); similarly, Za"B8*,' by (p, q, r); and so 
on. Then, by (p, q), is meant (p, q), extended to all the roots except a; 
by (p, q, r). is meant (p, q, r), extended to all the roots except a; and 
80 on. 

We manifestly have 


(p, 9) —(p,qh-d-a'(q)d-a(p. (q) = (Qata, (p) = (pa ta”, 
and hence (p, Qa. = (p, q) —a" (q) —a'(p) 3-2a?**. 


Again, using this last formula to express (q, r)., (r, pla, and (p, q)a, 
and, noticing that 


(p, q, r) = (p, q, rt a! (q, ra talr, plata (p, 9). 
we deduce that 
(p, q, Ma = (p, q, )—|[o*(q, )- a*(r, p) - a" p, q)] 
+ (2!) [a**"(p) J- à" **(q) J- a^* (7) ] 5 (8 ) a"****. 
In general, by the obvious formula, 
(Dis Pas --++ PR) 


— (71; po +++» Pkla d- aP (po, Da ***> Pilat... Fa" (pi, Pa» ee, Dk-1)as 
we find 


(Pi, Pas **:» Dida 
= (Pr Po +» PH— E o^ (py, ..., PHN Z a^*P(py, ..., pp 


— (8) Z ah* *P(p,, ..., py) d-..., 


where 2. denotes a summation extending to every k—ż of tbe exponents 
PvP» --- Pk; and hence, as we obviously have 


(Pis Pos ++. Dk, D) = a? (Pis ..., po. B" (p, ..., Dip --- TAP (s, ..., Dida, 
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we find 
(Pis Ps +++» Prs P) 
= (P)(Pr Po +++» p) — E (PHP) (Pos «++» Did) 
+(2) Z (p+pitps) (Pas «+» Pì— o (A) 


from which any form (p,q r, ...) can be calculated. For example, we 
find 
(p, q) (p(q)—(p- 9) 
(p, q,T) = (pq)n-—(p(qg-07-—(qep-—oeK- 92-47) 
(p,q, 7, 8) = (p)(q)(r)(s) 
—(p)(s)(q +7) — (9)0)(0-+5) —... —...—...—... 
+(p+85)(9 +7) +... +... 
+2(p)(qtrt+s)+...4+... 
—6(p+qtr+s). 


In, particular, in formula (A), if p, = p = ...— pe = p = 1, and 
(pi, ---, Px) be replaced by (k!) Zaag... az, = (k!) Py, say, we obtain 


[(k+1)!] Pi. 


| 1 
= Sı P;(k!) — ksa[ (k — 1)!] P4—1+(2!) Pus sg[(k — 2)!] P4 .— ... 
or (k4- 1) Pear = S Py— sa Py 14-54 Py-2—.. es 


the well known formula, usually called after Newton, where 


SĘ = a* + 8* 4 ..., 
from which is found 
$1 , $3 $3 ... Sk 


k—l s 5 ... Sk—1 
_ 1 
Py — TF 0 k—9 $1 4% Sk—2| | 
0 0 0 ... 1 4 
Thus 
(z—a) (z —B)...(z—2A) 


2 3 
—at—itbsqit TIUS — 7-3 $1 95; $3 T- 25g 
m : 2! 3! 
s; — 65? s, 85, Są-|- 852 — 6s 
Nae cue Róż KBE ZA SŁ ME 


4! 
2a 2 
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Conversely, if we replace a by 
hy a? + Ra at 4- hga' + eee 
replace 8 by h, 8? 4 h4 83 4- A4 8" 4- ..., 


and so on, the coefficient of hıh... hę in P, is (p, q, r, ...), where there 
are k exponents. For, by this substitution, s, becomes 


o1 = hi(p)+hg(q)+..., 


$9 becomes o = (2!) hi h3(p4-q) -..., 
where it is immaterial to write the terms involving squares of hy, id = 
and sz becomes oz = (8) h hah (pq +1) +... 


m 3 
and so on; and hence the coefficient of hho in doe is (p)(q)—(p4-4), 
the coefficient of À, ha hg in | 


T (5? — 3003+ 203) 
i E AEDADE BQ.) +28) (p++) 
or |... QY()(n—Z(p» (40-2494). 
and the coefficient of hy Àh4 4 À, in 
li (01— 6070+ 80103 3-90; — 604) 
i^ qp 0(09—6220)( 90-93-82 () G9 q- r9 


+82 8(p+q) (r+s)—6(4!) (pF q d rt 9); 
or (PD) — 2 (p)(q)(r7+s) +22 (p)(q+r+s) 
+2(pt+qQ(r+s)—B3)(ptqtrt+s). 
And evidently the same is true in general. 

The formula (A) is unsymmetrical with regard to the Kk suffixes. Jf 
we take the (k-]- 1) possible forms of the right side and add, and afterwards 
change k+-1 into k, we have the symmetrical formula 

k (Pı, Do LEE) Dk) 
= 2 (pi) (Pa Pgs py) — (2!) > (pi +73) (Ds, Do +++ Pr) 
+3) Z (pr +P2 FP (Py 5 po—... (B) 
where, as before, > denotes a summation containing a term corresponding 


to every selection of t of the exponents py, py, ..., Pk- 
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2. A Relation connecting a System of Matrices. 


Let D be a matrix of 2» rows and columns which is the product of 
two skew symmetrical matrices also of 2n rows and columns, of non- 
vanishing determinant, say equal to AK. "The matrix A—AK-! is skew 
symmetrical, and its determinant is a perfect square; the determinant 
| D—A| is therefore also a perfect square, and its roots will consist, say, 
of Ê» ..., En each repeated. Similarly the roots of |.D"—A| will consist 


of £j, ..., Św, each repeated. Thus, if a, be the sum of £i, ..., &, 
op = &t+...+& = 4 [sum of r-th powers of the roots of D] 


2n 
= 2 (D^), i 


where (D"),; is the (l, D-th element of the matrix D", that is, the /-th 
diagonal element of this matrix. If, then, we take (cf. § 1 above) 


1 1 
PT (a) — 07), U; = g (c1 — 30 0,+ 2o), 


W: = 9}; Oo — 


and so on, the matrix D satisfies the equation 
D*—w, D"! +a, D"-?—a,D* +... = 0 


Herein suppose that D is h,D,+...+h,Dn, where hy, hg, ..., An are 
undetermined parameters, and each of Dj, ..., D, is a matrix of 2» rows 
and columns which is the product of two skew symmetrical matrices of 
the same type; in the application to be made below D,, Ds, ... are of the 
forms A, K, A,K, ..., where K is the same for each. Then every term in 
the equation becomes a polynomial in /4, hg, ..., hn of dimension n; we 
desire to pick out the coefficient of the product Aha... ha in the result. 

For this let (D^44 denote D, D44- D;D,, let (D',4, denote the sum of 
the six products of D,, Ds, D3 in all possible orders, and so on. Then let 
ó, denote half the sum of the diagonal elements of D,, let ôi denote half 
the sum, divided by (2!), of the diagonal elements of (D^,, let 6,2, denote 
half the sum, divided by (3!), of the diagonal elements of (D"4, and so 
on, so that 


1 2n 
Ay = 3 (2) >, ( (D, Da - Dg Dy), i, 
_1 
dus = g(gf) > (D, Di D4- D, Dg D Ds Dz D,+- Ds Di Dz Ds D,D: 


+ Dz Da Dy, i, 
and so on. Then the term a, becomes 


2n 
i m |, D,+...+h Day hu 
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or (r!) I hy hs... he O12... 25 


where > denotes a summation extending to every r of the letters 


hy, hg, ..., h,, and terms involving powers of h,, ..., hn above the first 
are not written down. 

Also in D" the coefficient of hiha... ha is (D'ha..», defined above. 
In D"-! , the terms not containing squares or higher powers of hy, ..., An 


hs Zh... Ma QD: y; 
multiplying this by w;, which is equal to 
Zh, 
the coefficient of A, hg... ha in —«,D"^! is 
— F &(D^s...., 


where 2 relates to a summation of n constituents. Again, in D"~? the 


terms not containing higher powers of h,, ..., hn are 


2 hh, ... hn (Ds, .. ; 
while taking T = 2 (ci —03), 


and retaining only terms which are of first order in each of hy, ..., An, we 


have to consider 


> {2 È h ligô1 64— (2!) Z hy hg dig} 


Or >> h, ha (ô; 03 — 0,5). 
Thus the coefficient of h, hg... hy, in æa D"? is 
> (0, ôg — 01) (D')s4 "ET 


Similarly the coefficient of h,h,h, in 


1 
Gz = gi (01 — 801 02+ 203) 


1 Lo 
18 9! {3! 60305 — 3(2 !) (0, 033 + 0, 03i +93 0,9) + 2(8 !) O193 t , 


and the coefficient of A, Mz... An in — æ D”? is 


m [ó, 6g 03 — (6, 633 +ô Óg + 03 61.) + 26,54] (Du; SIR 
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In general, let $1> . 4 denote the coefficient of hy hg... hy in 


Gy Og «se Tk 

_1|k—1 o, .. Ok—1|, 

Uk—= ZI eee eee : 
l o, 


then, as we have kay = o49,.1—90319,4 2-031994 s—..., 


and in o, the coefficient of hha... h, is (r!)ójss, ,, while in w,_, the 
coefficient of hre r2... hr 18 Gr4i,..,x, We see that the function ges x 
can be calculated from the formula 


ku... = E ô dus 4 — (9 Z Sia da 42-8 Z ds as ks 


and has the same form in terms of ó,, ój, ..., dig, Sig, ..., Ojgg, ... 88 has 
the function (7;, Pa, ..., py), considered in $ 1, in terms of 


(1), (Pa); ---» (Pr +P), (71 +73): ++.) (pi-- pa +73); +... 


Thus, finally, we have the identity, connecting the matrices Dj, ..., D,, 
(D^). 4 — 26; CD's n HE $ru(D)u..n— È Prog(D Vas . 
+...+(—1)" dis... = 0, 


where 2 denotes a summation extending to every $ of the numbers 
Dis 2% 26 

In particular, for » — 2 we have 

D, D44- D4 D,— 6, Dg— 04 D, 4-0105— 0,4 = 0, 
and for » — 8 we have 
(D, D4 Dg4- ...) — 2 ô, (D2 D+ Dz Dz) 
+ 2:(0; ôa — 019) Dg — (0, d2 Ôg — 04035... + 20,5) = O. 
If we further put, symbolieally, 
(D^... = Di D2... Dk, 
Piz... k = pip -.. Dk, 
the identity can be written 
(Di — 9$) (Dz— pə) ... (D, —4,) = 0. 

Note I.—It is an evident consequence of what precedes that 4i;.., 
is the coefficient of Alg... An in the square root of the determinant of 
the matrix A D,+...+h,D,; and, in accordance with this, the function 


which ¢i2..., reduces to when the matrices D,, Də, ..., D, are all the same 
is equal to (n!) times the square root.of the determinant of | D |. 
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Note II.—1f the expression on the left side of the equation above, 
after multiplication by (— 1)", be denoted by Vis... „, so that, for instance, 


Yı = ġı— D; 
Via = $19— Di $3 — Das t+ Di Di Dą Dy, 
we have $13— Di V3 — Ds, = d:ig— Di(ja— D3 — D4($1 — Dy) = vis, 
$us — Di a — Dou — Ds ss | 
= $i — Di | oa — Pa Dg — ps Da - D; D;+- Dz Da; 
— D; | $u — $s Dı— ¢1D3+ Dy D, + D, Dy, 
— Dz {$n — 4$: Di— p Di +D: D4+ DaD, : 
= Wiss, 
and so, in general, 
disk — Di Yos.. e — Da ris. k— «+» — DZY... kn) Z Vois e 
this depending merely on the fact that | 
D: (D's... x+ Do (D's  - DAD 1) = (Diae 


where, as before, (D'».. 4 is the sum of the (m!) products in all possible 
orders of D,, Da, ..., Dn. 


8. The Conditions for the Existence of a Jacobian Function. 


We know (M.P.F., p. 286) that for an integral function f, of n variables 
Uj, -.-, Un, to satisfy Zn equations of the form 


f (uy, + ay, ry Ug t Qa, T? ***59 Un Fan, » — gir V Qcria ec, (uu ELLE Un); 
where bO(u+3a") = b, ptt... 0s, rur - (b, rart... bn ranr), 


it is necessary that the 2n sets of periods, a, should satisfy conditions 
expressible in the forms 


aKa —0, —wuKatyz > 0. 
ba—ab = A, 


where a, b denote the matrices of type (n, 2n) formed with the elements 
Qat, bB, a and b denote the matrices of type (2n, n) formed by trans- 
posing these, A is a skew symmetrical matrix of type (2n, 2») whose 
elements are integers, z denotes any row of n quantities and z, the row 
of n conjugate complex quantities, and A denotes some matrix of type 
(2n, 2n) of which every constituent is an integer. It is a consequence of 
the theory that both K and A have a non-vanishing determinant. 
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With a view to investigating these relations more in detail we first 
repeat the well known argument* by which it is shown that without loss of 
generality we may suppose the matrix of periods a to have the form (e^, o), 
wherein e^!, of type (n, n), has zeros except in the diagonal, this diagonal 
consisting of the inverse positive integers ej!, eg”, ..., e,!, of which 
€r41/€, is an integer, and wherein o denotes a symmetrical matrix of 
type (n, n) such that, when £i, ..., £, are any real quantities, the real part 
of the quadratic form toć” is negative. To establish this result, take 
a unitary matrix g, of integers, of type (2n, 2n), such that 


_ (0 —e 


where e denotes the diagonal matrix whose elements are e; ..., €n, and 
e,+1/e, is an integer, as we know to be possible (M.P.F., p. 811); then 
put, as the definition of w and w”, 


a = (w, w')g ; 


the condition —iaKagzyz > 0 
ives then —4(0, w’) (3 p (>) Toz > 0 
£ , e 0 Ml) 7 , 
er wy 
or — (w'e, — we) (3) zoz > 0, 
(09 
or —((w'ewyzyz —weGyTyz) > 0, 


that is, if f= ar, É = a2; 
—i(w'eśycr— wez) > 0; 


this shows that w is of non-vanishing determinant, since else we could 
choose z,,..., Zn to make £ or wr consist of n zeros, in which case the 
left side would not be > 0. 

We can hence write, in place of a = (a, w’)g, 


a= we(e”", o)g, 
where o is defined by wer = w'; 


then the condition aka = 0 


* The quantities u, o of the text are the quantities ath and - of M.P.F., p. 227, 


and are those occurring in the theta functions of M.P.F., p. 263. 
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a 4/0 —e (=) we _ 
becomes we (e—*, o) » 0 ) z jee = 0, 
eM — 
or we (ae, -»( - )ue 2E. 
o 
or we(o—a)we = O, 
shewing that oo. 


The previous inequality then gives 
—i(wereśqy i — werg) > 0 
or —i(ece£fgy— eose) > 0, 


where we have utilized the fact that, if u be a matrix of type (n, n) 
and p, q two rows each of n quantities, upg = uqp; if n = e£, this is 


the same as Eee 

or, if o = p+ ir, n = n tim, is the same as 
—i dir (+13) > 0, 

or T(n tn) > 0, 


which is the condition that the imaginary part of ion} should be negative. 
The transformation is thus established. 


If now,* beside = 
a = we(e” ,0)g, 


in order to define 8, of type (n, 2»), and to define the new arguments 


Vi, ..., Un, We put om 
ie eae we.b = Bg u = we.v, 


* It is shewn, M.P.F., p. 298, that, if R be the least positive integer such that Ra"! 
consists of integers, and y a unitary matrix such that 4RA-'y = (? ah where ¢ is a 


diagonal matrix of positive integers ¢,, ..., ta for which t.,ı/ta is integral, and ¢, = 1, and 
(w, w) = ay^!, T = (wt)-' w', and if w = (wt);! wu + constant, a single Jacobian function, after 
multiplication by the exponential of a (non-homogeneous) quadratic function of u, satisfies 
& defining equation F'(w + t7 m + rm!) = e~2sat len” (w tr^; (w), 

in which m, m' are rows of n arbitrary integers, and is the sum of w/[a| theta functions of 
arguments Rw, with periods Rr, that is, each of the form 


3 
z exp |2ri Rw (n+ ŻĘ) + iR (n+ Ż) |. 
wherein h is a row of positive integers in which h, < RtZ'. 
But this reduction depends on A and, therefore on the matrix b proper to the function. 
while the reduction of the periods given in the text depends only on the original periods a, 
which are the same for all the Jacobian functions of the set to be considered subsequently. 
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and, when m is any row of 2n integers, we define a row of 2n integers, m, 
by means of E 
gm = p, 
we have bm(u-]- łam) = bm.wevt+ibm.we (em, o)u 
= we.bmv+4we.bm(e, o) 

= Buv+ 385 (e^, o)u 

= Bu [v+ (e, o)u], 


which is of the same form in v, (e^, o), 8, u as was the original in u, a, b, m. 
While also 


= e" -1 
ba —ab = bwe(e^!,0)g—9g e ) seb 
[z e 
=g EX o)— ( z ) J 9, 
which, since g is a unitary matrix, shews that 
zu e`! 
Bee , c) = ( c ) B 
is a matrix of integers. All the conditions previously to be satisfied by 


a, b, and u are thus satisfied by (e~t, o), B, and v. 
The condition a Ka = O becomes, as we have seen, the identical equa- 


tion z e 
es IE) un 
we shall put poż o E 


80 that the condition becomes 
-1 e^! nes 
e-i oE (f ) =0. 


It may also be noticed, for the sake of a future application, that 


(ba —ab) K 
" m | ©/.—1 ce pv: E ) ~—1 
18 g l B (e , c) o B J g » 
or, say, AK —gVEg 
and hence, if A, = b,a—ab,, A, = bya—aby, 


A, K.A,K =GV,EV,Eg-.. 
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Also that aKAKa 
1s equal to aK (ba—ab) Ka 
: e- e! 

= we(e-1, o)gKg | Bee", zj ( .) J ss (^, ) = 

"nm un |— 

= we | (7, 9) EVE (^. ) | ce, 
and similarly that aKAKAKa 

-1 

is equal to z (c7, )EVEVE (^. )j e 


In examining the conditions 
ba —ab = A, 
we can thus without loss of generality suppose a = (e^!, c). We shall 
continue to denote the arguments by w. 
Then first, by multiplying f(u) by an expression of the form 
pu 
where A is a symmetrical matrix of type (n, n), so that Au’ is a quadratic 
form in 14, Uz, ..., Un, we can suppose that in the matrix b all the elements 
bo; (a=1,2,...,8; J = 1,9,..., a) 
are zero, so that b has the form 
0, by, LES bin, b) usn «es By 2a 
0, 0, tasj bons by. ntl: ecc by, 2n 
0, 0, 23 0, On, n+l» e.e by, | 
For, after such multiplication, when in f(u) the arguments are simul- 


taneously increased by the rows am, where m denotes a row of 2n integers, 
the quotient f(u-+am)/f(u) is e!" where, save for parts independent of u, 


H = 3A (u+am)?—łAu' 4- bm (u 4- 3am), 
and this 18, effectively, (1a4- 0) m (u43- Fam), 


namely, the matrix b is replaced by b+Aa. To obtain the specified 
reduction in the matrix D, it is thus sufficient to take the matrix A, so 


that in Ale, e) +b 
the elements (a, J) above described may all be zero; that is, if we write 
b = (Dy, by), 
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in which each of D;, ba is of type (n, n), it is sufficient to take A of such 
form that in Aeb, 


the elements (a, J) above spoken of shall all be zero; this requires only 
Aaj = — ba, je. 
(a =1,2,...,2; 7 = 1, 2, ..., a), 
whereby the matrix A is determined. It may be noticed that, whatever 


form is given to the symmetrical matrix A, the replacement of b in 


ba—ab by b+ Aa does not alter the value of ba—ab. 
Assume this reduction in the matrix b, = (b,, ba), and now write 


ba—ab = A, that 18, suppose 
(b) (e, e)— (—) (by, b) = B e) 


b, Q R 
m (asa ka (m m) 6 8 
o Gam” Er) 9 


where Q is a matrix of type (n, n) consisting of integers, and P, R are 
skew symmetrical matrices of integers, also of type (n, n); further denote 
by P, the matrix of type (n,n) whose elements to the right of the principal 
diagonal are the negatives of those in P, the other elements in P, being 
zeros, 80 that P= P—P,; | 


we may express this, perhaps, by saying that — P, is formed by the north 
east half of the elements of P, the remaining elements being zeros. 
Then the conditions to be satisfied are 


b,e71 —e7! b, = P,—P,, 
eb,—ho = Q, 
b,o—aby = R. 
The first of these is e lb,—P,-— b,e 1 — P, 


and shews that e^! b, — P, is a symmetrical matrix; but in P, and in 4,, 
in consequence of the reduction supposed made in b, the elements below 
the principal diagonal are all zeros. Hence 


b, = eby, 
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and then from the second equation above 


b, — e (Q4- P, eo), 
so that the matrix b is entirely determined when the elements of the 


matrix A are given, in terms indeed of the elements of the first m rows 
of A. The remaining conditions 


bao — 005 = R 
require, however, 


(ceP, +Q) ex —ce (Q-- P, eo) = R, 
or,as P — P,—P,, they require 
cePec J-ceQ — Qec -- R = 0. | (C) 


These conditions can be expressed in the form 


(e-1, o) EAE (^) =i): 
æ m-(736-903-CÀz20 72 


-(C m. 


and hence — (e^, c) EAE E = (Re--ceQe, —Qe+cePe) (4) 


= R+oeQ) — Qec d- cePec. 


The matrix on the left side of (C), or the matrix EAE, being skew 
symmetrical, the conditions (C) are equivalent to $n(n—1) conditions; in 
fact, a relation 

aMa = 0, 


wherein M is skew symmetrical, of type (27, 27), is the same as 
1... 2n 
> Muy(apas—a52,) = 0, 


and expresses the same bilinear relation connecting the periods of every 
pair, such as u,, ug, of the n arguments. But while the numerical co- 
efficients in the bilinear relations (C) are determined when the form of the 
matrix A is given, the converse is not true; for, evidently, in virtue of 


(C,H E > =90; 


TN 
the relation (e^, c) EAE @ ) = 0 


1911.] THE ZEROS OF JACOBIAN FUNCTIONS. 367 


would remain unchanged if A were replaced by A--rE^!, which is equally 
a skew symmetric matrix of integers, provided 7 is an integer divisible by 
€». This change is equivalent to replacing Q by Q—re^!, which leaves 
unaffected the terms = 

ceQ— Qes 


of the equation (C). In virtue of 
b = ieP,, e(Q+-P,eo)!, 


it is also equivalent to replacing b by b—r(0, 1), where O denotes the zero 
matrix of type (n, n), and 1 denotes the unit matrix of type (n, n). 

Returning for à moment to the unreduced form for the periods, and 
the matrix 5, the conditions 


(e-1 o) E (—) =0 (e, o)EAE (^) — 0, 


are equivalent, as we have seen, respectively to 
aka=0, aKVKa=0, 


where V is for the present used to denote ba—ab. It is at once evident 
that the latter relation, being 


aKb.aKa—aKa.bKa = 0, 
follows from the former aKa = 0. It is equally evident that 
akVKVKa= 0; 
for this is aKb.aKVKa—aka.bKVKa = 0. 
Similarly it can be proved that 
a(KV)*V'a=0 


whatever integer m may be. We have previously shewn (p. 357) the 
existence of an equation 


> Dn(KV)" = 1 


m=1 


where p, is a number ; from this we have 


y- = 5 p„(KY)* V-1, 
1 


so that also aV-a = 0. 
And this again follows at once from 


OSA -1) 
— — =— A, 
= EUR è i 
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where A = (5) is of type (2n, 2n), and 1 here denotes the unit matrix of 
type (n, n) (cf. M.P.F., p. 288). For this gives 


and henc (7 -1 (a, b) = ( 9 J 
j 4 We eer 
from which we deduce 


aV-14—0, aV-b-—1, bV-b=0. 


Resuming the results of this section so far obtained we thus have: 
The existence of a single-valued integral function f(u), of the n variables 
W, ..., Ua, Which with the periods a = (e^!, a), subject to the relations 


aka = Q, 
satisfies, for any 2n integers m, equations of the form 
futam f (u) = exp 2ri[ bm (u4- 3aon) 4- H ,.], 
where H,, is independent of u, requires the existence of further 1»(n— 1) 


bilinear relations aEAEa — 0, 


where A, which we write in the form 


is a skew symmetrical matrix of integers of type (2n, 2n), to which the 
matrix ba—ab is required to be equal. Conversely, writing P = P,—P,, 
where — P, has zeros below the principal diagonal, but above this diagonal 
agrees with P, and assuming a Ea = 0, aEAEa = 0, the relation 


ba—ab = A 
requires, and is ensured by taking 
b = e(P,, Q+ Piceo). 


The explicit forms of the necessary bilinear relations connecting the 
periods, other than the universal relations expressed by aEa = 0, do not, 
however, determine the matrix A or the matrix 6; when these bilinear 
relations are given we may equally take, for corresponding forms of and 
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A, respectively b = kB—r(0, 1) 


A=KkV+rE"!, 
where k is any integer and r is any integer divisible by e,, and if 
v= C MI Dp = Pı Pi 
then B = e (pı, q4- peo). 
Herein b is chosen so that all the elements (a, 7) in which 
a =1,2,..,n and 7=1,2,...,4 


are zero. A more general form of b, obtained by multiplying the Jacobian 
function by the exponential of a quadratic function of wy, ..., u», is obtained 
by adding 4a to the b, where 4 is & symmetric matrix of the type (n, n). 


In addition to the fact that the matrix ba—ab = A must consist of 
integers, it is necessary (M.P.F., p. 287) that if z be any row of 2n quan- 
tities satisfying az = 0, and z, the row of conjugate complex quantities, 


ee —iAzay > 0. 


When a = (e^!, a), if we put z = (y, y), each of n and y being a row of 
n quantities, the equation az = O gives e^! y--oy = 0, or n = —eoy, aud 


therefore 
—ec 
:=(q)v 


where 1 denotes the unit matrix of type (n, n), namely, 


736) 
Hence the inequality becomes 
—iAMEay.Eagyg > 0, 
that is, — ia EAEaqyy > 0. 


Denoting the real skew symmetrical matrix EAE by N, and putting 
c = cica where gy, c; are real, and also 


1=€,0N(,), V=0 N (S) W= e, N (^). 


SER. 2. voL. 10. wo. 1121. 2 B 
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= | 
the identity e, o) N a ) — 0 
is equivalent with W-rFiA—iA—V -— 0, 
80 that | W=V, A=4, 


or A is a symmetrical matrix, while V is obviously skew symmetrical. 
=) = 
Hence _ iaNd, = i(e,0)N a ) — iW--A--À 4 HiV, 


and, putting y = c+-ić, yg = xz—1£, so that each of z, £ is. & row of n 
real quantities, the inequality 


—iaEAEa,y,y > 0 
is the same as (4+1V)(r— iść) (cić) < 0. 
Since | Alæz— r) 20, Ve? = VEA= 0; 
the left side of this is A (2*+£)+ V (£c —x£), 


Á V é | , | 
namely, = Wi Ś) (z, £), REZ: 
and is a real quadratic form in 2n variables; while 
(i 5: ie: A J |= (i E cares V ) =( V ux 
1 0 —V A—NW UA V 


is à skew symmetrical matrix whose roots are all double. The real quad- 
ratic form in 2n variables is thus capable of a form 


Ati +) +... A. (tuż), 


wherein A, ..., A, are n real quantities, and ti, Uy, ..., tn, w, are 2n real 
linear functions of 2, ..., £, ; and the condition for the form to be con- 
stantly negative is that each of X,, ..., An be negative. 


The reduction to this form can be made in steps as follows: let 


A= (dy) , v= (Vp), bj, = f CEU ES LM B= (b) 


the denominator a,, not being zero in virtue of the condition ; thence 
by = Aqq F Urq, by = dp Hip, 
OS ! "x a , 0 M4 
and B=A'+WV = (a), vp), 


the matrix A’ being symmetrical, and V' skew symmetrical. We at once 
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find that 
CA £V) —4£) (z 4- i£) 
= = i (ag ti +... FA tab jy Sgt... vu ED 


+ (a Ei, +... Fin En — 0,4 z4— ... — vis £2) | 
—_ l1 2, 2 
= dy, (titu), 
and can write 


(4 +iV) (z — i£) (z 4-22) 
= A++ [(4 — 4) +4(V—V’)] (z —i£) (2 +28), 


where on the right the form at the end does not contain z, or é, but is 
of the same form as the original in zy, ..., Ln, £o, ..., Św. To it the same 
reduction can then be applied. 


If we put, as above, A= (7 ) 


the condition to be satisfied is 


a,e(Q+Pec,) | —o4ePeo; | 
c36 Pea. c'e (Q PLN (z, £) (z, 6) < 0. 


Putting A=rE"'+kV, P= kp, Q=—re"'+kq (see p. 869) 
and taking p = 0, the condition breaks down into 
a,(keq—r) zx? < 0. 


When nn = 2, the conditions for this are that the coefficient of xi should 
be negative, and that the determinant of the form in zı, z should be 


positive. If _ 
a= (575) == (9): 


— — de k 
h keq —r = ( : : ) 
we have eq—r Un EMERICUS 
and the former of these conditions is 
— r+ Ce, kn < 0, 


while the latter is lo; | keq—r| > 0, 
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which, in virtue of | oc, | 2 0, reduces to 
| keg —7| > 0, 
that is, r'+rkBe,+ACe,e,k? > 0. 


For this case, and with e, — 1, e,=1, the conditions are given by 
Humbert, Liouville, 1899, pp. 259, 260. 


4. The Number and Sum of the Common Zeros of n Jacobian Functions 
of n Variables. 


We consider now a set of n Jacobian functions of n variables ttj, ..., Un, 
fiuo), ..., fa(u—e™), 
where f, (u) is subject to equations of the form 
futam) = e, f,(u), 
in which A, = b,m(u+-żam) +-Cy m, 
m denoting a row of 2» integers, and c, „ being independent of m, ..., t; 
we represent by A, the matrix of integers b,a—ab,, by K a matrix of 


integers of type (2n, 2») such that the universal relation connecting the 
periods is aKi —0 


(see M.P.F., p. 286), and we put D, = A,K. Also we put (cf. p. 357) 


say 


9n 


R 2n i 1 
Or = 4 2 (Di, 012 = 2(2!) a (Dy D+ Da Dj), 


and so on, so that, for instance, ô is one half the sum, divided by (3!) 
of the diagonal elements in the matrix which is the sum of all the (3!) 
products of D, Dz, D}. Then we put 
$r "T Ôr, $1 ees ô] 03— 615, $123 = Ó1 dą Óg — 0, 033 — 03031 — 03013 F 20123. 
Prog, = 0104030, — 20,0503, + 20,503, + 220, 045, — 60,23, 


and so on, the general form being obtainable by the equation (see above, 
p. 359) 


Ady = 20, has r — (2!) = 012 dzą r (39) > Diag Pas .1:—.... 


Finally, we denote by H the positive integer which is the square root of 
the determinant of the skew symmetrical matrix A. 
Then, if vo"? denote a set of u constants, we prove that the » equations 


fi(u —i 0) = 0, ..., fa (u—e™) = 0, 
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have a number of sets of solutions for uw, ..., Un, no two of which are con- 
gruent in regard to the periods a, given by 


1 
H Pi2 cee R9 


and that the sum of the values of u, at these solutions, save for quantities 
independent of v, ..., v, is equal to the a-th of the quantities expressed 
by 
= [ak os PE b, v0 -FaKyas e b; y+ eee +akyie RE (nl) b, v", 


where Wiz +, as before (p. 860), denotes the matrix which can be 
gymbolically denoted by 


where, after multiplication, we are to replace $1 by $1, $1 p2 by $i» $19:95 
by $i», and so on, and are to replace Di by D, Di Ds by (D’)y, that is, 
D,D,+D,D,, and Di Di D; by (D'hæ, that is, by 

D, Ds Dy Dı Dg Did Da Dg Dı + D; D, Dgd- Dg D, D44- D4D4 DA, 
and so on. Thus the term in v in the sum is symbolically 


aK ( 1— Dy) ... ( n— D; yw 


i 


As already remarked (p. 359), when the functions fi(w) ..., f. (uw) are 
the same, and therefore the matrices D,, ..., D, all reduce to the same 
matrix D, the function gra . „ reduces to (n!) times the square root of the 
determinant of the matrix D. In general œx...» is the coefficient of 
hy hę... hn in the square root of the determinant of the matrix 


h, D... Fh DA; 


this is the matrix (Ba—aB)K, where B is the matrix arising by adding 
periods to the arguments for the function 


Fu) = (Aw Cao} ... ae) 
which gives F(u+-am)/F(u) = exp 27i | Bu(u4-3am) +C}, 


C being independent of w. 
If any difference «.—v™ be written in the form 


u— = [vO 4... - 009] — wh, 


p 
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we can similarly obtain a formula for the sum of the incongruent values of 


w = u— I (WPH... 3-0], 
which satisfy the equations 
filw—w™) = 0, ..., fac") = 0, 


which, so far as it depends upon vo, ..., o, is linear in aw, ..., «™. 
Each of the quantities 


WB = y™— =. [00 4p... - p o0] 


vanishes, however, when we put 


70 = v =... = v0, 


The number of values of w being ¢..../H, we thus infer that, for 
arbitrary v, 


a Pio. „die DŻ T. = aK P;b;v, 
where P; (symbolically) = (fi — D) ... ($, — D) 


$: — Di 


Now we know that any n quantities v can be written in the form ać, 
where ć is a row of 2n real quantities; we have only to equate real and 
imaginary parts, and utilise the known properties of the matrix a (M.P.F., 
p. 225); also we have aka — 0, aKDa — 0, aKD,D,a = 0 (see above, 
p. 367), and so on, and therefore, as will abundantly appear, 


aK P;a zu ; 
hence we can write 


aK P;b;v = aKP;biać = aK P;(A;+ab) Ê = aK Pi AGE, 
and obtain a C ML x KP;A;) = 0; 
i=] 


but, if n be a set of 2n real quantities, an equation ay = 0, involving 
Ayn = 0, involves, in virtue of the inequality, 


(M.P.F., p. 286), that 7 = 0; thus the equation here leads to 


bo .— E KPA, =0; (P) 


i=1 
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now, for instance, P, is Wos n, namely, 
$-3 n — Dads4 n— Dz pa „—...++(DąD;-+- Dy Dd) gy „+-..., 
and the matrix obtained by transposing AP, A, is thus 
A,P,K = A | dos un — KAg das n— KA pos. n... 
+ (KA, KA, + KA, KAS) gą „+...: K 
=D; $e3...„— Dı Do $35 .. n — Di Do Poa „—... 
+D, (DD+ D: Dy) piat... 


= DyYrr3 ns 
and so on ; thus the equation (P) here leads, after transposition, to 
Qiz... n — Diss nm Doris s — — Da ris -1 = 0, 
that is (see p. 860) to Van 20, 
the fundamental equation connecting the matrices D,, ..., Dy. 


It thus appears that the formula for the sum of the incongruent 
solutions includes the formula for the number of solutions. 

In order to prove these results, we utilise the theory of & Riemann 
surface. The Jacobian functions f(u) give rise, by taking the second 
partial logarithmic differential coefficients, to functions of w, ..., Un, with 
no essential singularities for finite values of these, which are periodic with 
the system of periods a. ‘There can be constructed then a Riemann 
surface with p (© n) everywhere finite integrals upon which 14, ..., Un 
may be regarded as a defective system of everywhere finite integrals 
(M.P.F., Chap. vi). The period system of the integrals u upon this 
Riemann surface, a matrix II of n rows and 2p columns, is then capable 
of the form ak, where a is the period system here employed and & 
a matrix of integers of type (27, 2p). (Cf. M.P.F., p. 286.) 

For this Riemann surface we require a preliminary lemma. Let $ be 
a function of the n integrals of the first kind, u(x), ..., u,(x), which is 
single valued on the dissected Riemann surface, and is capable of ex- 
pression about any place of this as a series of integral powers of the 
parameter of the place, consisting either of only positive powers, or of 
such a series multiplied by a finite negative power; which, further, when 
(z) passes from a point on the right side of the j-th period loop to the 
corresponding point on the left side—in which case u is increased by 
ak, where k denotes the j-th column of the matrix k—is multiplied 


by exp (2v? Hj), where H; = bkO u-- ck v4- d;, 


b and c denoting matrices of type (n, 2»), so that bk, ck are each 
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a row of n quantities, v (like u) being a row of n quantities, and d; a 
single quantity depending on J, but independent of (r) and v; then 

(1) The difference between the number of places (x) where the function 
$ under consideration vanishes to the first order, and the number of places 
(c) where it has a pole of the first order, or the difference between the 
aggregate number of zeros and poles when these are multiple, is 


2n = 
3 EZ i(ba—ab)K | 


where K = kek, e, denoting the matrix of type (2p, 2p) of which the 
elements (j, j-+p) are each —1 for j < p, and the elements (J--p, J) 
are each +1. 

(2) The difference between the sum of the values of the a-th of the 
integrals u,, ..., u, at these zeros and at these poles is the a-th of the 
quantities zac 
save for an additive quantity not depending on Vi, ..., Un 


It is unnecessary to repeat the details of the demonstration (see 
M.P.F., p. 290). The first result is to be obtained by the integral 


1 
taken round the period loops of the Riemann surface, and is equal to 
NES 
È, gm | 5 SÉ du = gn; EGRE OOs joy GOV. jo 


1 n p 1..2n 
= — > 2 =, Dat Qam [Kij km, jtp— Km; Ki, ji] 


OT) a=1 j=l 


1 n p 
= 2 = = ” Baden Ku, ly 


T Oa a= jil d 
(a — 1, eco, MS j = 1, jeży D) 


which immediately gives the result above. 
We may notice incidentally that another form for the result is 


X (aKu a 


To find the difference of the sum of the values of the a-th of the 
integrals w(z) at the zeros and a in question we are to evaluate the 
integral 


taken round the period loops. Now for the two sides of the j-th loop 


m 
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(j € p) the values of log $ differ, save possibly for a part of the form 
Qvri N;, where N; is an integer, by 


2mi [bk u p ckO v 4- d;], 
and the contribution to the integral arising from the two sides of this 
l is th 
oop is thus — | dua [DLP u+ cM? v -d;] 


taken along the positive side of this loop, that is, from the right to the 
left side of the loop (j+p); a similar statement can be made for the 
(7+>p)-th loop, but the integral obtained will be taken along the positive 
(or left) side of the loop (7+-p), from the left to the right side of the 7-th 
loop. Altogether the loop pair (J, j+-p) gives rise to a contribution in 
which the part containing v is 


— [(a&),, ck 9 v — (ak), ; ck *P v], 


which is (ak),, j bi (ch) ps, j 4. Vg — (a), j4p m (ck)g, ; vg, 

or > [ (a) s (ek)g, 3+» — (ak). jp(ch)p, ;] vg, 

or = = [(ak)ajej, j+p (CE)g, j «p + (aka, j+p€j+p, j (CK)g, ;]0p, 
or -— > [(ak)aj(eck);, g+ (ak)a j+p(€Ck);+p, g] Ve 


The sum of these for all the loop pairs is thus 
pan > (ak ekC)ag Ug 


or — (a K cv), 
as was stated. 

When the function $ is a single Jacobian function f (u— v), wherein 
u represents the integrals of the first kind on the Riemann surface, these 
formule give the number of places (x), and the sum of the values of u(x), 
at the zeros of f (u—v), in the respective forms 


2n Ix 
i > {(ba—ab) K} 11 
and —aKbv, 


save, in the latter case, for additive quantities independent of v. 

With the help of this lemma we proceed to the proof of the general 
result stated at the beginning of this section. The Riemann surface 
being obtained, as explained, if w, ..., wu, denote arbitrary values, the 
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number of sets of positions of n places (rj), (2), ..., (z4 3), (z) which 
satisfy the n congruences | 


Uilt) T... rud 0twia) zu L=1,..., n) 


is known (M.P.F., p. 250) to be H = /| K |. Consider, then, the n 
equations | | 


filled T. Hulen- dtu] = 0, ..., 
filuapt...-u(z,D+u(z)—v] = 0; (A) 


since to each value of u; there correspond H sets of positions for 
(cy), = (Tn-1), (1), and to each such set of positions there correspond, 
by the symmetry among (rj), ..., (r4 1), (r), n positions for z, it follows 
from the general result enunciated at the beginning of this section 
that the n equations (A) are satisfied, with appropriate positions for 
(cj), (Ty), ..., (Cn), by 9:1... positions for x; and, conversely, the 
establishment of this result will prove the general result as to the number 
of solutions of the equations 


fi (u—v™) 250... sa: falu — v9) = 0. (B) 


Again, if (rQ), ..., (z(? ), (z(?) denote any one of the sets of solutions 
of equations (A), the sum of the values of w,(x^), at the various positions 
of (z), will be the same as the sum of the quantities 


Ua (x?) + us 09) +... us GO Hu (09), 


and therefore the same as the sum of the values of u, at the solutions of 
the equations (B), when each such solution is counted as many times over 
as 1t arises for different sets of solutions of the equations 


Uilt) H- Huin) H u (e) E un U=1,..., mn), 


that is, H times over. In other words, the sum of the values u,(x?) 
for the solutions (r) of the equations (A) is, in accordance with the 
general theorem enunciated above, given by the a-th element in 


n. EE 
Sno = =, ak P; b; vw, 


save for quantities independent of v0), ..., v; and, conversely, if this 
is proved, the general theorem enunciated is also proved as regards the 
sum of the values of u satisfying the equations (B). 

We consider then the equations (A), but first of all under a somewhat 
generalised form ; namely, denoting w(z,), (xq), ..., W(Tn_1), U(x) respec- 
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tively by Ui, "5 ..., Un- U, we consider, as equations for (x) upon the 
Riemann surface, the s equations 

fiat... +u 249) = 0, ..., fiut... Fts- — 0) = 0, 
fea dua Huot) = 0. ..., flu+... Hus- Hu — i) = 0, 
in which r has one of the values 0, 1, 2, ..., (s—1). These equations 
will be said to form a case (s, r), and we denote the number of positions 
(r) satisfying them by N, , and the sum of the corresponding values of 


u by S,; this latter being a row of m quantities. We have seen that 
we desire to prove that 


n — . 
No = NGI.. n Sn, 0 = » ak P; b; v? , 
‘= 


we obtain an explicit formula for 
Ny+=N, r1 Sara 8, T -1» 


where, if r+1 = s, both N,,-+: and S,,,+1 are to be replaced by zero; 
this enables us then to find N, o and S, o. 
For this consider first the equations 


fiat... -uy-1—v) = 0, ..., f. (ty... +s- — v0) = 0, 
fes +... Fisi Huot) m0, .., felt... -u,if-u—v) = 0, 


obtained from the set above by omission of the (r+1)-th of them; regard 
these last as equations for (xj) ..., (£s—ı) in terms of (x); the supposed 
substitution of their values in the omitted equation 


felut.. Husi Huot = 0 


leaves an equation for (<) only. The (s—1) equations for (z), ..., (£s—1) 
form a case (s— 1, 0), in which, however, v*”, ..., «67? are replaced by 
vo *2—u, ..., v? —w respectively. The number of positions for any one 
of the places (rj), ..., (z.-)) which satisfy these equations being N, o, 


the number of sets of positions for (zj), ..., (z, 1) is Na o, and the 
sum of the values of u at these sets of positions, or 


(A) 409 
à 6 +...-u), 


is S,_1,0, it being remembered that the vt”, ..., v^? of the general 
ease (s— 1, 0) are here to be replaced by vC*?—4, ..., vu. We shall 
assume, as the formula for S,_; o in the general case (s—1, 0), an ex- 
pression of the form 

aK P, b,v%+...+aK P, 1b, 1v 79, 


where P; ..., P,, are matrices depending only on the functions 
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fa o5 fe-1 involved in that case; this is correct for s—1 = 1, and, 
when we have thence deduced the formula for the ease (s, 0), will be 
justified in general by induction. In the particular case (s—1, 0) now 
under consideration, instead of the functions f.i, ..., f,;1 we have the 
functions f,,» ..., fe, and we shall denote the matrices consequently 
replacing P, ..., P;_1 respectively by Qj, ..., Qr Qr+2, ..., Qs; similarly we 
shall denote the corresponding number N, ;o by M, ;» The sum of 
the solutions for our particular case (s— 1, 0) will then be 


aKQ, b, pur "es +aKQ,b, pp aKQ, +2042 yt TN +aKQ, b, v9 
— (AK Q., sb, o4- ... +aKQ,b,) u. 


The places (zi), ..., (r._1) being thus supposed determined in terms 
of (z), consider as a funetion of (z) the quotient 


i fe [uM Li Eu, Eu — 0*0) fi [UM EQ, — vO), 


referring to the function f,,; omitted in the determination of (zy), ..., (z, 1) 
in terms of (r), there being as many factors in the numerator and de- 
nominator as sets (zı), ..., (z, 1) corresponding to a given position of (z), 


namely, E M,-1, o- 


When (x) changes its position from any point on the right of the 
j-th period loop to the corresponding place on the left side of this loop, 
the integral u will increase by the quantity ak, where kl” denotes the 
j-th column of the matrix k; that is, the integral u. will increase by the 
a-th of the n quantities ak; the sum 


uM... pu, 
will change in consequence into a quantity of the form 
u+... ku), +akt,, 


where u refers to another set of positions for (zı), ..., (z,-1) belonging to 
the same position for (x), and £, denotes a set of 2p integers remaining 
constant along the period loop, that is, the a-th of the n quantities 
u™-+...--u% will change into the a-th of the new quantities. In con- 


sequence of this, the single factor 
fro LUM... uM 4p — v0* 9] / fear (UM... uM, — vt] 
will be multiplied by e?"*^, where 
h = [bri kt, bL KI] UPH... uć Fu — v0] 
— b, kt, [409 +...-- uh) — vt) + Dy, 
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D; being independent of (z) and v™®, ..., 7. Hence the product of 
such factors will be affected with a multiplier e?"", where, save for 
quantities independent of (x) and v, ..., v(9, 


mer a 


H (E D++1 kt, Juda O EMPH.. Ht d AB brii KO [uot]. 


Now from the formula above for the sum of the solutions, in our case 
(s —1, 0), we can write down the sum of the expressions 


ur... Fu, 
and also the sum of the expressions 
u+... uć) +akt, ; 
by subtraction we thence obtain 


ak 5 t, = — (aKQ;+20;+2+-... -aKQ, b) ak ; 


we have previously remarked that aKa = 0; it will be seen in the 
course of this argument that, if we assume 


akP;a=0 (ù= 1, ..., s—1), 


the matrices P; being, as above explained, those that arise in the solution 
of the case (s— 1, 0), then it will also follow, for the case (s, 0), that 


aKP®a =0 (=1,..., 8), 
we shall then be justified in making the former assumption ; this gives, 
however, | „KP;bia = aKP;ūbi+aKP; A; = aKP; A, 


and therefore, considering our particular case (s—1, 0), the formula above, 
for ak à t., gives 


afk Ett KO. drat. EQ ADO | = 0, 


which is of the form a£ = 0, wherein the 2» quantities of the row £ are 
all real, and must therefore be separately zero. Thus we can infer 


braik È A AE b. [KQ Ar+2+ sais +KQ; A, | ko, 


and so rewrite the formula for H in the form 


H = — Dest [KQ Asst HEQ A] MO ut — LE = bu KO [u—v0*V) 


+ b, KP [aKQ, b, v... Fa K Q, b i + d aL. 
+aKQ,b,r—(aKQ,420;42+...+aKQ,b)u]. 
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Now if m, v be matrices of types respectively (n, 2n), (n, n), and z, y 
be rows respectively of 2n and n quantities, we have 


BEL VY = vyt = vu Ty ; 
thus b, KA, aKQ,+30,+3u = — 042 0,4» Kab, ku, 
and so on; thus the coefficient of u in H is Bk” u, where 
B= beso Qr42 Kab, +... +b, Q, Kab, 


— by 41 KQ;r+2Adr+2 —... = b,,1 KQLA, d- Mon 0 


Dr+1, 


and the terms independent of u in H are 
—b,Q, Kab,,, KO 9(— ,,. —b,Q, Kab, 4, KO v? 
—b,+2Qr+2 Kab, k+... —b, Q Kab, 4 kv 
E Maa misc b, Nor, (r+1) 
Here in B a representative pair of terms is 
D„QWKab,++—b,aKQAm (M=r+2, ..., s); 
if we form the matrix Ba—aB, the corresponding terms are 
—b,4:AK Qn bma — ån Qn Kb, 
Tab. KQnAn— abn Qu Kab, ; 
replacing bna by abm Anm, abm by b, a— An, and recalling 
aKP,a = 0, 
these terms become —b,,,aK Qu — An Qn Kb,414 
Habra KQu Amt An Qn Kab; i, 
or — Aa KQu Am—An Qa KM. 


Thus by the lemma proved near the beginning of this section (p. 376), 
the difference between the number of zeros and poles of the function of 
(x) expressed by 


IL fen.. Fu pu wf, D +... pu  — vet], 


is given by 


Mae jS Gatti? O. Gato OFA 


s— "mcer lian 
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Also, by the same lemma, the difference between the sum of the values 
of u,(z) at the zeros and poles in question is the a-th element of 


aK [b,a KQ b o0... E 0, KE Q, b, 0] 


Ae kas 


—aK [bn aKQ sda 9-4... AD p41 AK Qs bv] + ZZ aK bpo, 


which itself, in virtue of aKa = 0, can be written in the form 


—aK [A,,1 KQ, b v+... +å, KQ, b, v] 


Macr 0 


—aK (ee KQ,+20r+ ov tO $A,41KQ,6, sv] + —— ak bus ptd), 


We can, however, introduce both the number of the zeros of the 
denominator function 


II fess [H.H o+], 
A) 


and the sum of the values of w(x) at these zeros, if we suppose that the 
case (s, r+-1) has been considered before the case (s, 7) now under con- 
sideration. For these are the zeros of the set of equations 


filat... +s- — 0] = 0, .., frut... +H ui — v] = 0, 
fei [t sta o] = 0, 
felat... Fusi tu— v9] =0, .., f oa Huo] = 0, 


of which the number is N, ,,,, and the sum is S,,,,. When r is s—l, 
or r+-1 is s, this last set of equations does not contain (z) at all, and the 
numbers N, s, S,, may be replaced by zeros. In general we have, adding 
the number and sum of the solutions of these last equations to the number 
and sum found above for the quotient function 


M. ?n ; 
N.r—N, r+1 = LTD > (Ara K ja, 1 
=o 2 5 i A (Ar KQu An K+ A Qn EA E) WE (Y) 
Sur Sn = T aK b, v —aKA,íK Z! Qub, vo? | 
o m=l 


where in X' the value m = r+1 is to be omitted, and 


m=l 
My, 9, Qi +... Qr, Qro, 33 Vs 
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are obtained, it will be remembered, from 
Ns-1, 0» D c.e.) Ps Presi eec) Li 


by changing the functions f,,1, ..., f, i, and the matrices deduced from 
them, into the functions f.,», ..., f,» In obtaining these formuls, more- 
over, it has been assumed that 


Ss-1,0 = aKP, b, v+... --aK P, 40,4 yar), 
and also that aKPa=0 [i=l,..., (s—1)]. 


By examining the formule for the first few cases we shall arrive at an 
explicit form for P}, ..., P,-1, which can then be justitied by induction. 
For s=2, r — 1, the formule give 


Noy = RE (AK ins 
lz1 
M; o 
1 
where the Q, refers to the corresponding case (s— 1, 0) or (1, O). For 
this, however, by the lemma (p. 376), 


S2 1 — 


aKb,v? —aK A, KQ, b, v9, 


2n R 
Ni, o = i 2) A Khia, Sio = aK b v, 
lz1 
and the substitutions to be made, of the suffixes 7+1, ..., s—1 into 
r+2,..., s, are nugatory. Hence we obtain 


Na 1 = 641064, Soi = ô -aK bu —aK ^, K bo, 
2n 
where, if Di = A, K, ói = 4 2 (Dj, Is 


Next, for s = 2, r = 0, we have, by the induction formule, 


2n - 
Noo Na = TE SL) X (AEQUALE AQLEAL KL 


_ Mio 
S: 0— Sai = 1 


aK b, v0 —aK A, KQ b, v9, 


where, as before, Q, is derived from the formula relating to the case (1, 9), 
and is unity, and the substitution to obtain M; o and Qa from Nj,o and P, 
is that of changing the suffix 1 into 2; thus Q, = P,— 1, Mio= ô» 
and we obtain 


N: o— No, 1 = 0401 —3 z (Di Dz+- DD, 1.1 = 6104 — 265, 


No. 0 — 2 (6,04 — 0,5), 
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61g being as defined before (p. 372) ; also we obtain 
84,0— 85,1 = 6. aK b v —aK A, K b, v), 
and hence Sz o = (6,.aK b, —aK A, K b) vo +(6,.aK b,—aK A, K b) v 
= aK (6, — Dy) b,v+aK (6, — D) bav”, 
which is in accordance with the assumption expressed by 
S,-1,0 = aKP, b, v+... --aK P, b, 06, 
with P, =0,—D, Py=6,-—D,, 
so that aKP,a= —aKA,Ka = 0, akP,a=—akKA,Ka= 0. 


The results are then in aecord with those originally stated in this section 
(p. 379), namely, for s—1 = 1 or 2, we have shewn that 


N,_ 
Im = $31,2,.., 6-1» 
P. xx Va, 2, ..., *—1, m+1, ..., (8—1) I (symbolically) ‘ 1— D) ees ( (i17 D, 


$»— D. 
[m — 1, 2, ..., (s—1)], 


the notation being that explained before (pp. 878, 875). Our process of 
induction taking the cases in the order 


[(1, 0)], [(2, 1), (2, 0)], [(8, 2), (3, 1), (8,0)], ..., 
[(s—1, s—2), ...,(s—1,0)], [(s,s—1), ..., (s, r-- D), (s,7),...,(s, 0)], ..., 


and the substitution to be made to pass from N,.1,, Pis ..., P,-1 to 
M,-1,0, Qı, ..., Qs, being that of 4-1, ..., s—1 into r4-2, ..., 5, we can 
hence assume, in the formule of induction (Y), 


M,- 
EK = fi, 2, ..., Y, +2, ..., 89 
Q, = BDO... (Gr — DN (gr s — Dra) -.. ($1 D) 
$i— Di , 


where 4 is in turn equal to 1, 2, ..., r, r+-2, ...,s, the symbol Q.,; not 
occurring ; that 1s, _ (91— D)... ($4— D) 


im (pi — D)($r.1— Dr 
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Further, we have the identities 
An KA, 1 K = Dn Desi, 
A„D,KA, K = An KA; KA K = Da(D) Dri, 
As Di DK A, 31K = A„D,D,KA, 4 K = D„(D,D) Dy 41, 


and so on; thus, as in Qm, every term D;D; or D;D;D, occurs associated 
with D, D; or D, D; Di, and so on, we see that 


An Om KA, K = Dn Qn D; 


Thus the induetion formule (Y) ean be written 


N,.—N, r+l 
8 2n $ 
= r+1 $1, 2, ..,T7,7*2, ..., ;— à > > (De. Qu Dm + Dunn Dror, | 
m=r+2 \l=1 S (Z) 
S. r— 9, r+1 


— s — 
= do, ..,r,r+2,...,8 ak bey. 0°*9—aAKD, 41 x Qu b, o0 i 
mz 


where 2’ omits the term for m = r+1, and symbolically 
m=l 


p Q = ($1— D) ... (96, — D.) 
i (bu — Di.) (Pr41— DL) | 


These are the final formule of induction, from which the results 
for all the cases can be deduced. We illustrate them by obtaining explicit 
results for all the cases (9, 2), (3, 1), (8, 0) for s = 8; and then we obtain 
the general result of this section for any case (s, 0). 

For the case (8, 2), s = 8, r+1 = 8, 

Gs | 


| | Ng, nuu = 0, S, Tl = 0, 2 = 0, 
and Na, 2 = 03. Qi, 2; 
Ss, 2 = di, s. aK b, v? — a K Dsl ($ą— Dy) b, 00+ (9, — Dj) b, v). 


For the case (8, 1), s = 8, r+1 = 2, 


~ 


R Ns, 1— Ns,» = 0g. $15 — À 2 | D2(¢,— D) Dg + Dg($; — D) Do} i, 


` 
Qn 


= y. dis 2o ós t} E 1D,D,D;+ D,D, Dyk, 


22! 
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80 that, by the previous case, 


2n 
Ny 1 = 0494134-03 $19— 241035 +4 E | Dy D, D+ DaD, Dy} 1,1, 


while Ss 1— Sg, 3 = ġa K b,v%—aK D,[(¢3— Ds) b, v? + (9, — D) bg v9], 
so that, by the previous case, 
S31 = haK bgv + pza K 0, v? —aK D, [(99— D} b v0 4- (6, — D) bg v9] 
— aK D, [($4— Dj b v? + (9, — D) bv]. 
Lastly, for the case (8, 0), s = 8, r+-1 = 1, we have 


Na,o— Na. = 9$—3 X. (D QD DQ,D;- Dy Qa Ds+ DVD; 


Ss, 077 Ss, 1 = Q»3 aK b, yd) — aK D,[Q, b, v- Qsbs v9], 


where Qə = $3— Ds, Qs = $3— Ds, 
80 that 


Ns, o— Ns, 1 = ô, $33 — 253013 — 2.93643 


2n 
+4 E | D, D; D+ Dz Dg D,+ Di D; Dgd- D; D:D, Ll 


and hence, by the previous case, 
Ns, o = 09 134-03 Pig t 0, $93 + 60434 — 2.91 0353 — 2.05 013 — 243 03, 
, = 9 (ô; ôg ôg — 0,035 — 05031 — 03 Ô12 F 2055) 
= 99155, 
as was previously stated; while 
Ss, o— 83,1 = $5 aK b, vw — pa K D, bv? — 6, a K D, b, v 
+aKD, D4b,v?-- aK D, D4b4v09 ; 
and therefore, by the previous case, 
S&o— aK (ġa — $;D,— $3 Da+ D: D+ DaD) b, 0" 
+aK ($3 — $4 D, — $; D3+ D4 D, + D, Ds) b, 0 
+ a K ($3 — $4 D4— p: D, + D, D44- Dz Dy) b, v9, 


as also was previously stated (p. 378). 
2c 2 
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Taking now from the general induction formula (Z) (p. 386) 
Ss, r—S,, r+1 — Piz... ULSTER, ak Dest ve *»—aK D. > Om bn v, 
m-1 


where in Z' the value m = r+-1 is to be omitted, and adding these equa- 
tions for different values of r, we obtain 


s _ P j s 
S,, 0 = 2 $i d 2l, ak b, iv —aK 2 D. z am b, ve , 
Lb d APE mi 


the right side is a sum of terms such as aK T, 0, v9, where 
T = Pi2 oe M—1, m+, ..., = Dy Qu, 1— Da Ow. 27 eee — Da-1 Qu, m=l 
— Dns Om, m+1 eee — D, Qa, 8» 
Qm, : being symbolically 


($:;1—D) ...($,—D) _ "-——— 
(pi — Di) (bu — Dm) : RA p UT wa , — 


in accordance with the notation of p. 360. From the identity there 
remarked we have thence 


— — (gi D)) ... ($,—D) 
T == Vi, 2, ....m—1, m+l, ...,8 — \ : I , 


and so, finally, 


8 = 
S,, 0 = 2 aK Pi, yp m-1,m41,..,8 b, v, 
m-l 


which is of the same form for s as was that originally assumed for s—1; 
the general result of this section, so far as regards the sum of the solu- 
tions, is thus established by induction. 

We have already proved that the formula for N, o isa consequence of 
the formula stated for S. (p. 375), and it is therefore unnecessary to 
shew that this also follows from the formula (Z). 


5. Some Particular Cases. 


(D If, beside the universal bilinear relation connecting the periods 
expressed by aka = 0, or 


z Ki; Qp, i ly, j = 0 (p, q = 1, ees 2n), 
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there exist no other bilinear relations, then the various forms we have 
obtained aKa =0, aKAKa=0, .., aA-'à— 0, 
must be the same; and therefore 

KA = AK =r, 


where r is an integer (= Em in the notation of M.P.F., p. 289). This 
would give, from the definitions (p. 872), 


Di =r G=nn, dy = nrr, ijk = nriv;ry, 
and Pi =r, du nryry—nnn-nn-—1)/n, 
pin = WT rara — BN? ru rara Hnr, Tars = n(n—1)(n—2)r, rara. 


If we assume, in accordance with these, that for m < k, 


©2..m = 


n: 
(n— m)! Fito «+e To 


the formula (p. 359) 
koi = 2 ô $23... — 2! » 19 $s.. - 9! » Ó1g8 4 ... k— 


gives 
kpn o n | RO — S ad ERES 
H3 s os E E m | fes 
- nl | (4) — (1.2) + (37 8)—— | ter 
= kopi" 


and justifies the assumption in general. 


Also Wys = $1— pı Dę— gą D; + D, D4H- DaD, 


n! 
— (n—2)1 «7m Y4— Way 2r, Tą = (n— 1) n—2) 712, 


Pis = $193 — pz Di — ... +4 (Dog +... —(D' 198 


n! n! +3 n! 


"E - = 
= n-p "c9! Repl 8! nnn 


= (n—1)n—2)(n—3)r,r,7,, 
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and, in general, 


0M n! k! n! i k! 
Yn.. = (n—k! (n—k+1)! 1!(k—1)! + (n— k 4-9)! OT (k—2)! 
n! k! TEn 


i (n — k 4-8)! ii 8!(k— 8)! 
multiplied by 71ra... rk, which is 
- "eon = x | 
= (k!) | Aj k—1 + a Re eed] 11 Mo ... TE 
= (n—1)(n—2) ... (n—k) 7, ... Ty. 
Thus the formula for the sum of the solutions in the case (», 0) 


n a . 
2 aKP, b; v? 
i= 


becomes [n—1)!] n, ... r P 2 aKb;v®, 
wherein ak b; = ar;A;' bi = r; 


(see p. 868, for the proof of aA; b; = 1), and so becomes 
Lv [(n—1)!] 7, ... Tn 
As, with the particular periods considered in § 8, we have 
HssafK|(sesue) ; 
our result is thus that for the n equations 
fitu—v®) = 0, ..., f. (u—v0) = 0, 


in the most general case, the number and sum of the solutions are re- 
gpectively 


(NY) Tyrą ... 4/6)... e» and  ([(n—1)!] m ... rfe; ... en} Zo, 


agreeing with Wirtinger's result (M.P.F., p. 293). 


(II) If, next, we take the case of other bilinear relations than aX a —0 
connecting the periods, namely (p. 869, $ 8), with 


1 


a = (e,o) K=L, 
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Suppose = k8—r (0, 1), 
A= kV+rE™, 
where v= (? E 
q p 


p = 21—2v B = € (D1, q +pıeo), 
then, the bilinear relations connecting the periods 
aEa-0, aEVEa=0, 


being the same for all, the different Jacobian functions will be distin- 
guished by the values of the integers k, r; and 


b, — k,B—r; (0, 1), 


A; = kN+r;E"!. 
This gives D; = AE = kVE-bn, 
and hence 6; = kjo,44-rin, 
2n 
where a, — à X (VE). 
iz1 
1 2n 
Also oj = IGT 2 (D,Dj+-D; Di), 
(2!) i-i 


2 
= ki kjyogt (kir; + k;r:) otri Tja, 


where gą ZŁ 2 {(VE)*},0. 

Also bin = k,k;knag+ (kik;ri- ...) oat (kirint...) ort riT Train, 
where gą 24 z (VE. 

Hence | 


Pig = 0104— ją = 9k, ką Pot (kirot kar) P,(n — 1) +7, 7; (n — 1), 
where P; = 01; P, = (ci —07), 
and Piss — 040303 — 0, Ogg — . . . + 2049s 
= 3! ką ką kg P+ (kakari t...) 2! P (n— 2) 
+ (kiras +...) P,(n—1) (n—2) + ryrgrgn(n—1)(n — 9), 
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where P, = ai ($ —80,09-+ 903), 


and so on ; from these the general law for $;» x is clear, and hence the 
formula for the number of solutions of the Jacobian equations can be put 


down. 
Also V = $i— Di = Ki(o4— M) -i(n— 1), 


where M = VE, 


and | Vy = $g—4$iD;— 9, Dit Di D;+ D; Di 
= 9k k;P,-- (kirt kir) P,(1—2) + rir; (n—1)(n—2) 
— M [2k k; P, + (k;r;+ kjr)(n — 2)] À- 2M? k, i, 


and so on. 
In particular, when n = 2, we have for the number of solutions of 


the equations 
fi(u—v9) —0, f; (u—v®) = 0, 


12 = l. {kika (ri — 24) + (kira t kj roi + 27,79} , 
Ceila €,€9 
while the sum of the solutions, save for quantities independent of v and 
v, is 
1 = x: 
PM la E [ka (r, — M) +r) b, v0-raE [4 (c, — M) 4-7] b, v9! . 
172 
We proceed to find the explicit forms for these in the notation adopted 
by Humbert, Liouville, 1899, pp. 254, 270, and Ltouvtlle, 1900, p. 318, 
footnote. Here 
0 D 0 A 
y= —D 0 —C B 
0 C 0 —E[' 
—4 —B E 0 


in which each element is an integer, and the element (1, 8) is taken to 
be zero. If, with our notation 


r= (0-9) 
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0 D 0 — 
then p = m Ay Pı = (o AL 
_ (0 "B a " |" 
7 (c —-B^ ME o" 
and hence 6 M=VE= i = & 0) = ee Ei 
q r/e 0 re —qe 
which, with ps 5 0), 
e. 
. Z 0 2 _ (0 —Ae 
dii di Ea 0 de = (o. Be 
- _( 0 Ce) _ (0 -Een 
qe A — Be, í Mes io. 0 í 


Ae 0 ry 


so that M = 0 —Ee« 0 —Ce, 
| Ee, 0 Ae Be | 
and gy = Be, 
2n 
and c, =$ DIM at 
= — ACe,e,—DEe,e;— A Ce, e; d- Be? — DE e, es, 
which give oi —o, = 2(AC+DE) e, e. 


The function g = ky k,(c?— 03) H(ky ret kardo, +27, ra 
thus becomes 
dy; = 2k kąey es (AC A- DE) + (ky 124+ kor) Bey + 2r, Ta 
and the $;9/6,€ą agrees with the result given by Humbert for the number 
of solutions of f,(u— 0) = 0, f(u—v?) = 0 
when e = 1 = e. The function 4, is the coefficient of A,A, in 
(A, ką; + Agha) e €,(A C+ DE) + (Ay ky Aka Airi AG 70) Beg + (Ay 71 4- 3,75, 

which, as is easily verified, is the square root of the determinant of 

Alki M+7,)+Ag(koM +7) or OI HEX ha) M HA, ryt Agra. 


This is an example of a general remark made above (p. 859). 
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To find the sum of, the solutions of the two equations we have to 
evaluate two matrices of the form 


aE [k,(c,— M) + r] b,. 
Now here 


B = e(p,, q-pieo) 


elt 0): (e -5)*(-D o) ers ac) 


=> (^ —D 0 —A ) 
0 0 C—De,o —B— Deo, 
0 0 Ce4— DE, e5o — Be; — DE, eaa, i 


and therefore 
b, = k, 8 —7,(0, 1) 


sa (o — k, De, -r —k, Ae, 
0 0 Ck,e; — Dk, £,€401y — Bk, eg— Dk; €, €g01g— Ty t 


Also 
ką Bes ra — A kze 0 Dk, e; 
Choe r — Dkoe 0 
kola, —M a 2€1 2 9€] 
s MER 0 Eke, kyBegtr, Choe, 
— Ek,e, 0 — Ak;e, Tą 
— (0-1 0 —e\ _ RE 
and aE = (e ,o) C 0 = (se, — 1) 


= = T12 2 —1 0 ) 


Tali THe, 0 —1 
so that, if aE | ką(a, — M) 4-r,] be written 
un Mia Mig e 
21 Mag Mog M94 
we have Ma = (KgBes- rgo e; + Chg eo 96, 


Myg = — A kse3011 €1- 7304563 — E ka e, 
uis = — Dkąey019€ę— (ka Beat ra) 


My =  Dkątącyy e, —Chyeq, 

My = (kyBeg o r)o3 at Che op¢,t+Lhkye,, 
Mag = — A klos gei T- 7202365; 

Mog — — Dkse1023 63 +A aei, 

My =  Dkątzay 61— ra 
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The matrix aE [k4(c,— M Hra] b, 


CERE 


where (1, 1) =—k, De,.uyg—71-915 — K146,. My, 
(1, 2) = (Ch, e — Dk, eeso01) ig— (Bl, eet DE e, 65013 tr) Mays 
(2, 1) = — ką De, .ugy — TĄ . gg — ką A64 Mog, 
(2, 2) = (Chyeg— Dk, ey €30 41) Mog — (B, eg d- Dk 646503337 71) Moy: 


With these forms, if we take account of the relation aEV Ea = 0, which 
in this case can be calculated to be the single relation 


Ae Tu t Begog t Ce503$ + De, e (c3, — 0,1033) +H =0, 


in order to simplify (2, 2), we find that the formula for the sum of the 
solutions of the equations f,(u—v) = 0, f,(u—v®) = 0 reduces to 


$41 (vo + 90) 


Beg + Doac Ces — Do ee T 
k —k (* 127172 2 117172 ) (1) — 20) 3 
+ a" 1 — Ae; Doe, e; —1Be4— Do eie (v j ) 


The matrix multiplying v®—v® is 
3 Be, + (q—cep)e. 


is then 
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ON THE MULTIPLICATION OF DIRICHLET’S SERIES 


By G. H. Harpy. 


[Received May 18th, 1911.—Read June 8th, 1911.) 


1. In this paper I propose to generalise some results communicated 
to the Society in 1908.* 
As in my former communication, I denote by A and B the series 
atata.. — b 4-03 4 -bg 4-..., 
and by C the series QT c9 4- 03 4- ..., 
where c, is a function of the a's and b's, to be defined more precisely in a 


moment. I shall also use the letters 4, B, C to denote the sums of the 
geries, when they are convergent. 


I shall denote by A, 


the finite sum 2 0. 


here z is not restricted to be integral. Similarly I define B,, Cz. 


2. When the series C is the product-series of A and B, formed in 
accordance with Cauchy's rule, we have 


Ch = A, by+ayb,_-1 +... + apb = 2 aab 


(n n=p+1) 


This was the only case that I considered in my former paper. 
Cauchy's rule for multiplieation is, however, only one among an 
infinity. We are led to it by arranging the formal product of the power 


Berles 
Zanaz”, Dbz” 


in ascending powers of z, and then putting z = 1. It is the same thing 
to say that we arrange the formal product of the Dirichlet's series 


Zane ™,  Zb„e”* 


i ee m xr umb uem |= = — ————M———— j _—— — — a —— a w ini 


* “The Multiplication of Conditionally Convergent Series," Proc. London Math. Soc., 
Ber. 2, Vol. 6, p. 410. 
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according to the ascending order of the sums 
m+n, 


associating together all the terms for which m--n has the same value, 
and then put s=0. It is clear that we arrive at a generalisation of our 
conception of multiplication by considering the more general Dirichlet's 


series " E 
Lame u,  ZEb,e 5* 


and arranging their formal product according to the ascending order of 


the sums 
Am F Ant 
Let Vis Voy ».eg Vp, «22 


be the ascending sequence defined by the possible values of A„+-A„. Then 
the Dirichlet’s product of the series A, B, according to the rule defined 


by the sequence A,, is eid e54- c 4- ..., 


where ES >> Am On. 
(A + An = vy) 


Thus, if A, = log m, so that the Dirichlet’s series are ordinary Dirichlet's 


series, 
vp = log p, 


and Cp = 2 Om D, = 2 dabpa, 
( 


mu=p 


the summation being extended to all the divisors of p. 


3. The three classical theorems relating to ordinary multiplication 
have their analogues for the general form of Dirichlet's multiplication. 


(1) Analogue of Abel's Theorem.—/f all three series are convergent, 
then C = AB. 


(2) Analogue of Cauchy's Theorem.—/f A and B are absolutely con- 
vergent, then C is absolutely convergent. 


(8) Analogue of Mertens’ Theorem.—If A ts absolutely and B con- 
ditionally convergent, then C is convergent. 


* Here, of course, (A4) is any increasing sequence whose limit is infinity. 

t For a general account of the theory, see Landau, Handbuch der Lehre von der Ver- 
teilung der Primzahlen, Bd. 2, S. 750. Landau remarks that there is no loss of generality 
in adopting the same sequence (A,,) in both series: for if we had two sequences (Am), (unu), we 
could combine them into one, regarding some of the a's and b’s as zero. 
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Of these results (2) is almost obvious, while (8) was deduced by Landau 
as a corollary of a more general theorem of Stieltjes.* The analogue of 
Abel's theorem was also proved by Landau, by considerations drawn from 
the theory of analytic functions. An elementary proof was afterwards 
found independently by Phragmen, Bohr, and Riesz,t who deduce it from 
the following theorem :— 


(4) Analogue of Cesaro’s Theorem.—7// A and B are convergent, then 
C is summable (R, 1, v) to sum AB: that is to say, 


uires cio Cam d oue pat jg 


Vp 
as p o. 


4. In my former paper I proved the following theorems (for multipli- 
eation by Cauchy's rule). 


(5) If A and B are convergent, and 


Nan 0, mb, 0, 
then C ts convergent. 


(6) The same result holds under the more general conditions 


| na, | < K, | nb, | < K. 


I propose now to establish the analogues of these theorems for the 
general form of Dirichlet's multiplication. It might be thought that, as 
(5) is a special case of (6), i& would not be worth while to prove it inde- 
pendently, as in my previous paper. This view would, I think, be 
mistaken. Theorem (5) above, and its generalisation, can be proved by a 
very much simpler argument than seems to be called for by (6) and its 
generalisation ; and the simpler proof of the less general theorem affords 
a good deal more information about the behaviour of the product series 
than can be obtained in the more general case. It therefore seems worth 
while to keep the two distinct. t 


* Stieltjes, Nouvelles Annales, Sér. 3, t. vi, p. 210; Landau, Rendiconti di Palermo, 
t. XXIV, p. 81; Handbuch, S. 752. 

T Landau, Handbuch, S. 762 and 904; Riesz, Comptes Rendus, July 9, 1909; Bohr, 
Nachrichten der Kónig. Gesellschaft der Wiss. zu Gitlingen, 1909, S. 247. 

+ These theorems may be compared with Tauber's theorem (the converse of Abel's theorem 
on the continuity of power series) and its extension given recently in these Proceedings by 
Mr. Littlewood—a similar distinction presents itself in the case of the two latter theorems. 
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5. THEOREM 1.—If A and B are convergent, and 


An An An b, 
RÀ dul, EM. S 0, PB RA aem 
An—An-1 An—An-1 


— 0, 


then the product series C, formed by the rule of Dirichlet’s multiplication 
corresponding to the sequence (Ax), ts convergent. 


We have t= — Gada; 
Am + An EVp 
and C, = Zanbn, 


the summation being bounded by the inequalities 
m>1, nzl, AA <p. 


I shall suppose that A, = 0; this hypothesis in no way affects the 
generality of the result, and simplifies the expression of the proof a 
little. 


(0,1) 


(0, 0) (1, 0) m 


Let us draw the curve Am ŁA = vp 


in the (m, n) plane (see the figure), and on it take the point P whose 


coordinates are — 
My = np = A (}rp), 


where À is the function inverse to A. Then 
Cp— Am D, = 2 dba 
p p 


where the summation extends to all points (m, n) inside the regions D, D' 
shaded in the figure, including those on the curved (but not on the 
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straight) boundaries of those regions. Now 


> "PR = D > b. Ai —A,)* 
(D) A (hyp) en LA (yp) ii 


There is a constant K such that 
l4,| < K 
for all values of z. Moreover we can choose p so that 
| 5.| < eAn—An-1)/ An 
for n >A (zv). Then 


[Za,b,| < eK mx) 
(D) 


A (yy) <n SA (vp) An 


( ( An ) | 
« eK 41 2 l * 
: | + A (dup) t1 «e n € A (vp) o8 An-1 


AA AA (vp) | 
A A (vp) 
= eK (1+-log 2). 


It follows that $3 dd, > 0 
(D) 


« eK f | L+log >". 


as p > w. Similarly we can shew that the sum of the terms inside (D^ 
tends to zero. Hence 


(1) Cp— Au, Bn, > 0, 


and the theorem follows. 
It should be observed that the same argument proves that 


(2) C, A A (avy) Bi (8vp) => 0, 


if a and B are any positive numbers such that a+8 = 1. Moreover the 
truth of (1) and (2) depends only on the existence of an upper limit for 
| 4. | and | B |, and not on the actual convergence of A and B. Thus we 
have in reality proved more than is actually contained in the enunciation 
of the theorem. 


6. I shall now proceed to the proof of the generalised form of 
Theorem 6 of $4. Here we find it necessary to pursue an entirely 


e For, if u = (4,—A,.1)/A., We have O < u < 1, and 


1 
u < log (155) = 10g ( |. 
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different and much less direct form of argument, and the touch of extra 
precision, pointed out at the end of the last paragraph, cannot be obtained. 
We shall also find it necessary to subject the absolute generality of the 
sequence (A,) to a restriction, viz., that 


IL HS 0.* 


7. THEOREM II.—If Ma 0, 


An 
then the result of Theorem I is still valid when we assume only that 
dna Àn On : 
An—An-1 | à K, An—An-1 = = 


We know, by Theorem 4 of § 4, that 


(v =v,) C -F(vg— vg) Cot eee + (¥p— Vp-1) Cy 


| Vp 
tends to the limit 4B. This expression may also be written in the form 


C = V Ci traca + eee +p Cp . 
p Vp 
Hence the necessary and sufficient condition that the product series 
should be convergent is that 


C, = v Cy Fraca +... - v, 6, —> 0. 
Vp Vp 


Now C= Èy X dp On = È (An A4) adm On, 
À m + Àn m yp 
where the summation is bounded by the inequalities 
m >l, n>l, Amt Àn Xp 
That is to say, 


O= D X6 D aat D be 2 Xd 


An L< Vp Am t An X Vp An < Vp An + An <p 


= p+ gl p, 


* Ireturn to the subject of this restriction later on. It is interesting to observe that 
Mr. Littlewood has found it necessary to make a similar restriction in one of his theorems 
<oncerning the converse of Abel's theorem. 
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say.* I shall first prove that 
(1) TANI => 0. 
Let m, be the largest integral value of m for which 
Am F Àn Z 


and q the largest value of n for which A, «z»,, so that m, = q. Then 
1 
Eh LA b. DJE 
Since A is convergent, we may write 


Á, = A +e (ez = 0), 
i 


Ut = ytd 
AJ 
where A, = — ZAD > 0,t 
Vp 1 
and 
4 
(2) AZ É $ o A, len, |. 
Vp 1 
Choose M so that le| <e (r>M). 


Then we shall have m, > M, if 
Au A x Vp, 
or if n x A (wp — Àn). 
Suppose that this condition is satisfied for n = 1, 2, ..., N, but that 
Av+1 > vp —Ày. 


It is plain that, when M has been fixed, N — © with p. 
Then the right-hand side of (2) is less than 
Fr N RC, SE d. 
A SAA OK (M2) 4 £ AA) 
1 


Vp p Vp Na? 


— = — ee 


* In the special case when 
Aw =m, A, =n, op = pl, 
i, and 47, reduce to the expressions X and Y of my former paper (/.c., pp. 415, 416). 
t Since B is convergent, so that (4,6, + Ab: +... + 445, /4,— 0, and A, < vp. 
+ It is convenient to agree that A, 2 ^, = 0. 
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(where A’ is any number not less than the product of K by the greatest 
value of | e, |) 


< K+K (aàr) + E (X —AN41) 
AN+1 Vp 


K'Ay 


Vp 


< K+K = + 


N+1 
since Ng [L Ym Ang > vp— Aa. 
But when M has been fixed, each of the last two terms tends to zero as 


p > ©; and so A! — 0, 


which establishes the truth of the assertion (1). 
It remains to prove that 


(8) al v/v, —> 0. 


Now J, = È bh LT Anam 


A.X d Am t Àn < Vp 


= b E Andutb, 2 Am Gn + ... HD, 2 Am Om 


Am X Vp Am € Vp — Ay Am X yp — Àq 
Vp=Ag< Am x Vp yp —À3« Am L Yp — Ae 
Vp = Àg < Àm L Vp —À4-1 Am ZYTA 


If in this equation we write 
B, = Be, 


so that e, > 0, we obtain alp = Apt A5, 
Vp 


where = B X Amala 0, 
Vp AM X 9, 
and pl] x Bal) QE 2 O 
+K |en! z On As i) +... 
Vm Anal SAL Up An 
+K | €q | > (Aa — Am—1)- 
Am X Vp — ^, 
Choose N so that le|<e >N). 


203 


404 Mr. G. H. Harpy [June 8, 


Ate Ss teat. v exo 


Vp Vp — AN < Àm C Vp Vp Am DYp"AN 
where K’ is defined as before. 
Let M be the largest value of m for which 


AmbAW € vp 
so that AM+1 > yp — Ày. 
, K' K' 4 
Then |A| < K+ — Qua — uo - — E Am—Am1) 
Vp Vp M+2 


< eK 4- K' (>=) + Kw. 
AM+1 Vp 
and it follows, as in our previous discussion of ,I',, that A, > O and that 
the assertion (3) is true. Thus the proof of Theorem II is completed. 


8. It will be observed that the condition that (A, —An-1)/An + O is only 
used twice in the above proof, and then in a way that rather suggests the 
possibility of avoiding it. But I have not been able to free Theorem II 
of this condition. Nor does the point seem to be of importance. 

When the sequence (A,) does not satisfy this condition, the conditions 


An dn 
An—An-1 


tell us nothing (in any interesting case) except that |a„| and | 5,| have 
finite upper limits. But this is, of course, already involved in the fact of 
the convergence of A and B: we know, in fact, that a, and b, tend to 
zero, 80 that the conditions of Theorem I will be satisfied. Thus there 
appears to be no particular purpose to be served by attempting a proof of 
the more general theorem.* 

If (An—An-1)/An tends to a limit other than zero, Theorem I suffices 
to tell us that any two convergent series may be multiplied by the corre- 
sponding rule of Dirichlet’s multiplication. It is interesting to verify 
this conclusion in & particular case. Let 


Aa es 9S. 


« K, 


e In all cases of interest (An—An-1)/An tends to zero or to some limit (obviously not greater 
than unity). This limit is zero if An « en, 


positive but less than unity if A, is (roughly) of increase e^", unity if 


Àn > e^", 


Here $ and A denote respectively arbitrarily small and arbitrarily large positive numbers. 


u FE) S co. c nue, ^ cem E Jo ^K m odio amd eo c ee ee c-— | xpo HE EI———EHR UN 
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Then An F Àn > A, FAs, 
if m zm, L>y, and my. 
The Dirichlet’s product of A and B is 


A; by + (a, Byt" ag 5) + agba + (a, ba + az b1) + (a5 b3-1- a3 dy) + az bg 


+(a, bita, b) +..., 


the principle of the method being that a suffix m does not appear at all 
until all possible combinations of two lesser suffixes are exhausted.* It 
will easily be verified that the mere convergence of A and B is enough to 
ensure the convergence of the product series.! 


* The rule is exactly the same for 
Am 905, 4" uu aU. us 


t It is perhaps worth pointing out that the reasons which make Theorem II (as an addi- 
tion to Theorem I) trivial in the case of very “ high ” indices A,, do not apply to the problem 
of completing Mr. Littlewood's results concerning ''Tauber's theorem" in the case of such 
high indices. 
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THE INVARIANTS OF THE LINEAR PARTIAL DIFFERENTIAL 
EQUATION OF THE SECOND ORDER IN TWO INDE- 
PENDENT VARIABLES 


By J. E. CAMPBELL. 


[Received September 23rd, 1911.—Rcad November 9th, 1911.] 


l. Let the equation be written in the form 
azu + 2À2;54- bza + 2921 + 2/244- cz = O, (1) 


where a, b, c, f, g, h are functions of the independent variables z and y, 
the suffixes denoting that the functions to which they are attached are 
partial derivatives (1 with respect to z and 2 with respect to y) of the 
funetion with the suffixes deleted. 

The equation (1) does not alter its form when multiplied by any 
funetion of the independent variables nor when subjected to any trans- 
formations of the infinite group 


“o= olx, y) y'= ylz, y) 2 =zy(a, y). (2) 


The object of this paper is to obtain the criteria which will decide 
whether any two assigned equations, each of the form (1), are trans- 
formable into one another by the operations of the group (2). 

The necessary and sufficient conditions for the transformability are 
that all the functions, of a, b, c, f, g, A and their partial derivatives up 
to any order, which are invariant under the operations of the infinite 
group (2), should be same for the two equations. That is, that the series 
of equations connecting z, y and z' y', obtained by equating the corre- 
sponding series of invariants, should be consistent. 

By multiplying the equation (1) by a properly chosen factor, we can 
bring it to such a form that h?—ab will be unity. We therefore always 
suppose that our equations are in this standard form. 

Any function of the coefficients a, b, c, f, g, h and their derivatives, 
which is unaltered, save for a power of the Jacobian ote’ y) multiplying 


o (z, y) 
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it, for all transformations of the group (2) will be called as usual an 
invariant; when the power is zero, the invariant will be called absolute. 
It is the absolute invariants that we require for our criteria. 

Let 


2X = blar + h3— 29) — h (h, 4-0, — 2f), 
2Y = a(h; 4-55 — 2f) — h (a, + hy— 29), 


= aX, +h(X.+ Y)+b¥ ot (24 4-5) X+ (h, +b.) Y 


C-aX?--9A^XY J-bY?—c, 
J = X3— Y, 


We shall prove that I and J are invariants, and that J/I is an absolute 
invariant. 
Let A denote the operator 


meina) 


We shall see that this operator is absolutely invariant. 


Let C=? (ant 2 oi Oye), 


then A log J+C is another absolute invariant. 

Let these two absolute invariants be denoted by a and B respectively. 
Clearly any function of a system of absolute invariants is itself an 
absolute invariant. Also, if y is any absolute invariant, Ay is another 
absolute invariant. We prove that there is no absolute invariant which 
cannot be obtained by repeated application of these two rules. 


Let ID(a) = aa?-+ ha; a4- bad, 
ID(8) = a8} + 2h8, ba + b83, 
ID(a, B) = aa, 8; +h (ap + a48,) + bas 83, 
we shall see that D(a), D(8) and D(a, B) 


are absolute invariants. 
In general, the necessary and sufficient condition that the equation 


a zy + 2 zirt U zt 2g zat 2f zte = 


in the independent variables x’, y', should be transformable into (1) by 
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an operation of the group (2) is that the equations in z, y, 2’, y' given by 
a =a, B'=B, D'(a)- D(a), D'(8'")- D(8), D'(a', 8") = D(a, 8) 
should be consistent. 

There is a special case, however, when all the invariants are functions 
of one argument. 

Leaving this case aside, we see that the conditions are that D'(a’), 
D'(8", and D'(a', B') must be respectively (when expressed in terms of 
z', y the same functions of a’ and 8’, that D(a), D(8), and D(a, B) are 
of a and £. 

When the equation (1) is given in the Laplacian form 


zg Fazit bza+cz = O, 


$(1—J) aud 4([+J) are Laplace’s invariants. 

Symbolieal expressions for these invariants (not absolute invariants 
it will be noticed) for the general equation (1) are found by Imschenetsky 
in his “Memoir on Partial Differential Equations" (Grinert Archiv, 
t. Lrv, 1872, p. 209—860). 

In the American Journal of Mathematics, Vol. xxvi, 1904, p. 319, 
Wilezynski considers the “Invariants of a System of Partial Differential 
Equations." His method, like that of the present paper, is an appli- 
eation of Lie's general theory of infinitesimal transformations. The 
problem to which his method is applied is closely related to the problem 
here considered. 

I would also refer to papers by Forsyth, on “ Differential Invariants,” 
in the Transactions of the Royal Society, A889 and A858, and to a paper 
by Tresse (Acta Math., t. xvi, 1894), “ Sur les invariants différentiels des 
groupes continus de transformations.” * 

I do not know if the results I have given are explicitly stated any- 
where; if not, they may be of some interest and justify some rather 
laborious calculation. 


2. In order to find the invariants of the equation (1), it is only 
necessary to consider infinitesimal operations, viz., the point transforma- 


tions z'-— atté, y zy+ty, 2! = 2—th, 


and multiplication by the factor 1+¢(p—), in order to preserve the 
invariance of h?—ab. The quantities £, 7, € and p are functions of 
z and y, and ¢ is an infinitesimal constant. 


e A ei tr ey 
——— ——MM w, mA 


e I am indebted to Dr. Baker, F.R.S., and to H. T. Gerrans, Esq., for most of the 
references I have given. 
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Remembering that we are always to neglect powers of ¢ above the 
first, we get 


sa = Be nt) | 
ae ży — t(é 2 22 Ts =) 

a= 2 -u (& 25 n xx) —t (ĉu 2 Tn m) . (3) 
o? e 


= e? e? e? O Ó 
aby = Daly -i(i Xs +6+m a= = t^ 35) t (£n +m 29) 
o _ æ o? e? Ó O 
dy? 7 3yi —2t GE" + 33) —t (Ea A; Ta =) 
We can now express the derivatives of z', with respect to z' and y', 
in terms of £, of £, », ¢ and their derivatives with respect to z and y, and 
of the Qupd of z with respect to z and y. Let 


a' Za taw x on TU EE A dE ca! 
= [1+t(P—0] (azu + 2hz19+ 0233 t 292, + 2f 23 4- c2), 

then we have a! = a+-2t(ać, + ^£) +atp, 

h' = h+tl[amt hlé +) +5£,|+ hip, 

b' = b+ 2t(hn, + bn) + btp. 
Since h’?—a’b’' = h?—ab, we deduce that 

& Tp = 0. 

(a, —a) 


. Qa 
If we write à for 7 


, and similarly with regard to the other 


coefficients, we have 


| 
St = a(fi—n)+2kę, 


ch = an, + bé 


= 2hy, + D (49 — é) | 
3 s (4) 
2 En = an + 2hE + bf — 2979 + 2/£44- 286, + 26, | 


2 of = any + hmat bna + 299 — 2/6, + 2&6, + 206, 


© = aby + Abby +bów+-29,6+2/6,—o(6 tm) 
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The expressions on the right may be called the rate of increase of the 
corresponding coefficients. 

If we write da, for (= — ) / t, and use a similar notation for 

ot cz’ = oa |” 

the rate of increase of any derivative, and if F is any function of the 
coefficients and their derivatives, and F’ the same function of the co- 
efficients a’, b', c', f', g's h' and their derivatives, with respect to z' 
and y', so that in our notation 


Fis FHS, 


then oa clt: ; TE =) | (ret) 


cy 
(£ OF _ g oF OF | m£). 
or Ot anm CY 


We now have 
0 CF © cF oF CF 
Ar —é 1 


Ot or cx ot Cro Cy 

(5) 
2 8F_ 4 FO QOF Qd 
ot cy cy OŁ “>or P cy 


We thus obtain, for the rate of increase of the first derivatives of «, h, 
and b, 


© 

md = alén —m3 HE — aint 2h, E — aan 1 

^ 

ot = aln — na) + 2h £3 + a4 (£1 — 25) + 25 £4 — a4 Eo 
aD 

= = 2hm + 0 Gna— £1) + 01 (0; — 264) + 9/4, m — bam 
3 + (6) 

CO; 

A = alma HD (na — £3) — Bać; + Zom — by €; 

Oh, | 
p = = any bei a m4 b £3— ME, — han, | 
chy | 

<3 = = anze +b t+ aam + be £4 — Ny £5 — ham ) 


9. The invariants of the equation (1) must be obtained by eliminating 
Ê n, and € from the equations (4) and equations derived from them, like 
(6),zby the rule (5). 
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Suppose now we have three equations of the forms 
a = ać, hé, 8 = hyt+bm, AGE & ns 


and it is required to find the relations between a, B, and y that they may 
be consistent. 

There are three equations connecting the four derivatives £,, £» m. 
and y, By differentiating these equations we obtain six equations con- ' 
necting the six derivatives of the second order, and nine equations 
connecting the eight derivatives of the third order. In general, on 
eliminating the derivatives of the second and third orders, we obtain 
an equation of the first order, and this, together with the three assigned 
equations, will enable us to determine the first derivatives £, £4, 5»,, and 
ję, But, if a certain equation connects a, A, y, a, b, and h and their 
derivatives, we cannot determine the derivatives £j, £5, m, and ra, and | 
the assigned equations will be consistent; and no other equation con- 1 
necting a, 8, y, a, b, and h can be deduced, except by differentiation 
of this one. 

Consider now the equations 


> 


1 


^ 
R 


, == al — na) + 2^£,, 


QD 
= 


= an, + bÊ: 


Qo 
= 


2 = 9hm-- b(m— £y, 


and notice that the equations (6) are consequences of these three. 
Again, since E 


ob 0a __ 
ax, +0 AY 2h aż 


we see that the second one is a mere consequence of the other two, and 
need not therefore be regarded, except for temporary convenience. 
If we take a new variable M defined by 


M = 61 +72, 
we can take the two independent equations to be 
O 
2; tal = 2af + hę, 


= +0M = 2hn, + 205, ; 


412 MR. J. E. CAMPBELL [Nov. 9, 


and we require the equation connecting a, h, b, M, = ; L and their 


derivatives that 


2a +aM = iiis 


= +bM = Qhn,+2bn, | (7) 


M = édm 
may be consistent. 
From the equations (6) we deduce 


ob da ob oa 
bled | i | — 2 
uo t cage 
is equal to 


(a, b+ by) (95 — £3) + (aab + bg) (£i — m3) + 2 (Ay hę — Ag hy) ny 4-2 (5 h, — b, hy) & 
— (A, bg— aab) M+ 2h (ay 4 + bg £5 — aam — by Én). 
From this equation we deduce, by aid of the following equations, 
W—ab=1, Żhły =ab,+a,b,  9hh, = abą+asb, 
2h(a4 h —a4h,) = a(a,b,—a,b,), 
2h (b, hj —b, ha) = b(a, bg—agb,), 


oh 
Oe = ant bę. ^n 
that 


O0 (ajb,—a,bN _ _ uy %ba— aab, 
ję (23) = ath My +n +5) My Mat 


— W En — da — b, Ca — ba a — Zły £a — 2 ms. (8) 
From the equations (6) we also have 
2 (aith) = AE nt ZAŚ t bfa — (at hg) mt (hit by) £ 


(9) 
= (hitb) = Any + Zhang | bnat (ay + hg) m — (hy 4- 53) £, 


and therefore, by rule (5), 


È (au + bag + Bag) = aM 2M bM Miau, + bag 2h, 
+0 £n + danny HD; Ért banat 2, Eat 2, 5. (10) 
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ZEK: e? e O o 


and let E = ant 2hat bat iA, 
then, adding (8) and (10), we see that the only equation necessary for 
the consistency of (7) is 3 
En (E) = QM — ME. (11) 
4. Let 


9X =b —2q)—h ba— 2 
X (a4 + h4 — 29) (^4 +b, Hd (19) 


From the equations (4) and (9) we deduce, by simple calculation, that 
0X 
Fra à—X—mY 
AY ; (13) 
prias: 62— 61 X — Y 


and hence we see that 


om = iu—£u X—n Y 26, Xy —m (X2+ Y) 


on = ĝa — ia X — ma Y — £41 X4—m Ya— £a X4 — m Xs 


(14) 
oY 
Ag ba Fa X— na Y— é Vi — Ya 6 Xi—mY, 
oY 
€ = (m — fn X — na Y — 29 Y4 — (Xa+ Y) 
Let J = XY, 


then the fourth and fifth equations of (4), after the elimination of 6, may 
be replaced by aJ 


Let 
I = aX, +h Xat Y) HLY + (04 + 9 X-+ (44-0, Y - aX? 3-9 AXY 4-0 Y? — c, 
then we see, from (13) and (14), by simple calculation and use of (6), that 


the sixth equation of (4), after elimination of 6, may be replaced by 


oI 


mia MI. (16) 
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O (IN. 
It follows that En (7) = 0, 
80 that T is an absolute invariant. 
From (11) we also deduce that 
0/E\_Q, 
a(7)=7 ™ 
or, if B=IC and JA=Q, 
Ó _ = 
Ot C — AM. (1 i) 
From (8) and (6) we may easily verify that, Q’ denoting the operator 
Of, 0 ,,0 O- da , 0 
ap (e ay th 37) + dy (p+? aj) 
Q'— 0—tMXO0; 
and therefore, as I = I—tMI, 
we see that A' = A. (18) 
We also have log I = log I— tM, 
and therefore A’ log T' = A log I—tAM 
or 2 (A log I) = —AM ; 
1 a t 
o 
and thus, by (17), kn (A log I+C) — 0 
or A log I+C 


is & second absolute invariant. 
Denote the two invariants we have now obtained, viz., 


+ and AlogI+-C, 


by a and B respectively. Clearly their product a8 will be an absolute 
invariant and therefore, from (18), so will A(af). 


tel I D(a) = aa?-- 91a; a+ bat, 
I D(a, 8) = aa, bı + h (a, bat as 81) + baz By, 
ID(B) = aft--2h8, By + bP? 
Now AaB = aA8+BAa+-2D(a, B), 


and therefore we see that D(a, 6) is an absolute invariant. 
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Similarly, we conclude that, since Aa? and Af? are absolute invariants, 
D(a) and D(8) are also. 

We thus see how an infinity of invariants can be obtained by the rules 
given in $ 1. 


5. We have now to prove that there cannot be any other invariants. 
The equations (4), after the elimination of €, can be replaced by 


Ca 


. > 
zę a£ n) + 2h 


oh F 
ar = am + bé 


= 2m +b (74 — £) 


or e io Ilé tn) 


a | 
2:79 
08 _ 
ot j 


E. (19) 


From the fifth equation, by applieation of rule (5), we see that 


O 

zę Fa ć Haan, =0 

j (20) 
= Ta 3 + o4 = 0 


We have also seen that 


0 aa; + 2a, a+ ba; m 
à I ) =o, 

and therefore, from (20) and the first three equations of (19), we deduce 
Dia) (5; +1, +m) = 0. 


The fourth equation of (19), being a consequence of the others and of the 
invariance of D(a), need not be considered as possibly leading to new 
invariants. 

If we define 4, B, H by 


(UAI. h= HI, b= BI, 
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the first three equations of (19) may be replaced by 


94 — 240, +286, 


CH = An tH E+B. (21) 


oB 
ot = 2Hn + 2Bną 
From the sixth equation of (19) we deduce, by rule (5), 


Bs 4; 056m = =0 (22) 


28 7 ŁÓrba Bara = =0 
Now © [4a B,4-H( By as, Bas] = 0, 


and, from (20) and (21), we deduce that 
2 (4a -Ha) = (Ad + Heart HE -Béga, 


Ó 
à (Ha,+ Ba) = (An, +H) a, + (Hn + Brg) ag ; 
it therefore follows that 


(da + Hay (A +8, "in + (Ha,+Ba,) (© +8,6+8,m) = 0 


Similarly, from Z (487+-2H8,8,+-BB;) = 0, 
we deduce that 
AB, +BB) (È --8, 6-8.) + (18,+B8) (E +.B, 6,4 Band = 0. 


Now, unless Aa,;d-Ha,, Ha,+- Bag 
AB, +HB, HB,+B$Ba 


[in which case, since H*— AB cannot be zero, B is a function of a, and 
therefore (22) is a mere consequence of (20) | we must have 


m T 8164-890 = 0, i +81 62 tbm = 0. 


=0 


It therefore follows that, in considering the possibility of new invariants, 
we need not regard (22). 
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We have therefore only to consider whether new invariants can be 
deduced from the equations 


| 
Co af n) 246 


oh 
OR an, +b&, 
ob 


Ot = 2hy+b(m—€,) |. (23) 
Ó 

a a a, £i aai 

Qa; 


Ot S ay Ć2— Gg No 


From the last two equations of (28) we deduce, by rule (5), three new 
equations containing derivatives of the second order of £ and 4, viz., 


C3 PEN 

RE mx a, £y — gy — 2a, £j — 2a m, 

x 

Odqą EE 2 

ae sze Ay £19 — Ug fg — 031 £a — Ayo M — ass m NE (24) 
Cag 

OL ERES Ay £53 — Ag 1]gg— 2,5 £4 — 23 Ng 


From these three equations and the four—there cannot be more— 
independent equations amongst (6) we must eliminate the derivatives 
of the second order in £ and 7. 

From (28) and (24) we see that 


c (aay, + Zhai + bass) 
= — M (aay, + hay: + bags) — (a£ + 213 - bén) a, — (a + 2hma + bna) az. 
With the help of (9) and (28) we deduce that 


T [aa + ha +bazg+ (+ h) a + (hy +05) ag] 
= — M (aapt 2hayg+ bag) + (a, + ho) (aon — a, 94 — a, $, — an) 
+ (hy 4- ba) (ay £5— ag £1 — ay £9 — yy) . 
or 2 Qa = — MQa. 
ot 


SER. 2. VOL. 10. wo. 1124. 9 E 
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) 


But, as | = — MI, 
this i O 
is is merely zz (Aa) = 0, 


so that we cannot obtain any new invariant. 


6. Suppose now that we are given two linear partial differential equa- 
tions of the second order in two independent variables, and we want to 
know whether they are transformable into one another by an operation of 
the group (1), we proceed as follows. 

Bring both equations to such a form that for each h*—ab is unity. 
Form the invariants a and 8 and assume that they are functionally un- 
connected. Deduce the invariants 


D(a), D(8), D(a, B, 


then each of these invariants must be the same functions of a and 8 for 
the two equations. 

Further, these necessary conditions are sufficient. To prove this take 
a and B as the independent variables, and we have 


a = ID(a, h-ID(a,8) b=ID(§): 


then, as h*—ab is unity, 


I-* = D(a) D(8)—[D(«, 8)]?. 
Similarly we take t =a =a, y' =f =B, 


and we thus see that, as A, I, a, h, and b will now be the same for both 
equations, all the invariants will be the same, and therefore the relations 


d=aą BP=B 
will transform the given equations into one another. 

Unless all the invariants of one of the two assigned equations are 
functionally connected in pairs, we can choose one pair and proceed as 
before. 

We have therefore only to consider the case where there is but one 
invariant for one of the given equations, so that A(«) and D(a) are both 
functions of a, and 8 also such a function. 

For the second equation it is then necessary that A'(a'), D'(u') and 8' 
should be respectively the same functions ofa’. This case is characterised 
by the property of having only one equation 


a =a, 
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connecting the variables z, y, x’ and y’, though there will be other equa- 
tions connecting these quantities and the derivatives of one pair of 
variables, with respect to the others. 

Equations with this property will be characterised by the property of 
admitting & group of transformations. 

In the special case, where a and 8 are both constants, then a and 8’, 
the corresponding invariants for the other equation, must be the same 
constants, all other invariants in this case will be zero. 


7. Equations which have two functionally independent invariants 
eannot admit the transformations of any continuous group, for the re- 


lations aca, pan 


do not allow of continuous variations of z' and y’. 

In the case where there is one invariant which is not a constant, and 
all the other invariants are functions of that one, we may take it as the 
variable z; and therefore in any possible continuous transformation 
admitted by the equation we must have £ zero. 

Since we now liave 


ca ch ch 
SĘ Sym zę la | = bam, 
the equations (19) give lan = — (ny, 
han = am. 
We thus see that an = f (£), 
and from the second equation it follows that 
a, + ha =: 


We see that » involves one arbitrary constant only, so that the group has 
only one parameter. | | 

We must now consider the case where all the invariants are constants. 
It is well known that every equation of the form (1) can be brought, by a 
transformation of the group (2), to the Laplacian form 


Zi aż, ++ bzy +cz = 0. 
For this form J = b—a, I = b,+a,+2ab—c. 
_J g= Ill 


a = — 73 


I ? 


U- 
tz 
in 
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Consider now Euler's equation for which 


m — n 


| Bawi zy” e = Gy’ 


where m, n and p are constants; and therefore 


J= m+n J= n—m-—2mn—p 
(z—3» (zy) 
= m+n = 2 
^ &—m —9mn—p' — 9)mn4-p--m—n' 


For Euler's equation therefore the absolute invariants are constants ; and 
therefore, in general, any equation whose absolute invariants are constants 
can be transformed into Euler's equation, which may therefore be taken 
as its canonical form. 

There is only one exception to this general statement : when f 1s zero, 
we cannot choose the constants m, » and p, so as to make the 8 of Euler's 
equation zero. I do not discuss the canonical form for such an equation, 
but merely notice that if a is also zero, the equation can be brought to 
one of the forms 

Zg — Z, Z =Q. 

It is well known (Darboux, Theory of Surfaces, Voi. 1v, p. 61) that 

Euler’s equation admits the three infinitesimal transformations given by 


z'-—zrd, y'-—yyctü, z =z—tfz, 
where <=a+or+c, qn=a+by+cy, €=c(mr—ny), 


a, b, and c being arbitrary constants, a result easily verified by the 
methods of this paper. 

We conclude that in general an equation whose two absolute invariants 
are constants admits a group of the third order. 


8. When the invariant J vanishes, and the equation is given in the 
Laplacian form, we have = 
2— Q8, 
and therefore we may take 


a = W, b=M 
Y 


where y is some function of the independent variables. 
If we take z = yz, 


the equation now becomes Zig—c'z' = 0, 
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where (c' d- cy = Ye 
The canonical form of an equation for which J is zero is therefore 
2j9— c2 = 0. 
This is, of course, well known. 
Another form to which the equation (1) can be reduced is 
azu + 2hza t bza = 0. 
For, if z2=p, z-—q, 4=r 


are any three particular integrals of (1), p/r and q/r being functionally 
independent, the transformation 


re =p, ry =q, r! =z 
will elearly reduce (1) to the above form. 
Suppose now that J is zero, we have 


X; = Y, 
and therefore may take a function ¢ such that 
2X6ó—4, = 0, 2Y$—4,-— 0. 


From (12) we now have 


n = b(m+h)—h(h +b), 


f = ath, b) Mach); 
and therefore ag, + h$a+ $ (0, + ha) = 0, 
hpi tipat ntb) = 0. 
If we now take a ag, h = hp, b'= bọ, 
we have ath; = 0, 1-040; 
and therefore there is a function v of the independent variables, such that 
‘=a k=- ya b= yY 
Another canonical form for the equation (1) when J is zero is therefore 
Vas Zu — Yria t Yuza = 0. 
If f is any integral of this equation, then the two surfaces 
z = f(z, y), z= y(r, y), 


correspond orthogonally (Darboux, Surfaces, Vol. 1v, p. 10). 
We thus see how what Darboux calls the first and second solutions of 
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the deformation problem correspond to the two different canonical forms 
of equation (1), when J is zero (compare Darboux, Vol. rv, $$ 857 and 869). 

A simple example of the application of this invariant theory would be 
to find the condition that (1) has an integral of the form 

z = fip) - $9), 

when p and g are any pair of independent functions, and f and ¢ are 
arbitrary functional symbols. | 

Take x =p, Y =q 
and (1) is transformed to an equation with the integral 


z = fæ) +y’); 
and therefore into 


The invariants (not absolute) I and J must thus vanish if (1) is to admit 
an integral of the form proposed. 
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ON INVARIANTS OF A CANONICAL SUBSTITUTION 


By Haroup HILTON. 


, Received September 28rd, 1911.—Read November 9th, 1911.) 


1. It is proposed in this paper to: discuss the properties of homo- 
geneous invariants of the first and second degrees of a homogeneous 


linear substitution, and to deduce certain properties of orthogonal 
substitutions. 


Suppose A is the substitution 
Tt = AnZı F antat... amim (t= 1,2, ..., m, 
and let f (£i, £a ..., Zm) be an invariant, so that 
ft Ta, ..., Bm) 
= f (a Ty ayy Lot... G1 Lm, Gg Lat... fom Ems 1 Im Ly... m Tn)- 
If B is the substitution 
a = bazit betat FH bimEm (t = 1, 2, ..., m), 
the corresponding invariant of BAB~" is 
f (by ty HO tet... HOnTn, Dg a +... +donTm, LL Omi Tyt... Om Eu). 


It follows that, in order to obtain the invariants of A, it is sufficient 
to discuss the invariants of any “canonical form" into which A can be 
transformed. 


The canonical form N we shall take is 
Tj = at, +25, £z) = alat za, ..., Lr af, -i4d-£, £, = az, ; 
| Yi = Bt Yz» «+ yia = By ys Ys = Bys; 
| Zi = yZ a ..., ia = Baits, 2 = Y2; 


where 7-+s+t+... = m, and the quantities a, B, y, ... are not necessarily 
all distinct. + 


* This is readily proved by using the theorem : ‘‘ The transform of a substitution S by 
a substitution 7' is found by expressing S in terms of new variables defined by T." See 
Hilton's Finite Groups, ch. 111, $3. 

t For a proof that any substitution is transformable into this type see, for instance, 
Messenger of Mathematics (1909), p. 24. 


494 Mr. H. HILTON [Nov. 9, 


The invariant-factors (Elementartheiler) of this form are evidently 
(A—a)’, A—8), A—%), .... 
The inverse of this form is 
zi = a^'z,—a^?z,2-a^*?z4—a *2,+-..., T = a !2z4—a ?zgq4-a ^) z,— ..., 
tg = a z—azzd... ...; 
yi = By, — 87 ys - 87 yy — 87b y = B ys— B ya Bam -- 
ys = B^'ys- Bytes ss 


a= y any aty ay nt. a= 


whose invariant-factors are 
(A— a ly, (A — 8-7, (A— y, .... 


2. It is immediately verified that 


k 1 + kazat... + krz 
is an invariant of . 


Ti = aty+2q, ..., v1 = af, Fln Ty az, 
if, and only if, a = l, ky = k = ... = k, = 0. 
Hence we have the result :— 


A substitution has no homogeneous linear invariant unless it has 
a unit characteristic-root.* If it has such a unit characteristic-root 
with k corresponding invariant-factors, it has k independent homogeneous 
linear invariants. 


We proceed now in $$ 8 and 4 to obtain the homogeneous quadratic 
invariants of the canonical substitution. 


8. Suppose Zejyizj ((=1,2,...,8; 7 = 1,2, ...,7) 
is an invariant of 
zi = aZ t} ..., Ley = ava, F zr TL a£, 


' , ; (r D $). 
yi = By, tye 5 Ys = BY- Ys Ys = sj 


* The '' characteristic-roots '' of A are the roots of the characteristic equation 


44, A Qiz ... Qn} = 0 
An, Qog— À eve Am2 
Am! Am?2 ... Qmm "A 


of A. 
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Comparing the coefficients in 
Leyyit; and  Zeg(8yid- yi.) (ax; +2541), 
we see that the following quantities vanish 
(a8—1)ey (aB—1)ey+Bey, (aB—l1eytBey  ... (a8—1)86,+-Bar-1 


(a8—1)ey  (a8—1)egg+Bey (aB—legt Bee — ^ (aB—lesd Bei 
Taten taet ey T4646 eg Tant r-i 


(a8 —1)ei (a8 —1) eat Ben (a8 —1) eat Ben (a8 —1) €n T- Be, r-1 
Fae: Haei t e: +a-1s+6-12 a aesir tesir- 


A glance at these equations shows that e; = O for each value of ? and j 


unless a8 = 1. 
If a8 = 1, the equations give 


£j = 6g Z... 75 61,4, 22... = 01, 9 = 644.4 = O, 
eg == gą =... = Corns =... = 09,23 = , 
u = Cog = ... = Csr- = 0, 


together with 4s(s—1) relations of the type 
alır + Bes «1 = 0, aĉo r-1 + Bes ra = 0, e, QAĆs—1 r-s+24-Be r—541 — 0 , 
Besr=1+aeer Heer = 0, Begr-itaess +esr-ı =0, 
Bes r-1T- aer Tu r-1 = 0, ... 3 


Be r-2+ aes ;-1-- 68 r-2 = O, Bes r-2 F als 214-64 r-2 = O, 
Bes r-2 +} ae; r-1 ts r-2 = 0, ... ) 


between the remaining 3s(s+-1) e's. 
This suggests that there are s independent quadratic invariants. 


Taking as an illustration the cases in which s < 6, the reader will 
have no difficulty in proving that this is really the case. These simple 
illustrations also suggest that these invariants are the expressions 


Fiz, y) falz, y) ARE F(z, y) 
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defined as follows :—When r = s = 2n, 


(—1)'7' f, (z, y) 


me. ; 2 3 4 
= | Tn [aYn+1—a Yn+21- a Yn+377 a Yasat... 


Tra — a9y, 2 +C, aYn+s— °C AYn+4+- eee 


+z- a*ys s —’°Caa Ynya +... 
+ a 
+2, [ 


2E 1ys[a7! tr 1a? tn eta Ens — az, .4-4- eee 


T Yyn-1[—a Fan 24°C a ttn s —9 C127 tnat ud 


+Yn—a[ a 52,,5—?C43a tns... 
+ 
tul 

and, when r = s = 2n-4-1, 

(—1) fi (z, y) 


[Nov. 9, 


+(—1)*"* a" Yan] 
+(— p" GQ. a"*lyg] 
+(— DE" "Oo a" t? Yan] 


(—1)*-} a"! yos]! 
+(—1)*"" a^" Zen] 
+(— Dp "0 q^ ^^! Tan] 
+(— ps ^-105a 7"? za] 


(—1)7! a" *"*! za]! . 


= $2n41[Ynt1—@ Ynsota® Ynqs—...H(—1)"a" Yous] 
+ŻYn +1 [441—271 z,4,54-a ^ 24,.— b (— 1)" a7" zana] 
+ | Ta [—ayn+2+(1+3) a Yn+s—(1+3?C)) A'Ynq4 +... 


T(—1"  (G+3ż""Cya"*' Yong] 
T xal a'Yn+3— ?C, +3) MYn+s +... 
+ (—1"(7!0,3-27709a"? Yous] 
+2n~2[ — dYn+4 +... 
+ -+(—1)” (7!C,-3771C3) a^** ys 1] 
+2, [ (—1)" a” ys]! 
+i y. [~a artn t (1Ha rns (0 43-37C) a^ * z 44... 
+(—1)" (14-3"7!C)a7"7z, 41] 
Tysal a *Znqs— CCIH R) a Pr a... 
+ (— 1)" 0710, 4- 3*7103 a7" 7* tent 
tyss[ a nad 
TC 0710, 377109277 zo] 
ry [ (— 1)" a2" ze ili 
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falx, y) is the corresponding expression in tą, ty, ..., Zs; Yor Js o Ys: 
J3(z, y) is the corresponding expression in Zg, 24, ..., Zs; Ygs Yar eo Yas 
and so on; f,(z, y) being z,y;. 

If r> s, we replace z, by 2-541, Tą by z, ,45 ..., ©, by 2, in the 
above expressions. 


These results, when once suggested, are easily verified by direct 
substitution. 


The most general invariant is k, f,+-ka fą-+-...+k,f., where the k's 
are arbitrary constants. 


4. Now suppose Leyat; @=1,2,...,.7;7=1,2,...,7); 
where ey = ej, is an invariant of 
£i = aty +-Tg, ..., T1 = okey +2,, Ty = aty. 
Comparing the coefficients in 
ZLejz;z; and Żey(az;+-1;41)(at;+-T;41), 
we see that the following quantities vanish, 


3 (a*—1) €u (à? — 1) eg - ać (a*— 1) etae ... (a —1)Eyr-Ha ra 


3 (a? — 1) e, (a? — 1) egt alga (a? — 1) es, + aes +—1 
T aei gen +aéjgt eng o Tae £1 r-1 
$ (a^ — 1) eg (a?— 1) eg, + aes r—1 
+ aeg łe || +aezr ++ eeri 
4 (a — l)en 


+ arı rT $e r-l. 


As in $8, e; = 0 for each value of ? and 7 unless o? = 1. 
If œ = 1, 


€] = (re = €34g — ... = l r-38 — €1r-2 = ĉl r-1 = 0, 
Cog — Łąg = ... = C2 r3 = C2 7-2 = 0, 
€gg = ... = l3 r-8 = 0, 


together with relations of the type 
Cirt €2 r=) = 0, ues r- ae, + eg r-1 = 0, 


The result now obtained is that, when r — 2n--1, the independent 
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quadratic invariants are filz, z), fą(z, £), fz(z, LD), ses, f-(£, xz) defined 
thus :— When a — 1, 
(— 1)" f (z, z) 

= Taxi | J541—2Z544237-Z448— ...F (— 1)” zai] 


+n [— 2n e H (2+1) n3 — (24-*C) Tatt (2-4 -9C)z,,5— ... 
CSD" (24-7! C) zai] 


+2n-1[ 975.s— (2.*C44- 1) rasa t (2.90, 2-909 Ents ... 
T (—1)7(2.771C, 4-771 03) Tan +1] 
+2n-2[ — 2z ,44- (2.9C4 2 - 1) Zuy5— eee 
T(—10"(2."710,4-"7!Cgza.4i] 
+ 
+z, [ (—1)" Qrenai]3 
and, when a=—l, 


(—1)" f(z, 7) 
= Pasil Layi FEnret nist... $2ongi] 


— Tn [225,4 54- (2+ 1)r..sd- (3--*C) xz, a + (24-*C) £a + ... 
+ (24-"71C) En] 


Frizi [ 9x5.ad- (2.*C,4- 1)z,444- (2.90 HCE t ... 
+ (2.77'0,+"7'/0) 12,41] 
— Il ŻIn+1 +(2.*C4+1) zs... 
4.07 04-7 09 2241] 
+ 
+(—1)" al Ara]; 


while f(x, x) is the corresponding expression in zs, z,, 25, ..., Zr; f(x, 2) 
is the corresponding expression in Ty, Ze ..., Tri and so on; f,(z, 2) 
being 27. 

When r = 2n (and a? = 1), the independent quadratic invariants are 
the independent invariants of 


f | zx , == Fe 
ty = aty tg T3 = afty t Zy 65, Tra = a%--14+2,, Tr = ar, 


which involves an odd number of variables. 
These invariants are obtained if we put z, for yy, za for ys, xg for ys, ... 
in the invariants of § 3. 
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5. The most general quadratic invariant of the canonical substitution 
of § 1 can now be at once written down by the results of $§ 8,4. When 
the determinant formed by the coefficients of such an invariant is written 
down, it will be readily seen that this determinant must vanish unless to 


every invariant-factor (A —A,)" (where Aix 1) of the substitution corre- 
sponds another invariant-factor (A—A,')*. 
This may also be proved as follows :— 


If a quadratic invariant of any substitution on z4 Zas ..., Zm (such as 
A in § 1) has non-zero determinant, the invariant can be transformed into 


titee+...42,, and then the substitution A will be orthogonal. Then 
we shall have 4^! = A’ (the transposed substitution of 4), so that A^! 
has the same invariant-factors as A. Hence, if A is transformed into the 
canonical form N (of $ 1), N has the same invariant-factors as its inverse, 
i.e., (A—a)", (A — OY, (A—y)’, ..., are the same as 


Ora) ONSE S OS soos 


in some order or other ; which proves the result.* 

In the following we shall confine our attention to substitutions which 
are such that each invariant-factor A—A)*, (Ai Æ 1) is paired with another 
invariant-factor AN)". 

From the results of $3 3, 4, we have 


The number of independent quadratic invariants in the case of a sub- 
stitution with invariant-factors 


(A —AX)*, (AAP), (AAD, AAT, A—4) (AAT 
(A—A,)", (AAT, ..., 
where 0. D 6d. 
and with invariant-factors 
(A—1)*, (A—1)*, A—1), A—D", ..., 
where hmkmimmszz.., 
and invariant-factors 
A+, A+-1)7, AFD", ATI, ..., 
where DSO Ers.. 


* The result is due to Frobenius, Crelle, 84 (1878), p. 41. 
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T 1| £1 |+| 2T H FE +. tatartam+... 


[EE |+| ££ [EE]... ars...) 


+ 2 (a+86+5c+7d+...),* 


the summation being taken over each distinct pair of reciprocal charac- 
teristic-roots of the substitution. 


6. Suppose a canonical substitution has exactly k pairs of invariant- 
factors (A —aY and (A—a y. 

Let the corresponding part of the substitution be 
/ iti = a1, + i£, —— d = dylr1 ales is = a 1r ; 


Re ec P a= ; 
of} = 46, alg, -.., gly = aT 


1 l. Betas ee EZ) . 
Z — Yr HF ian eee af a arcade Y ZA yes 


f. en -] É uż | s 
ali — a AAE ee Yr — 4 ye 


, , 
( e, W1 = Aly + Ty, ++.» pły = Urr, 
| . ^ — _-l ! — _—]l : 
| 55, kJ = Qa YLE xy, e, Yr =a kYr > 
and let the corresponding part of any quadratic invariant be (using the 


notation of $ 3) 


> tafi GT, H Go filer, aH -+ tir fi GS y)} 


=k 
+ X Sa Fats 19) + sio fa (s it... Sic fat, qii 


Suppose, moreover, that the substitution has exactly p invariant-faetors 
(A — 1), and exactly q invariant-factors (A +1)”. 
Let the corresponding parts of the canonical substitution be re- 
spectively 
` ? yy — . à — ^» — ë . 
Oy Sealy, r = Br; B= Mb, es $T = Fu vee 


, sA , m : 
m 4 —Ó Ty s, ...5 pr, — ptr 9 


* I(t] means *' the integral part of t." 
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and 
Xi = — ,X, +: X; BE =—,X,; X = — 9X Pady, ..., aX, = —4X,; ...; 
Xi = — Xi t% ZZ Xr = — Aes 


and let the corresponding parts of the quadratic invariant be (using the 
notation of § 4) 


w. 


=p 


> | hafi, AAA, wu Afi, 0)! +..., 


i=q 
and 2 | Hi fíGX, X) + Hii fy ea iX, 3 +...+Huf, (X, iX)} Tis 


where h,, or Hj; is zero if r is even. 


Then, taking /&;j— (—1)^!AÀj; and Hj-—(—1)"!H,, the deter- 
minant of the quadratic invariant is 


hy ... ji Ip ? Hy ... Hi, i ty eee bin: i 
EH ee Sox po6re x43 
hy cee hop An ... Hy bii ei b 


the produet being taken for each distinct value of r and a in the invariant- 
factors of the substitution. 

This will be clear if we consider a simple case. Take, for example, 
the substitution 
tı zad, Fto zs— az, +29, 25 = azz; 


T T = aw +2; X; = A.V’ Tas J'3 = OQ Ws ; 


yi —a'yys Y= a'y ty» ys anys; 
yi = a "yty, y E a^ Yat ys, Ys = aq" ys ; 
ć = ać + £s Ê = ać; & == a£ +6, é cu ać ; 


Ld 
= z 


— rw pa 
mi] — as +E» =~: 


= ag, 


ty 


m= amt m =a py; m=a mtn, m= ag; 
Hi =a"'H, +H, H; = a-!B, 
Let any quadratic invariant be (with the notation of § 8) 
1 A, QF, (a, y) e efi Ge, y) - df Go, yp) + (E, ) +mfl(E 9) H- nf (Z, r) 
HAE MHAE, 9) +7/,(E, MHAE B)H- vfi (£.B) +f, (E, H); 
+ |a'fą(z, y) +...| + ja'fą(z, y) -...]. 
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Then the determinant of the invariant is evidently minus the square of 


0 0 aa? 0 0 ba”? O 0 0 0 0 i 

0 -a * 0 -b * 0 d 0 * 0 * 

aa? * * bat * * * * * * e * 

0 0 ca? 0 0 da? QO 0 0 0 0 0 
-c *% 0 -d * 0 0 0 * 

ca? * * dot * * * * * * * * 

0 0 * 0 0 * 0 —=la'! 0 =ma! 0 —na-! 

0 * i 0 * * la * ma * na * 

0 0 * 0 0 * 0 -pa-' 0 -qe' 0 -ra! 

0 * © 0 * * pa * qa * rm 0 

0 0 * 0 0 * 0 -ta-' 0 —va, 0 —wa-! 

0 * * 0 * * ua * va * wa * 


the asterisks denoting certain quantities which are not zero in general. 
Now rearrange rows and columns, so that the rows and columns now in 
the order 1, 2, 8, 4, 5, 6, 7, 8, 9, 10, 11, 12, take respectively the orders 
5, 8, 1, 6, 4, 2, 10, 7, 11, 8, 12, 9 and 1, 8, 5, 2, 4, 6, 7, 10, 8, 11, 9, 12. 
Then the determinant last written becomes 


aa? ba? * * +œ * * *« + * * * 
cà? dat * * # SE * . + * * * 
0 0 -a-b € * 0 0 0 * * * 
0 0 c -d * * 0.0 0 * * * 
0 0 O 0 aa? ba? 0 O 0 0 0 0 
0 0 O 0 cce? da 0 0 0 0 0 0 
0 0 * * * * la ma na * * * 
0 0 * * * # pa qa ra * * * 
0 0 * * * * na va wa * * * 
0 0 0 0 * * 0 0 0 =la! —ma"" —na'! 
0 0 0 * * 0 0 0 -pe-! —qa'! —fra'! 
0 0 0 * * 0 0 0 -ua! —va!! —wa-! 
=—|a b|*x|i m nj? 
c d 0g r 
wv w 


It follows that an orthogonal substitution cannot have an odd number of 


invariant-factors of the type (4 —1)' or (A d- 1), where r is a given even 
integer. 
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7. We now use the preceding results to establish the following 
theorem :— 


Any orthogonal substitution on zi, La, ..., zx, can be transformed by 
means of an orthogonal substitution into the form 


ri — +z, t= ££ 64 the gay Zarı = CO8 Oj 2441—8in 9, 24,5, 
+ tars = Bin 0, z,,:1--c08 O, Ertas ..., Thągr=1 = COS 0,2442, 1—8In O, Lazer, 
+ Th+2r = sin Ô, £442r—1-008 O, Zhor, 

Zi = dth+2r+1 Th+2r41 R T Qin Tm (£ = h+2r+1, h+2r-+ 2, °...) m), 
where 
Z, = Jth+2r+1 Th+2r+1 +... TF Jim Tm (t = h+2r+ 1, ee m),* 


ts an orthogonal substitution with no simple wmwariant-factor.t 


Suppose that in $ 1 A is an orthogonal substitution. Then since 
z14-2;--...--27, is an invariant of A, the corresponding invariant of 


of BAB™ is 
(bim + biaTą + ... + bimTm)? + (bazi + eee 6s, 2,4). + soe + (bm Ly + ... + Dita 


= De, LiL; (2, 7 = l, NETA m), 


where ey = €j = bii bij; + 09i»; ... + bmi bj. 
Suppose now that B is chosen so that BA B™ is in canonical form 
zi = aL, ...5 Lk = aTi, Ti:+1ı = a zi, "99 Lej. — a zu, 


Tak+1 = B 2241-2244; TP 


Then, by $ 6, A=|erkn 61k+2 ces (1% 
€2k41  €2k49 c+ Conk 


Ćxk+1  Ckke2 +++  Ckàk 


is a factor of the determinant of Zejjz;r;, and therefore does not vanish. 


Hence A contains at least one non-zero element; suppose it is 441. 
Since BAB™' has poles (Yj, 0, 0, 0, ...) and (0,0, ..., O, Y,,,0,0, ...) 
corresponding to its characteristic-roots a and a`’, A has the poles 


* The + signs being taken in any combination whatever. 
T I.e., an invariant-factor with unit exponent. 


SER. 2. voL. 10. wo. 1125. 2 F 


484 Mr. H. HILTON [Nov. 9, 


(byy, bas ..., Omi) and (bik+1s Usi, Omesi) corresponding to its charac- 
teristic-roots a and a^!.* But 


€ ket = bi bi zaa Fog dana t -F Om bm eri F O. 


Hence, if A has simple invariant-factors (X —a) and (A —a^), it has corre- 
sponding poles (X,, X, ..., Xm) and (£i, és, ..., Én), such that 


Xi &- Xs é+ aes + Xn Em Æ 0. 


Conversely, if A has two such poles, they must correspond to simple 
invariant-factors of the form (A—a) and (A — a^). 

In a similar manner we prove that if 4 has & simple invariant-factor 
(A + 1), it has a corresponding pole (X,, X;, ..., Xn), such that 


X +X +... +X 0, 


and conversely. 


8 (a). Suppose now that the orthogonal substitution 4 has a pole 
(Xi, X5, ..., Xm), such that 
Xi Xi. XS #0. 
This is the case if A has a simple invariant-factor (A + 1). 


Since we are only concerned with the ratios of X,, Xz, ..., Xm. we may 
suppose 


X1+X+...+Xm=1 and X,+140. 


The substitution Q with matrix 


Ay X3 Xs ... As 
X X% 0q X» X, Xo Xm 
^ X41 X,+1 X,+1 
x X, X, 25 są A> 
3 X4+1  X,+1 X,+1 
x — XX X, X, Xa 1 
" X,+1 X1 "7" X+ 


is readily verified to be an orthogonal substitution of order 2.+ 


* Using the theorem :—‘“ If we apply T to a pole of S, we obtain a pole of T-'ST corre- 
sponding to the same common characteristic-root of S and T-'ST.” See Hilton's Finite 
Groups, Ch. 111, § 6. 

t We verify by squaring that Q? = 1, since X,?7+ X} +... + Xm? = 1. Then Q is orthogonal, 
being symmetric and of order 2, 


1911.] ON INVARIANTS OF A CANONICAL SUBSTITUTION. 485 


Suppose Q^! 4Q = C, where C is 
Ta = Cu Tj +CeTq+...HomTm (t= 1,2, ..., m). 
Then C has (1, 0, 0, ..., 0) as a pole.* Hence 
Cq = Cza Z..." Cm = 0. 
But C is orthogonal since Q and A are orthogonal ; so that 
Ceo +... ez, = 1, | 
and Cn Cu Cy Ct ... Hromilm = 0 (£22,8, ..., m). 
Hence Cig = 064 =... "Gm = 0 and c= tl. 
Therefore A has been transformed into 
B= dx, Zi = elot centy t... +Cmim (t= 2, 8, ..., m). 
Applying now a similar process to 
£i = Ciofo+-CsTz+-...+Omim (t= 2, 8, ..., m), 
and so on, we finally transform A into the shape 
aa=tn, T= kg .., Ip =T, 
£i = finer Thąa F fint Inyot.. FH finm (t= hl, ..., m), 
where there is no pole (X,+1, Xr+2s ..., Xm) of 
zę = faa aai fens Inre t- Ff (t = h+1, ..., m), 
such that KIX SEX. + 0. 


(b. Now suppose A has no pole (X,, X, ..., Xm) satisfying 
Xi Xe X, EO. 
but that A has poles (X,, X, ..., Xm) and (£,, £s» ..., Ên) satisfying 
Xj & + Xa£at- ...- Xn £, F 0. 


This is the ease if A has a pair of simple invariant-factors (A—a) and 
(A—a7). 

Since we are only concerned with the ratios of X,, Xa, ..., Xn, and of 
Ês £3, ..., Én we may suppose 


Xé t+ X; £4... X. En = 2; 
while Mitt. XS = G++... +& = 0. 


* Sce note *, p. 434. 
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Let 2p, = MAE, 2ip = X,—& (t—1,2, ..., m).* 
Then Patrat. +p = pitt... +), = 1, 
Pu Pia T Pa Pat ---+Pmi Pm = 0. 
Choose pis, Das, ..., Pms to satisfy 
PE ph spi. 1, 
Pu Pis Pai Pas - Pm Pra = Pio Pis Pas Pat ---+Pm2Pms = 0. 
Then choose py, Pay ..., Pm to satisfy 
Py tPy t+ +P, = 1, 
Pu Put Pa Put... HPm Pm = Pio Pist Pa Past pss Pins 


= Pig Put Pa Past... + pss Ding = 0, 
and so on. 


The determinant Du = m 


pn ... Pm 


is not zero, for its square is 1. 
Let P be the substitution 


Ti = puXy+Prelq+...+Pmim (t=1,2,..., m). 


Then P is an orthogonal substitution. 
Let PAP”' = D, where D is 


Ti = daz d-disz34--...- Fd zs (t= 1,29, ..., m). 
Then D has (1, +2, O, O, ..., 0) as poles,! hence 
dy Zdy=..=duz0, dam dg —...— dno = 0. 
But D 18 orthogonal, since P and A are orthogonal, so that 
ditdyt+...+dm = du+dn+...+d = 1. 
dj diat dq dg +... "+ da dm: = 0, 
dy dy + dą dy +... + dmidm = durdo t dad +... + dyr dm = O 
(t = 8,4, ..., m). 


* i= /-1 in this section. 
t See note *, p. 434. 
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Therefore using 
dą =dy =... =dm =0, dg-—d4-7...— ds — 0, 
we have readily 
diz = dy, =... =dinm = 0, dg = dy =... = dan = 0; 
dh, = cos, d,,- —8inO, da= sin, dẹ = t cos 0.* 
Hence A has been transformed into 
z; = cos Ô z; —sin Ô za} + z» = sin z, +cos 0 tą; 
zı = dsTę+dut4+...Hdmzn (t= 8, 4, ..., m). 
| If the substitution 
Z; = Agtgtdutyt+...-+dinin (t = 8, 4, ..., m, 
has poles (Y;, Y,, ..., Yn) and (yg, 74, ..., Nm) satisfying 
Yangt Yint... + Ys Æ 0, 
the process may be repeated, and so on. 
(c). Combining the results of (a) and (b) we have at once the theorem 
at the beginning of $7. 


It should be noticed that the method of transformation adopted is a 
practical one if the characteristic-roots of A are known. 


9. If A is a real orthogonal substitution and (X,, X4, ..., Xm) is any 
pole, we may take £, = Xy, £j = X, ..., Em = Xm in § 8.1 


Hence 26 EX... EX, Æ 0, 
if X, Xa ..., X4 are real, and otherwise 
Xi £T Xs£ +... H+ Xn £n Æ 0. 


Therefore the process of § 8 gives a practical means of transforming a 


Both the upper or both the lower signs being taken. 
f X being the complex quantity conjugate to X. 


438 Mn. H. Hinton [Nov. 9, 


real orthogonal substitution by means of another real orthogonal substi- 
tution into the form 


+ Exc , BR 
Ly = $ 2i, T2 = $ Ty ..., mgr = falsas 
: = 0, : in 0 
Lm —9r41 — COS Uj Ty —2r4177 BID Oy Z3 —2r42; 
/ . 
+ ra-2042 = sin 0, Tm-2r+1--008 0, Zm—9r42; ...g 
, . , . 
Tm-1 = e080,z,.,—8in O,z,, Etim = Bin O, £m-1 + CO8 Or Tn.” 


That such a transformation is possible is a well known theorem,t of 
which the result at the beginning of § 7 may be considered an extension. 

For a discussion of the general case of a real substitution A with the 
invariant zi--2i-4-...4-2,—2,,,—...— 22, the reader may refer to Loewy, 
Math. Annalen, 50 (1898), pp. 557-576. 


In this case the equations 
2pn = X+ó, pe = X— £i 
of § 8 (b), may be replaced by 
2pn = Xet, — 2p& = Xi— És 
the corresponding part of the transformed substitution being 


+ 1, = cosh 0 r,4-sinhO x, +2, = sinh 0 2,+ cosh 0 2,.* 


10. We have shown in $5 that any substitution A is transformable 
into its inverse if, and only if, each invariant-factor (A—a)' of A (where 
a? Æ 1) is paired with an invariant-factor (A—a7')’. 

If this is the case, we can show that the transformation may be per- 
formed by a substitution Q of order 2. 

It will follow that A is the product of two substitutions of order 2, 
either of which transforms A into its inverse. 


For, if Q^*AQ-— 4^ and Q=1, 
A=(AQ)Q and (AQf— AQ.AQ = A.Q AQ — 1, 
while (4Q-4(AQ = Q7 AQ = 47. 


It is sufficient to establish the result for any form into which 4 is 


* See note *, p. 433. 
T See, for instance, Bieberbach, Math. Annalen, 70 (1911), p. 301, or Muth's Elementar- 
theiler, p. 176. 
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transformable. For, if 
Q?AQ-—A4^7 and Q=1, 
(RÀ QR)! (R" AR) (R^? QR) = (RAR). 


We may take then A in the canonical form. 
Now we easily verify by direct transformation, that the substitution H, 


z = aX + 23, zm 2,1 = a; Tz. XL, = afs, 
yi = ay tys eos yi-1 = a y, idt ys y: = ay, 
is transformable into its inverse H~’, 


21 => a^ !z,—a- ?z44-...--(—1Y^7! a "Z: 


z = a^! 24— ...--(— 1)? a^**!z, 


n az 
z, = a lt, 


yi = ay, —a*ys4- ...-F(—1Y^! a’ y, 
ys = aya — ...-(— 1)? a*^! y, 


j = ay 


by the substitution K, 


zi = — ady; tay; — ayt  dyy—...+(=l)a'**y, 

= aty,—"C, ay; + °C a°y,—... + (— 1)*710, a! ** y, | 

zę = — a5y; Cza y4—...-(—1)'*7Cga'**y, 

LT, = (—1) a*y, 

yi = — a`? zita ?z,— a *£s+- a^ z,—...--(—1)Ya^'^!z, 

y: = a^*z4—?*0,a 52,4-9C,a7*z,— ... 2-(— 1**710,a7*^*z, 
ys — a~°g,+°C,a-"a,—...+(—1)"-"C,a-* Fa, , 
Ys = (— 1) a ? rz, 


of order 2. 
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H is the product of two substitutions HK and K of order 2, where 
AK is 


z;-  ayg—atyst — ay — ayet... CT D a'*!y, 


gą = —a®y3+7C, aty, —*C, a! y, +... +(—1)77730,a'*?y, 

= a'y,— Osa yt... -(— 170, at* y, Í " 

z, = (—1)’ aly, 

yi —az, 

Y=  a^zr,—a zd a *ay— a ®agt...4+(—1) a *"! z; 
ys = — a^5z, +20 a 524 — C a7! z4- ...-(— 170, a7*7?7, 
yi a-"x,—®C,a-* 2,4... +(—1)**-*C,a7* 82, 
y; = =V amns 


Both K and HK have s invariant-factors (A —1) and s invariant-factors 


(A+ 1). 


Similarly, when a” = 1, the substitution L 
Ti = aty zg, ..., X, = aX +2, Z, = aż, 


is transformable into its inverse L^! by the substitution M 


zi = — a?^z, | a” Tę — u'Tg+- a t4—...+(—1) atiz, 

i= atza —?C, ar --9C, a®x,—...+(—1)**1C, at? z, 

£3 = — a6z,--3C, u zr — ... + (—1)"*1C, at*?z, 

z, — (—1) az! Z; 
of order 2 


L is the product of two substitutions LM and M of order 2, where 
LM is 


z) —am, 

ca =  a*r,—aízr,d-  axz;4—  azz+...+(—1) a**!z, 
zg = — a5z4--?C, afr, — C, a' r, +... +(— 1 *7*C, ata, 
p. a'z,—? Cart... 43-(—1)**7*C,at** 2, 


4, = (—1 a*r, 
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When a = 1, M and LM have 1 H invariant-faetors (A — 1) 
and I [ invariant-factors (A-+1) ; 
when a = —1, M has I BH invariant-faetors (X — 1) 
and I Ea invariant-factors A+-1) ; 
while LM has I E invariant-factors (A — 1) 


and I B invariant-faetors (A-+1).* 


We now have at once the result that :— 


If a substitution A transformable into its inverse has invariant- 
factors X—1)*, ..., X+1)”, ..., A—a)”, A—a"')*, ..., tt is the product 
of two substitutions P and Q of order 2, of which Q has 


u v 
zi | ex1[5 ]-ezv 
invariant-factors A + 1) and 
utl v+i | 
xi[ M |+27[ t |+2u 
invariant-factors (A+1), while P has 


XI |>| LXI EST 


invariant-factors (A+ 1) and 
ZESEHES 


invariant-factors (X 4-1) ; and A is transformable into its inverse by 
either P or Q.t 


This is equivalent to a result obtained by Jackson} in a somewhat 
different manner. 


* See note *, p. 430. 

T Taking arbitrarily all the upper signs (which are given by the preceding argument), or 
all the lower signs which are obtained by replacing P and Q by PS and QS, where S is the 
substitution changing any variable z, into — zı. 

+ Trans. Amer. Math. Soc., Vol. x (1909), p. 479. 
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11. It is of interest to notice that, in $ 10, K has as quadratie 
invariants the quadratic invariants filz, y), fo(z, y), ..., f(x, y) of H 
obtained in $ 8. 

This may be verified by direct substitution ; but this procedure, 
though straightforward, is tedious. As an alternative we may proceed 
as follows. 

Assume filz, y), fs(z, y), ..., f.(z, y) invariants of the substitution x, 


(—1)*!2i — att? y — 10 a*t y+ PRO atty, — O a? **y +...) 
(—1)'*! ze — —a™ tty. +20) 10) *5 y, — mud 6770. a” +y,+... 
(—1f*!zj — a? t$9,— 680, Loa tg, ... 
(—1Y*!yi = a 9735, — $110, 73:735, 4 -!*?C, a H7 4g, — 6190, a" 975g... + 
(—1'*y = —a731755,4-*20,, 173752, —1*30, a^ 3-52, +... 
(—1Y*!ys — | a^? y, —'t Cea 7 7 m. E... 
J 


for each value of ¢, and all values of s less than the one considered. 

When « operates on fı, we obtain an invariant of «Hx"', i.e., of H; 
since H and H^! (= «Hx™') have common invariants. 

Suppose we obtain a, fitas fa-- ... +4, fs 

A consideration of the coefficient of y,z, will show that a, = +1. 

If we operate with x again, we get 


a, (a, fita fat... Ha: f) +02 fa... a. f. ; 
since, by hypothesis, f; f; ..., f, are invariants of x. But, since x? = 1, 
the result of operating twice on f, with « is fi- 
Hence, since a, — 1, 
(f1+ 84 fot XE + a, f.) ta fat ... +a, f, = fi ; 
so that a,=1, dqa=dqQq=...=a=0. 
The result is now at once established by induction. Similarly for the 
substitution L of § 10. 


12. It may now be proved that if A is orthogonal in $ 10, P and Q 
may be taken orthogonal (and therefore symmetric, since they are of 
order 2).* 


* Proved by Frobenius, Berliner Sitsungsberichte (1911), p. 11, in a different manner. 
He does not obtain the invariant-factors of P and Q. 
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Consider & simple case. 
Take an orthogonal substitution on zz, z, ..., r4 with invariant- 
factors (A—a)’, A —a)', A—a"')', (A—a™')*, and the quadratic invariant 


2i4-2i-...-z. 
It may be transformed into V, 
Zi = ax, +29, ..., £14 = at.) +2,, Ty = 2,; 
Ó — a£ +h, -o G1 = aber té, & = aks; 
yi =a Yb Ya «» ya =A Yatyy Ys = ays; 
m = a aby «+, moa = an itty 75 = a ns, 
suppose that 2z2-]-274-...--z;, becomes 
Iz {enfi@, y) enfe, y+en faz, y) ...] 
+ {efi (n, m-t- eis faz, m ein fg (a, m +...} 
t (en A (C, 3) - en fąć, Y)+ca fs(6, y)-...] 
+ les fA (E, m +cz fa (É, M teas fa (É, m .-.] 
Æ 0. 


where €u Cig 


Cy, Cap 


Now it is possible to change the variables so that the canonical substitu- 
tion V remains unaltered, but J becomes the symmetric invariant 


{Cu filz, y) 3- Cn fą(z, y) + Ch fal, y+... + Cahile, Mt...) 
T ln AŚ Y+...| + (Caf ( m ...], 
where Cy = Ca, Cis = Ca; Cie = Ca, 


By § 11 such a symmetric invariant would be an invariant of F, 


zı = —cybey,— dyst — ay... 

zę = atyq—?C; a°y,+5C,a°y,—... | 

zs = —a*y,+°C,a'y,—... | 

yi = —a^?*z,-Fa?z,— a *z4d- a^? z,—... 
ys = a^ 5z4—?0C, a ^? zgd-?C,a7?z,—... 


ys = —a 5zyq-?*C,a^! z,—... 
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= ay ran amt  aw»—.. 
£s = atn ma OF a’ng+°C, a9y, xui 
£s 


— a ng 4-904255, — ... | | 


4 = —a "ya E aht a £.—... 
A = a *&,—?C,a^* £,4-?C, a~°€,—... | 
ns = | —a^* &,4-*0,a7 £,— ... | 


» 


Hence when we transformed V back again into an orthogonal substitution, 
F would become orthogonal also; which is what we require. 


To change the invariant J into a symmetric form, replace 


z, by &yzid- ta 4 Sua 8n fat ruts ra Ea... 
é by tyr + taa fit 5123 - S: £a rts Hrast... 

Jang by tuzat lada 5n Tg+Sy fst t4 Pra £4 
Eo by tzit tag Eat Sitst Spo Es Tia 24 tůni t.. 

tg by tn Tąt+ty Ca 8n 4 - 5m a rate Tn Es 
Eg by tatyttofet 51224 5:9 £4 - T1925 - T Cs 


This will not alter V, for the substitution 


gy = titit i 1 t sutat saft.. = tatit ta + 8122 qt sat... 


, J 
yı = Ys N= 


is permutable with V.* 


The invariant I must become another invariant of V: by considera- 
tion of the coefficients of 


Vii, YsTą, ..., Ust; Ys Èis ZIP ye Ti, 1:29 Hs ls; Ns 1, ZZ És, 


- — m Nimmo, a A R Z O O e 


* See Hensel, Crelle, 127 (1904), p. 158, or Hilton, Messenger of Math., 41 (1911), p. 110, 
for a discussion of substitutions permutable with a canonical substitution. 
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it is not difficult to see that it becomes, in fact, 
m fi Gs Y+(ru+acy) faz, PH Ci dr ann 4 apn fale, y) ...] 
+ iti fi, n) + (Ti 009) fa(z, 7) +... | 
+ (ra hE y) (54 a79) falé 9) - ...] 
+ |Ta falé M H- (729 - 2029) falé  -...], 


where, if C, C', C", ..., T, S, ... are the substitutions with matrices 


: t " f 
Ou C19 9 Cil C19 3 | Cil C19 3 ...9 la tia 9 Sil $19 9 ...9 
M , 1? ui 
Cor Ch Ca C22 Ca Cza tą ly Są Sh 
: , "n 
then Tq Te]; "Tn Tij; Tu 712); , Cu Gia |; ; 
, , t re 
Ta Tae Ta Ta Tą T O31 Tag 


are the matrices of the substitutions CT, C'T, O"T, ..., CS, .... 
Now choose the substitutions 7, S, R, ..., so that in turn 


CT, aCS+C'T, d!CR-FaC'S4 C'T, ... 


are symmetric ;* and the required change of I into a symmetric in- 
variant is completed. The above process may be generalized. 


18. The process of $3 may be used to find invariants of the form 
Xejyiz; for the substitution at the beginning of $3, including the 
Hermitian invariants in which ei; = ej. 

A result similar to that at the beginning of § 7 may be established for 
substitutions with the invariant 


Xızı Tą Tą |- cos + 1, Z —Zpa1 k+ — ... — Tala: 


Results similar to those of § 10 may be established for a substitution 
transformable into the inverse of its conjugate. 
The details of these investigations must be left over for another paper. 


* This is evidently always possible in an infinite number of ways; we may take, for in- 
stance, T = C-!, .... In fact, we can choose T, S, R, ..., so that 
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A METHOD OF ESTABLISHING THE 27-LINE CONFIGURATION 
ON A CUBIC SURFACE 


By W. P. Miine. 


"Received September 13th, 1911.— Revised October 23rd, 1911. —Read November 9th, 1911.) 


1. The present communication gives a method whereby, when a 
certain homographic correspondence has been established, the configura- 
tion and chief fundamental properties of the 27 lines on a cubic surface 
become almost intuitive. The method was suggested by, and is the 
extension of, a method published in the Quarterly Journal, No. 167, 1911, 
in which I gave an elementary proof of Salmon's theorem in connexion 
with the cross-ratio of the four tangents to & cubie curve drawn from 
a point on itself. Thereafter I used the method to prove the chief focal 
and bitangent properties of circular cubics and bicircular quartics in two 
papers published in the Proceedings of the Edinburgh Mathematical 
Society, Session 1910-1911. The present paper exhibits many of the 
properties of the 27 lines on the cubic surface as extensions of corre- 
sponding properties in the plane cubic. 


2. If we assume that the existence of one line on the cubic surface 
has been established, it is easy to see that any plane containing this line 
cuts the surface besides in a conic and that, for five positions of this 
plane, the conic degenerates into two straight lines. We shall hereafter 
refer to these five planes as the five tangent planes drawn from this line 
to the surface. 

Let AB be a line on the surface, BC and CA two other lines on the 
surface meeting AB. Let DAB be one (other than CAB) of the five 
planes through AB containing degenerate conics of section, and let D 
be the intersection of the two lines on the surface lying in this latter 
plane. The cubic surface then assumes the form 


as't+by't+cz't+- 2dlz+Afyzt+ 2gzrt-+Bheyt+ 2kzyz = 0 (1) 


if we take 4 BCD as the tetrahedron of reference. 
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Let ¢ = Az be a plane passing through the line BC and cutting the 
surface again in the conic S. Then the equation to the cone DS is 


ax?+ by? -- cz? 4- 2 (f+ x) yz 4-2 (g - dX) zz 3-2 hzy = 0. (9) 


Similarly, if the plane £ = uy through CA cut the surface again in the 
conie S', the equation to the cone DS’ is 


az? +-by?+-cz d- 9 (f 4- du) yz 4-2 (9+ >) z1-+-2hty = 0. (8) 
Thus the two cones DS and DS’ will be identical if 


E 4) 
Au 7 ( 
Thus, if a plane be drawn through BC and if its conic of section 
S be joined to D, the second degree cone DS cuts the cubic surface m 
a curve of the sixth degree consisting of S, the two lines on the surface 
through D and another conic S' whose plane passes through CA. 


A one-to-one algebraic correspondence exists between the above two 
planes containing S and S' respectively in virtue of (4). 


Any one ray of the cone DS (other than the lines on the surface 
through D) is sufficient to identify the plane containing S' and thus to 
find corresponding members of the homography. 


9. If S breaks up into two lines, it is plain that S' will also consist 
of two straight lines, and thus the four planes through BC containing 
degenerate conics correspond to the four planes through CA containing 
degenerate conics. Furthermore, the line joining the point of inter- 
section of the two lines composing S to D plainly passes through the 
meeting point of the two lines composing S', and a similar property holds 
whatever point D we choose of the four points of contact of the planes 
containing degenerate conics which can be drawn through AB. We thus 
have the following theorems :— 


The three groups of four tangent planes (other than the plane con- 
taining the three given lines on the surface) that can be drawn from three 
coplanar lines on the surface have equal cross-ratios. 


The points of contact constitute the vertices of three “ desmic tetra- 
hedra,” 
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If a and b be two coplanar lines on the surface, the cross-ratio of 
the four planes joining a to the points of contact of the four tangent 
planes from b is equal to the cross-ratio of the four planes joining b to 
the points of contact of the four tangent planes from a. 


For, let a, 8 be the points of contact of representative tangent planes 
from a, b respectively. Then the line aĝ passes through one or other of 
the points of contact of tangent planes from c, where c is the line on the 
surface coplanar with a and b. Hence, by Art. 2, aß and ba are corre- 
sponding planes according to one of the four homographic systems defined 
by the points of contact of the four tangent planes from c. The theorem 
is then evident. 


4. The geometrical configuration of the 27 lines, and in particular the 
intersection diagram of Mr. G. T. Bennett, given in the Proc. London 
Math. Soc., Series 2, Vol. 9, Part 5, can now be quite easily verified. 
For example, in terms of the usual notation let a,, ba, cy be three coplanar 
lines of the system, and let a4, b, be two other coplanar lines of the 
system meeting cję. Consider as, a4, az, ag. The planes biag, b,a,, biag, 
b, ag meet the surface again in Cig, Cias Cys, Cig Which are thus determined. 
The lines meeting a,, complementary to Cig, Cis Cis, Ci, are respectively 
bs, by, bs, bg, which joined to az give C23, Ca, Cas, Cog respectively. Thus 
all the lines meeting a, and b, are arranged as far as a, and b, are 
concerned. Similarly, we can arrange all the lines meeting a, and 5, 
with reference to another pair of coplanar lines meeting cs. 

It is found, also, that the correspondences of the special places which 
give line-pairs oceur with double exchanges of these line-pairs. We 
proceed to tabulate these exchanges. Let the tangent planes from a, be 
au ds, ag, a, and let their corresponding planes with respect to one of 
the points of contact of the four tangent planes from b, be Ay, By, 83, B, 
as explained in Art. 2. Denoting the four homographies thus obtained 
by I, II, III, IV respectively, we obtain the following sets of correspond- 


ing planes :— 


La, agaga,] = [8, 8.8584], (I) 
[a ag aga, | = [B28 8,83], (II 
[a azaga] = [858,84 8,], (IID 


La, a> aza,] = [8485/8381]. (IV) 
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Let a, contain the lines bg, Cig, 
Ag » » bs, Ciy 
ag » » bs, Cis, 
a4 » » Dg, 16 
£i 9 » dg, C23, 
Bs » » dą, Cogs 
Bs 9 » Q5, C25; 
B, s 3 dg, Cog. 


Next, let ab denote the plane containing the lines a, b, and let us 
rewrite the above correspondences (D, (II), (III), (IV) in terms of the 
lines lying in the various planes, with the proviso that lines in the same 
vertical column are coplanar. We thus obtain the following :— 

I. 
bs C43 (a) b, Cu (a) bs cis (ag) bę Cig (a4) 
C33 (B) Ca. 04 (Bq) Cas ts (By) Cog de (B4) 


a Dy dą b, dą Dy a, Dy. 
II. 
bs c13 (a) b, Cu (dz) Cys bs (a3) C16 bolay) 
a4 Cg, (Bo) az Cz; (81) Cog Ag (84) C35 A5 (Ba) 
Cg4 C56 C34 C56 C34 Coo C34 Cie 
III. 
bs cis (a3) C14 b4 (a5) bs c,s(ag) C16 Dg (ay) 
az Cos (Bs) Cog tę (B) az Cog (By) Caa; (BQ) 
C35 C46 C35 C46 C35 C46 C35 C46: 
IV. 
bs Cys(a4) C4 b (ap) C15 0g (a3) bs cis (a4) 
as Cog (Ba) Cas AS (Ba) Coy Q4 (Ba) As Cas (81) 
C36 C45 Cag C45 C36 C45 Cg C45. 


To explain the above table, we note that the order of the lines 5, Cig 
in the plane a, is kept unaltered throughout. Then, when we make 
interchanges of the “8” planes (e.g., in passing from I to II, 8, and £,, 
B, and B,, we interchange the order of the lines in each of a3 and a, 
and also in each of 8, and £8, Thus we obtain II from I. Again, in 
passing from II to III, we interchange 8, and 8, 8, and 63. We there. 
fore interchange the lines in a, and as, 8, and 8, and so on. 

SER. 2. VOL. 10. No. 1126. 26 
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5. Some of the other theorems described in Mr. Bennett’s paper also 
follow at once. Thus with the relation Au = const., zero and infinity 
are a pair of corresponding values, and hence the plane BCA through 
BC corresponds to CAD through CA, and BCD through BC corresponds 
to CAB through CA. Interpreting this result in the notation of the 
double-six, we obtain 


Q, [5s Cios Og Cig, 0,044, Dg Cis, De Cs] = b; [as bi, Cog Ag, Coq Q4, Coz Ags Cog ag], 


where bgc,, denotes the intersection of the lines ba and cą, etc. In this 
result is contained Dixon's theorem, viz., 


dh [bs b, b, bs] = by [as Q4 as 0s], 


where a,b, denotes the plane containing a, and bọ etc. The various 
perspectives are also evident, e.g., a,[byb,bzb,] joined respectively to 
bg | Cog Cz4 Cag Cog] meeting in a,c), where a,b, denotes the intersection of 
a, and bg, etc. 
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SOME RESULTS CONCERNING THE BEHAVIOUR AT INFINITY 
OF A REAL AND CONTINUOUS SOLUTION OF AN ALGE- 
BRAIC DIFFERENTIAL EQUATION OF THE FIRST ORDER 


By G. H. Harpy. 
[Received August 22nd, 1911. —Read December 8th, 1910.] 


I. 


1. The results obtained in this paper have reference to the algebraic 
differential equation 


(1) fiz, y, y) = XAz"yry = 0, 


where m, n, p are positive integers. I suppose that this equation possesses 
a solution 


(2) y = y (x), 


which is real and possesses a continuous derivative for z>2).* The 
problem is to specify as completely as possible the various ways in which 
y may behave as z > œ. 

This problem was first attacked by Borel, in his Mémoire sur les Séries 
Divergentes.* Borel proved that the equation (1) cannot have a solution 
y, such that ra ee 


for values of z surpassing all limit. He proved further that 


(3) fle, ys y's a o 
cannot have a solution y such that 
y > ez (r) 


for values of x surpassing all limit ;; and there is no doubt of the truth of 


* I.e., for all values of x from some value onwards (** Orders of Infinity," Camb. Math. 
Tracts, No. 12, p. 6). We assume the existence of such 4 solution: it is not part of the 
problem to consider conditions for its existence. 

t Annales de U Ecole Normale, t. 16, pp. 26 et seq. 

+ The proof is not complete, but its general lincs are clearly indicated. 
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the corresponding general theorem, though, so far as I am aware, no strict 
proof has ever been given. 


Borel also devoted a section of his memoir to the subject of oscillating 
solutions, but without obtaining any very definite results. 


2. In a short memoir published in 1899, Lindelof* returned to the 
questions raised by Borel, and proved the following much more precise 
result : 


If the equation (1) ts of degree m in x, then there is a constant C, 
such that 


mel 


(4) y «e 
for x > w, 
Further, he proved that! either 
(5) Iy| « e.t 
or 
(6) e’ <y) <et (p>0), 
for z > To- 


The solutions of the first class may oscillate, but those of the second 
are ultimately monotonic, together with all their derivatives. 


8. The subject of the increase (croissance) of solutions of the equa- 
tion (1) has also been considered by Boutroux.$ 
Boutroux confines himself to the equation 


(7) y' = P(z, y)/Q(z, y), 


where P and Q are polynomials ; but he considers the whole subject from 
the point of view of the theory of functions of a complex variable. The 
distinction between the two classes of solutions (5) and (6) of course 
appears again, in a more precise form—there are solutions whose increase 
is less than that of some power of | z|, and solutions which, in certain 
angles, behave like exponentials. 


* Bulletin de la Société Mathématique de France, t. 17, p. 205 

T Some of these results are contained in an additional note which is in part due to Borel. 

t The notation is that explained in my tract cited above and my paper ‘‘ Properties of 
Logarithmico-Exponential Functions,” Proc. London Math. Soc., Ser. 2, Vol. 10, p. 54. 

S Leçons sur les fonctions définies par les équations différentielles du premier ordre, Paris, 
Gauthicr-Villars, 1908. 
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4. In this paper I consider first the equation (7); but, like Borel and 
Lindelof, I consider it exclusively from the point of view of the real 
variable. I am thus able to obtain results very much more precise than 
those stated in the preceding sections. I show that all solutions of (7) 
are ultimately monotonic, and specify their possible modes of increase by 
simple asymptotic formule. I also show that substantially the same re- 
sults hold for the equation 


(8) y" = P(z, y Qs, y), 


where m is odd. 

I then return to the general equation (1). I find asymptotic formule, 
more precise than Lindelof's, for the solutions which behave at infinity 
like exponentials, and I prove that any oscillating solution is ultimately 
less in absolute value than a power of z—in symbols, 


y = O0). 


In particular I show that, in the case of the equation (8), with m even, 
every oscillating solution remains finite, t.e., 


y = 0 (1). 


Finally, I discuss certain particular types of oscillating solutions. 

Much of the argument is capable of extension, and results stil more 
aceurate may be obtained without the intervention of any fresh difficulty of 
principle. But, after a certain point, the work becomes too tedious to be 
justified by the interest of the results. 

It would, however, be exceedingly interesting to see how far the 
methods used in the paper will go in proving the analogous results 
immediately suggested for equations of order higher than the first. Here 
I do not go beyond the first order, but I hope to return to the subject at 
a later opportunity. 


II. 


5. Let us consider the equation 


(7) y' = P(r, y)/Q (z, y). 
I shall prove first that it is impossible that y' should vanish for a 
geries of values of z whose limit is infinity, except of course in the trivial 
case in which (7) has a solution y — const. Inother words, every solution 
ts ultimately monotonic. 

Suppose the contrary. Then the curves y = y (z), P = O intersect at 
points corresponding to an infinity of values of z surpassing all limit. 
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But P = O consists of a finite number of branches, and so y = y(r) must 
intersect at least one of these infinitely often. 
Now the branches of P = 0, which extend to infinity in the direction 
of the axis of z consist of (i) a finite number of straight lines 
| y —6 (Yə, 
(11) a finite number of branches 
y = dx) (ôi), 


along which y ultimately increases or decreases steadily. 

In the first place, y = y (x) cannot cut any 6, in an infinity of points. 
Suppose, for example, that y ultimately increases along ô, and let P, Q be 
two successive points of intersection. Then y = y(x) crosses 0, at P and 
Q, in each case from above to below (Fig. 1), and a glance at the figure is 


= Z 


Fia. 1. 


enough to show that this is impossible.* 


We have now to consider the possible intersections of y = y (x) and ys. 
These fall under the four types represented in Fig. 2. 


> DW. dd 
| (2) (6) (c) 


Fig. 2. 


(d) 


Of these we can at once rule out (a) and (c), since at such points y' 
would change its sign, and P would not. For a similar reason we can 
rule out (b) and (d), unless the factor y—c, occurs an even number of times 
in P. If this is so, and an intersection of (e.g.) type (b) occurs, it can 


* We can suppose z large enough to ensure that P and Q cannot vanish simultaneously. 
Then it is easy to see that y is regular for a value of z which makes P = 0, and hence that 
there cannot be an infinity of intersections for values of x in the neighbourhood of any finite 
value. Hence there must be successive intersections. We need not elaborate this kind of 
point in future. 
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occur once only, 80 far as y, is concerned ; for when y has once passed 
above y, it can plainly only come back to y, after an intersection of type 
(a) with some other y,. 

Hence y is ultimately monotonic. 


6. We can go further and say that every derivative y? is ultimately 
monotonic. For, by differentiation and substitution, we find 


y? = P, (z, y)/Qr(z, y), 


where P,, Q, are polynomials, and in fact Q, = Q?'*!. Our assertion will 
therefore follow as a corollary from the following general theorem :— 


THEOREM.—Any rational function 
H(z, y) = K(z, y)|L (z, y) 


is ultimately monotonic along the curve y = y(z)—unless L —0 wa 
solution of the equation (T). 
This theorem I shall now proceed to prove. 


7. We have 
dH _ 0H oH _ E: 
e: ion oe i 


where U and W are polynomials, and d/dz implies differentiation along 
the curve (2). If dH/dz is not ultimately of constant sign on the curve 
(2), it must vanish or become infinite infinitely often on (2). In the first | 
case (2) must have an infinity of intersections with at least one of the 
finite number of branches of 


(9) U = Q0. 


Now this branch may, for sufficiently large values of z, be represented 
in the form 


(9) y = Aor” + Az" 4 ..., 


a convergent series of (not generally integral) descending powers of z. 
If ó/óx refers to differentiation along (9), 


(10) Y Asayz I +4, zt Iss 
Again, along (9), R(z, y) is an algebraic function of z, which may, for 
sufficiently large values of z, be expressed in the form 


(11) R = Bysh-4 Bash 4 ..., 
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another series of descending powers. And, unless the series (10), (11) are 
identical, we shall have, at all points of (9) from some definite point on- 
wards, sy Sy 

“>R or 7 <MR. 

Ox Ox 
From this it follows that, at the points of intersection, (2) always crosses 
(9) from one and the same side to the other and the same side; which is 
plainly impossible, 

On the other hand, if the series (10) and (11) are identical, we have 


ôy — 
Ox B, 


and U — O is a solution of (7). In other words, H is constant along (2). 
There remains only the possibility that 


aH _ (p dK _ pAb) [ra 
= (LG x efr 


should become infinite infinitely often, as we describe (2). This cannot 
be true owing to K or L or 


iK _ OK | OK dy 
dz ox oy dx 


or dL/dx becoming infinite, and so can only occur if L vanishes infinitely 
often. But then we can show as above that L = 0 is a solution of the 
equation (7). 
Thus the proof of the theorem is completed. 
CoROLLARY.—Any rational function 
H(z, y, y) 


is ultimately monotonic, unless its denominator vanishes identically in 
virtue of (7). 


The same is true of H(z,y,y,y', ...). 


8. We can obtain much more accurate information concerning the 
increase of the solutions of 


(7) Qy' — P. 
The ratio of any two terms is of one of the forms 


A zy”, A zy ; 


* 
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and is consequently ultimately monotonic, and so, between any two terms 
Xi, Xj, there subsists one of the relations 


Xi> Xj, X EX, XXX. 


It follows that there must be one pair of terms at any rate such that 


X, X X, 
If these two terms come from the same side of (7), we obtain at once 
(19) y~ Az’, 


where s is rational. If they come from opposite sides, we obtain a rela- 
tion of the form 


(18) y"y' ~ Az". 


Here four cases present themselves. If m=E—1, nÆ— 1, we obtain a 
relation of the type (12). If m 45 —1, n = — 1, we obtain a relation 


(14) y ~ A (log z)'”, 

where p is an integer. If m — — 1, nÆ — 1, we obtain a relation 
log y ~ Ar, 

(15) y= c^? 0*9. 


Here p may be supposed a positive integer, as if p is negative y ~ 1.* 
Finally, if m = —1, n = —1, we obtain 
log y ~ A log x, 


(16) TE 


9. The relations (15), (16) are less precise than (12) and (14). We 
shall now proceed to examine them more closely. 
Let us consider first the exponential solutions (15). We have 
y = Dukes 
Qv +Oy +... 
where P, ..., Qo ... are polynomials in z. It is clear that s = r—1, 
and that, for sufficiently large values of z, we have 


y = Ry+R,+0O (x75), 
y'ly = Ry+0 (z^5), 


* p is clearly at most equal to r & 1, where is the degree of (1) in z—this, of course, 
agrees with Lindelóf's result quoted in $2. 
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where R R, are rational functions of x. Hence 
yly =12+ +0 (1), 


where Il is a polynomial and A a constant (not necessarily rational). 
Henee, integrating, we deduce 


(17) y ~ Axel) * 


It is clear that this form includes the form (12). 


10. We have now to consider the last case of § 8, which is rather more 
difficult. "There are two terms 


(18) Az'yy', arti ytt 


of equal order:t obviously we may suppose that no other term is of 
greater order. We may go further, and suppose that no other term is of 
equal order, since the contrary assumption leads at once to a relation 
of the type (12). We have also 


y= att, A=uf. 
If follows from the theorem of $$ 6, 7 that, if X, is any third term in the 
differential equation, the quotient 

(Axty*y' —uz*71y'*yy| Xi 


tends to a limit as z > œ. In other words, the difference of the two 
principal terms is definitely of order greater than, equal to, or less than 
that of any third term. We can now distinguish two possibilities. 


(a) There ts a third term whose order ts equal to that of the difference 
of the principal terms. 
In this case we have a relation of one of the forms 


(19) Natty — uat yi! ~ Mary, 
(20) Az'y'y'—yuzt' yt ~ Mayy'. 
First, suppose (19) holds. Putting 

y = ztu = "^u, 


* Not, of course, with the same A: cf. Proc. London Math. Soc., Ser. 2, Vol. 10, p. 54. 
t We say, of course, that X; is of order greater than, equal to, or less than that of Xj, 
according as X > X;, X: = X, or Xi < X. 


| a a n 
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and substituting, we obtain 
utu Bai Nz7-5*6-:i-04. 

But, as u = z', this is only possible if 

a—s+-(r—£—1)4 =—l, 
which shows that A is rational, its denominator being r—t—1. Also, 
integrating, 
Thus 
(21) y ~ A (x? log x)", 


where p and q are integers. 


uwt ~ N log a. 


Next, suppose (20) holds. Making the same substitution, we obtain 
[Agt* Ay — Mg7*(0*04 u' | w ~ MAz?*-1*6*5 Ayt, 

But z^ > zy”, rtu t > g9*74q* 
and SO « 1-114! xS "REV 
and the argument may now be completed as before. 

(b) There is no third term whose order is equal to that of the difer- 
ence of the principal terms. 

Let us denote the principal terms by X;, 5. Then there must be at 
least one term X,, such that 

Xa > X,—-X,; 
and therefore another term X,, such that 
Xo had X; : 
and we may suppose, as in the case of Xj, X;, that these terms come from 
opposite sides of the equation. We may also suppose that X, X, are of 
higher order than any other terms other than X,, X,. Further, we may 
suppose them to be of the form 
Agz' y^ y', fg vt) y'at) * 

where Mold = uj = A 

Putting y = z*u, we obtain 

X,—X, — git nA uty’, X, — X, = q%*(62+1)4 zła au! 


* If they were not thus related, the increase of y could be determined at once as in 868, 9 
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from which it at once follows that 

X —X XX. 
But in this case there must be a fifth term X, whose order is greater 
than that of X, — X,, and a sixth term X,, such that 


Xs ic X 
and we can prove that 


X, > X> Xs XX > X% X, > XXe 


And as this argument may be repeated indefinitely, and the number of 
terms is finite, we must find sooner or later that the supposition (b) leads 
either to the conclusion we desire or to a contradiction. 


11. We have thus proved the following theorem :— 


Any solution y* of the equation 


dy _ P(z, y) 
dz (z, y) 


is ultimately monotonic, together with all its derivatives, and satisfies 
one or other of the relations 


y ~ Ar*e"O, — y — A (z?log z)! *, 
where II(z) is a polynomial, and p, q are integers. 


These rates of increase are naturally included among the standard 
asymptotic forms for logarithmico-exponential functions of order 1,! of 
whieh they are quite special cases. 


12. It is natural to attempt to extend our results to the more general 
equation 


(8) y = P(z, y/Q(z, y). 


————— À ————M —À ee W — 


* We are, of course, confining ourselves to continuous solutions: see $1. 
Examples.—The solution of z?y' = (x+1)* y is 
l y = Azier- 2) ~ Ager; 
the solution of 2z (x +1) yy’ = zy? + (z +1): is 
y = y $ (z+ 1)(log z+ 4)} ~ y (zlog z). 
T Proc. London Math. Soc., Ser. 2, Vol. 10, p. 76. 
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If m ts odd this offers no new difficulties : all our arguments apply, with 
appropriate modification of detail.* 
But if m is even our results are obviously no longer true. Thus 
y"? — 1—; 
possesses the oscillating solution 
y = sin z. 


I shall now proceed to consider the general equation (1), and the particular 
equation (8), with m even, with the especial idea of discovering to what 
limitations the existence of oscillating solutions is subject. 


III. 


18. I return now to the general equation (1). We can distinguish 
various possibilities. 


(a) It may be possible to find a positive p such that 
(22) ye, 


for an infinity of values of z surpassing all limit. In this case Lindelöf 
has shown that this inequality holds for all sufficiently large values of z, 
and that y and all its derivatives are ultimately monotonic.t 

In this case any rational function 


H(z, y, y) 
is ultimately monotonic. For, if we eliminate y' between 


H = H (z, y, y), fay, y') =9, 


* The standard forms of increase are 
= Age gBxP ^ + Catil, y ~ A (xls), y ~ A (lae, 
In the first of these x° can occur only if p/u is integral. The form 
y ~ À (xPlz)?, 

can only occur if u = 1 or p=0. 

+ Lindelöf (l.c.) shows that if y = y (x) cuts y = e* at points whose abscisse surpass all 
limit, we can find values of z surpassing all limit for which 

y -priy ye. 

Substituting in (1), we obtain filz, 27!, y) =0, 


where f, is a polynomial; and it is impossible that f, should vanish for an infinity of pairs of 


values p 
(ti 7i), ni > eb ! 


unless it vanishes identically. 
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we obtain an algebraic relation 
F(z, y, H) 20; 


dH _ 


dx 0 


and so the points at which 


lie on an algebraic curve, which plainly contradicts (29). 
We can now argue as in $ 8. The equation (1) must contain two terms 
of equal order, and so we deduce 
Az ny y'P ~ Aga™y™y'?2, 
yty ~ Az”. 
Here m and v are rational, and u must plainly be —1. Hence 
(23) yep e) 
It is clear that s can be at most greater by unity than the degree of (1) 
in z.* 
(6) It may be possible to find a number K such that 
y = O(z*). 


14. It is obvious that (a) and (b) do not exhaust the a priori possi- 
bilities. It is our object now to prove that no other case is really 
possible. 

If we are not in Case (b), it is possible, however large be A, to find 
values of z such that à 

y>u. 


We can therefore choose an increasing sequence (A,), whose limit is 
infinity, and a corresponding sequence (z,), such that 


y(x)2 zr" (z=2). 
We shall now construct a curve 


(24) y= z — erG@logz — $$ (2) 


passing through the points (z,, z,') and satisfying certain conditions. 

In the first place, we can suppose A'(z), and a fortiori $'(r), positive 
and continuous. And we may suppose $ < xê, and a fortiori A < x’, 
since otherwise we should find ourselves again in Case (a). 
ee ee Sn BF ee ee ee 


* We can treat similarly the case in which y is ultimately negative. 
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R 
Further, since we are at liberty to suppose the increase of the 


sequence (A,) as slow as we like, we may suppose that 


zi7* A'(z) >0 
for any positive ó.* 


Now | $' (x) = A'(z) log z+ € 
Hence 
(25) zó'— o, ag >0. 
15. We have 
(26) y (z) > e? 9, 


for an infinity of values of z surpassing all limit. We shall now show, 
by a modification of Lindelof's argument, that this inequality must hold 
for all sufficiently large values of z. 


Fra. 3. 


If this is not so the curves (2) and (24) must intersect in an infinity of 
points such as P, Q, R.t 
At P (Fig. 8), we have 


y=, y de -dWqy 
and at Q we have y=e, yxd$'e- y. 
As y'—¢’y is continuous, there must be a point between P and Q where 


y = py, ye. 


* A supposition equivalent, in ordinary cases, to A (x) X z'. 


t The argument is not affected 1f some of these points are points of contact. 
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and so there must be values of x surpassing all limit for which these 
relations hold. For these values of z, 


Ja, y, $y) = ZAz"y"*?g!? = 0. 
All the terms in this equation (except those for which n — 0, p = 0) are 


large compared with any power of z,* and it is clear that, for any value of 
z for which the equation holds, there must be two terms such that 


Ha" y^t g'? < LYP dr < Kar™y"*? $”, 


where H and K are numbers depending only on the form of the equation. 


Further, it is clear that n+p = n'+p', 


and so we have H,<z" "97"? < Ki, 


say. But this plainly contradicts the relations (25), unless m = m’, 
p = p', which is impossible. 


16. The inequality (26) therefore holds for all sufficiently large values 
of z. But we can now prove, as in $18, that any rational function 
H(z, y, y) is ultimately monotonic, and thus arrive at the equation (28). 
We have thus proved the following theorem :+— 


If y ts any solution of the equation 


f(z, y, y) — 0, 
we have either y = O (zô) 
or y = eft 0*9 


where s is rational. All solutions of the latter class are monotonic, to- 
gether with all ther derivatives. 


IV. 
17. I shall now resume the consideration of the special equation 
(8) y" = P/Q, 


where u is even—if u is odd, we have already seen that there can be no 
oscillating solutions. 


—————————o———————————————————— ME — M — —— M M — — — M —— ae I — — 


* Since y 2 a^ and A(x) —^ œ. 


T It is hardly necessary to point out again that we are considering only continuous 
solutions. 
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We have seen that any oscillating solution of the general equation (1)* 
must satisfy gus (65. 


When the equation has the special form (8) we can go much further, and 
assert that any oscillating solution satisfies 


y = 0(1), 
t.e., oscillates finitely. 

In fact if, as in § 5, we denote by ys, 6, the branches of P = 0 which 
stretch to infinity in the direction of the axis of z, we can still show, by 
the argument used there, that y = y(x) cannot cut any 6, infinitely often. 
It follows that y cannot (for sufficiently large values of z) increase beyond 
the greatest of the numbers c,. For if it did so it would necessarily con- 
tinue to increase until y = y(x) met one of the branches ôs Hence y 
can oscillate at most finitely. 

We can go further, and assert thai, along any branch which does not 
remain finite, H (x, y), any rational function of z and y—and so also any 
H (z, y, y)—is ultimately monotonic. For 


dz = dz PR cy 
Let S= (28) —n 5 


and suppose, if possible, that y = y(x) meets a branch of S = 0 infinitely 
often. 
Along such a branch we have, as in $ 7, 


y = Age™*+A,z"+..., 
‘96 ôy = A sao — | a, -1 + 
\ ) p. o do" + Ajay I +... . 
Also, along this branch R = BqzPJ- BizP 4 ..., 


(27) os = R'* = + (Qa 4 C m4...), 
as R'^ has two real values, equal and opposite. 
We can now prove without difliculty that the assumption of an infinity 


of intersections leads to a contradiction. Let P, Q, R, ... be successive 


* Such as y = zsinz, which is a solution of 
(xy'— y) = x? (13—y?). 
t As in $7, 8y/8z refers to S = 0, and dy/dz to y = y (x). 
SER. 2. voL. 10. wo. 1127. 2 H 
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intersections. These must correspond alternately to the two signs in (27). 
For, if, e.g., P and Q corresponded to the same sign, y = y(x) would cross 
S = 0 in the same sense at P and Q (Fig. 4a), which is manifestly im- 
possible. On the contrary hypothesis (Fig. 45) it is clear that we could 
find a system of values z,, tending to infinity, and such that 


ylz) >, y'(z,) =0; 


Fro. 4a. Fio. 45. 


and this possibility has already been excluded. Thus it has been shown 
that, unless y remains finite, H(z, y), H(z, y, y, ... are ultimately 
monotonic. 

We can now show, as in $$ 8, 18, that any solution of (8), which does 
not remain finite, is determined asymptotically by one or other of the 
formule 


obtained 1n §§ 11, 12. 


y= esr ee LL. 


18. I shall conclude this paper by considering a few cases in which it 
is possible to obtain more precise information concerning the oscillating 
solutions. 

First, let us suppose, in the equation (8), that P has no factors 

(y — c)“, 
in which k, is even. Then y = y(£) cannot cross a line y = c,, since 
this would involve a change of sign on the part of P. Thus y remains 
continually between two adjacent lines y = c, attaining in succession 
maxima on the upper line and minima on the lower. In Borel's 
terminology, the oscillation of y is of a simple and regular sinusoidal 
type. 

Suppose, in particular, that u = 2. Then it can be proved that, if y 
attains the value c,, y —c, can occur in P as a simple factor only. For, if 
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y — c, for z — £, we have, near z — £, 
y—6c, = A(x—E)P+..., 
y? = B(r—£yr?-4..., 
and 2p—2 = pk, which is only possible if p = 2, k, = 1.* 
We may suppose, without loss of generality, that the lines between 
which y oscillates are y—1 = 0 and y+1=0. We have then 
y^ = (1—y) SG, y), 
where S> (0. Further, 
_ Poz" + Pt... 
Qui +Q, 27 +... 
where P, Pi, ..., Qo ... are polynomials in y. Suppose, to avoid com- 
plications of detail, that P, > 0, Qo >0 for —1Xy<l.t Then 
S — Ryc" "+0 (pce 
where R, is a rational function of y. Putting y = sin 0, we obtain 


0? = R, (sin 0) z*"-? (14- e), 


S 


or | Z5 ~ Ax’, 
say. This involves a relation of the type 
0 ~ Bz'.t 
Thus y behaves, to put it roughly, like 
sin (Bz').$ 


19. When u > 2, we can, of course, obtain more complicated types of 
oscillating solutions. 


* Consider, for example, the equation 
y* = (1-y z. 
We find as the general solution y = + tanh (223 4 C), 
and y never attains the values +1, This is an example of a finite non-oscillating solution. 


T Po/Q, cannot change its sign, but P, or Q, might vanish, when we should have to take 
account of the other terms. 


i If 0 = 2yr * $, where 0 < p < 2r, 


$ A simple example of such a solution is provided by the trochoidal curve 
z" =@—acosé, y= sin} (|a| <1), 


2m2m-2 (1 _-42 
which satisfies the equation y? = mz (1—y*) 


(1+ ay)? 


2412 
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It is easily verified that y = sin? z 
satisfies y+ 271 y*y'* +248 yty? = 129y* (1— y?). 
This suggests that the equation 
y" = Ayt 0—y) 


has an oscillating solution of the type shown in Fig. 5, and it is easy to 


1 


-1 
Fic. 5. 


verify that this is the case. If we take the more general equation 
y" = Ay*(1—y*)’, (a,b 2 0), 
we find, as the conditions for the existence of continuous oscillating solu- 


WU acp bae, 2 2p 125 r 
u "n "m  2q+1' u  2s+1' 


where p, q, r, s are integers. These cannot be satisfied if u is odd (as is 
of course to be expected). For even values of u we find, as possible cases, 
u=92 a=0,b=l; u=6,a=00or 4, b=1, 8, or 5; and so on. 
The case mentioned above corresponds to u = 6, a=4,b=1L. 


[It is only since writing this paper that I have become acquainted with an important 
series of memoirs by Kneser and Horn, which deal with a variety of questions concerning the 
asymptotic behaviour of functions defined by differential equations. These memoirs are for 
the most part developments of the work of Poincaré on linear differential equations. The 
point of view adopted is very different from that of Borel and Lindelöf, and so far as I know 
none of the preceding results are contained in any of them. But the bibliographical indica- 
tions of $$ 1-4 would be incomplete if I did not refer to them, and I accordingly add the 
following references, without professing that the list is complete :— 

A. Kneser.— Math. Annalen, 42, p. 409.  Crelle's Journal, 116, p. 178 ; 117, p. 72; 120, p. 267. 

J. Horn.— Math. Annalen, 49, p. 453; 50, p. 525; 51, p. 346 and p. 360; 52, p. 271 and 
p. 340. Crelle's Journal, 116, p. 265; 117, p. 104 and p. 254; 118, p. 257; 119, 
p. 196 and p. 267 ; 120, p. 1. 
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SUMMATION OF THE COEFFICIENTS OF SOME TERMINATING 
HYPERGEOMETRIC SERIES 


By W. F. SHEPPARD. 
[Received November 3rd, 1910.—Read November 10th, 1910.—Revised June 28th, 1911.] 


1. We adopt the notation* 
al! = a(a+1)... (a--r— 1), a? = a(a—1) ... (a—r+ 1, 
afr] = a"]/r!, ar = art, 
so that 
al = (a+r— 1)”, a(? = (a—r+-1)"] 
(—a)"] = (—y a? = (—)(a—r+1)"], 
(—a) = (~Va = (—Y(a4-r—1)9 
aU **) = gl} (a+r), aft) = gQ)\(q—r) 
alal  (a-]- s) 775, a(P[a(? = (a—s)"-, 
(a+r)]/a = (a+ s)" al”, (a—r)9|a(? = (a — 8) a” 


Also we write 


a(a+-1 1 
F (a, B ; p, 0; z) = 14 6 ap CE SGD Wl zi... 


a.B. a(a+1).88+1).y(y+ 1). 
F {a, B, y; p, 0, p32} 2145524 PeFD.06+1). P+D” did 


and we denote the sum of the first r+-1 terms of the series "T by 
Iob. 
The general term of the generalised series, taking z = 1, is 
„ — all gU) yE) ... (m factorials) 
yr = [10] p! ... (m factorials) 
The properties of any particular series depend to a considerable extent 
on the value of 


D = {p+O0+¢+4+...}—{atBt+y+t...}. 


* Cf. Mathematical Gazette, Vol. 1v, p. 328-330. 
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The value of D ean usually be more conveniently obtained from the 
general term, written in the form 
= [... (a4-r— D][... B+r—1)][... y+r—1)]... 
[... (p--r—1)]L... 6-— D] [... (94-r—1) ]... ' 
where [... (a-+7—1)] denotes an ascending factorial ending with a+r—1; 
for the addition of factors at the beginning of one of the factorials in each 
term does not alter the mutual ratios of the terms, but only multiplies or 
divides the series as a whole by these factors. We have then 
= |(ptr—1)+(6+r—1) +(6+r—1)+...| 
— | (a+r—1)+8+r—1)+(y+r—1)+...|. 

We are only concerned with the cases in which a = — n, where n isa 
positive integer, so that the series terminates with the (n+1)th term; it 
being assumed that the denominator is not zero in any of the first n 4-1 
terms. 

If, in addition, p = 1, so that pU! = r!, then F la, 8; p, 0; x} becomes 


1 
F|—n,8; 1,0; r} —1—n 5 E deo 


and the sum of the coefficients in the complete series of n-]-1 terms is 
Fy {—, B; 1,0; 1} = X (— no 8/00 ; 
r=0 


and similarly 


3 


3 
l! 
iMi 


F,{—n, B, y; 1, 0, $; 1} = (—y Hy {Bry} / {alight}, 


x 
I 


F, | —n, B, y; 9; 1,0, ó,v; 1| = (=) (gt y 1601) / (9001 QUU). 


r 


For this class of cases we have 


D—2 = {0+¢+W+...} — |B+y+0+...) +n—1. 


Four-Factorial Serves. 
2. For the ordinary series we know that 
F,|—n, 8; 1,6; 1} = (0—80. (2) 
We can prove this in either of two ways. 


(i) The simplest method, for this particular class of cases, is by induc- 
tion for n = 1, 2, 8, .... Suppose that (2) is true for a particular value 
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of n. Then 
F,41—n—1, 8; 1, 0; 1} 


r=n+1 
2 (—Y (n+ 1 8:3/0U01 


r= 


=14+ E (— [node] B10 gn 


Y (=) n 87/001 — (8/0) E (—y Hq) (B+ 1)2/(04- 1) [r] 


= (6— 68) 0300 — (8/6) (0 — 8) 3 (01-1) 
= |(6+n) —8) (6—80"/6**" 
— (0— 8) *W /6l"+11 : 
But F,{—1, 8; 1,0; 11 = 1—8/0 = (0—8)/0; 


hence the induction holds. 


(ii) An alternative method has been given by M. J. M. Hill.* He 
shows by induction for s = 1, 2, 8, ..., that 


F,|a, 8; 1,8; 1] ZEE p, (a+1, 8+1; 1,04-1; 1} 


— ot) (8-- 009. 
=< 16 eJ , (3) 


and therefore, putting a = —n, s = n, 


F,{—n, B; 1,0; 1} = S ET" 1 p, (0, 841; 1,0+1; 1). (4) 


Replacing n by n—1, n—2, ..., 1, and aggregating the results, we 
obtain (2). 
For the case of D = 2, so that 0—4—/9—1 = 0, (3) gives 


F, ia, B; 1, 0; 1} = {Q+ B+} /{s! 0}. 


9. It follows from (2) that F, {—n, 8; 1, 0; 1} is zero if any one of 
the factors of (0 —/8) is zero. Suppose, therefore, that 
0—8-4-r = 0, 


giving D—2 = (n—1)—r, 


* Proc. London Math. Soc., Ser. 2, Vol. 5, p. 335. 
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where r has any of the values O, 1, 2, ..., n —1. Then 


0 =F,|—n,0+r; 1,0; 1} = T (—)* nq (0+0 
s=0 


= = (— ma, (0-1 5)1/007, 
by (1); and therefore 
z (—Y no (04-1 = 0. (5) 


But, if f.(0) is any polynomial of degree r in 0, we can express f.(0) in the 
90m f. (0) = a,671+-a,_,8%7+-...-a,0--a,; 


and therefore, replacing r in (5) by r—1, r— 2, ..., O, it follows that 
E (—*nof-9-—0 (r—0,1,2,.,2—1. (6) 


This is only another way of stating the more familiar theorem that 


s=n 


(—) ngs = (r = 0, 1, 2, ..., n—1). (7) 


4. Now let us see whether we can sum the more general four- 
factorial series 


l [s] gE] 
F la, 8; p,0; 11] = L4 E ++ 56m +..., 


for the case of a = —n. Adapting Hill's method, quoted above, let us 
write 
f(s) = Fila, B; P» 0; 1j 


— (ptpa+p'B+9(6+pB+p a+q 
(+p tgetopt Peper) p la+1,B+1; p+1, 03-1; 1), 


where p, p’, and q are constants whose values are to be chosen. Then 
pO. f (1) = p0-- aB — (p-- pa-- p'B- 9) (6 4- pB -- p'a - q). 


Replacing p by D--a-4-8—0, we find that, in order that f(1) may contain 
a+1 and 8+1 as factors, we must have 


pp q-——1, D=2, 
and either p=0 o p——1; 
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but the two cases are really identical, since D = 2 gives 
p—a—B—1=—(0—1), 8—a—8—1=—(p—1). 


Taking p = 0, we can show by induction that, for this value of D, 


F, |a, B; p, 0; 1} 05, {a+1, B+1; p+1, 0+1; 1} 


[s] Ls] 
= eg (p--Ó = a--B--2) (8) 
This is true whatever the value of a may be. Writing a=—n, s=n, 


and replacing 8 by p+0—a—2, we obtain 
F, | —», p--0--n—2; p, 0; 1} 


bmp zd | —n-F1, p--0--n—1; p+1, 0+1; 1]. (9) 


Replacing n by n—1, n—2, ..., 1, and aggregating the results, we have, 
finally, 


— 15] (9 — pU 
F,{—n, ptó+n—2; p, 0; 1} = r: = : 


(p—1)(0— 1) 


= ptn- DOF- —*9 


Siz-Factorial Series. 
5. Next consider the six-factorial series 


| a, oa s Bey 4 alat1). BB+D.yty+1) 
Mia Boys 69:1 =1t7 64 T 2106+D.gg+) * 


of which the series considered in § 4 is a particular case. It will be 
found, as in § 4, that Hill's method can be applied if D = 2, t.e., if 


y = 0+$—a—8—1. 


uS | 


We have 
1+ a8(0--$—a—8—1) | (@—a—B—1)(¢—a—B—1) 
| 09 09 


= (a+1)(8+1)(6+¢—a—B8—1) . 
0% : 
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and thence, by induction for s — 1, 2, 8, ..., we can show that 
F, (a, 8, 0--$—a—8—1; 1,0, $; 1] — ———— 
X F,-1 {a+1, 84-1, 0--$—a—8—1; 1, 04-1, +1; 1} 
_ (a4- 09 (8+1)* (0--$ —a—8— 1)? (11) 
s! 9.5 gl 
This is true whatever the value of a may be. Putting a = —», s=n, 


we obtain 
F,{—n, 8, 0--$9—8--n—1; 1,0, $; 1} 
_6-8+n—1 g—B8+n-1 
6 $ 
X F,-1{—n+1, 84-1, 6+¢—B+n—1; 1, 0+1, 94-1; 1]. (12) 
Replacing n by n—1, n—2, ..., 1, and aggregating the results, we have 


Fa i —n, B, 6+¢—B+n—1; 1, 0, $; 1j 


— (6—B+n—1)™ (g—Btn—1)"  (0—8)0($9—8Y" ^ ag 
zz rey mo x go gl „ 09 
We ought also to have, by symmetry, 


— y (6 — n 
F,{—n, 8, 0+¢—B+n—1; 1,0, 6; ike gr ded ^, 


where y = 0+¢—8+7—1. This is easily verified; for 
0—y =—($—8+n—1), $—y=—(0—8+n—1), 
(6—y)'") = (—)* (6—8+n—1)* = (—)" ($—8™, 
(9 — y)" = (—)* (86—8+n—1)% = (—)* (9—8)". 


(13a) 


6. By putting 8 — 1 in (18), we obtain (10). The following are two 
other special cases. 


(i) Let $ — 0. Then 


— Ry ) 2 
F,{—n, B, 20—B+n—1; 1, 0, 0; 1j = (eo | 


= [F,{—n, 8; 1,6; 1)]3. (14) 


(ii) Let one of the two numbers 8 and y in the numerator of the 
second term be equal to the difference of the two 0 and ¢ in the 
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denominator; e.g., let 0+¢—68+n—1 = $—0, so that 8 = 20--n—1. 
Then 


F, | —n, 20--n—1, $6—0; 1,0, 6; 1} 


= ELE | —^4-1, 20--n, $—0; 1, 0--1, 64-1; 1} 


(20— 9)" 


gal (15) 


7. Having obtained an expression for the sum of the coefficients in the 
six-factorial series for the case of D = 2, we can obtain an expression for 
their sum in the case where D is any positive integer greater than 2. 
For, if D = 2+-k, where k isa positive integer, and if y, is the (s—1)th 
term of the series (for z = 1), we can replace y, by y, V (s), where ¥(s) is 
the sum of k+1 terms, each consisting of k factors so chosen as to 
extend the factorials in the numerator of y, or reduce the factorials in the 
denominator, the coefficients of the terms being chosen so as to make 
Y (s) = 1; and we shall thus replace the series by the sum of k+-1 series, 
for each of which D= 2. This can usually be done in several different 
ways; but there will be three typical forms, obtained by altering (i) two 
factorials in the numerator, (ii) two factorials in the denominator, and 
(iii) one factorial in the numerator and one in the denominator, 
respectively. 

Suppose, for instance, that D — 8. Then we can use any one of the 


three relations 1 = ((8--9—(y--9]/(8—3) 
= |(6+s—1)— (g+s— 1) 1/(6— 9) 
= ((8--9—(9--s—0]/8—94-2. 


If we use the first, we obtain 


gu "I z 8 (84- 1) [4] y Y pu (y+ 1) £1 
gle] gl E B-y gis] pi! 8—y gle) pis! , 


this gives the general formula 
(8— y) F, ia, B, y ; 1, 0, $; 1! 
= BF, ia, B4- 1, y; l, 0, $; 1} —yF, 1a, B, y+1; 1,0, 9; 1}; 
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and thenee it will be found that 
F,|—n, B, 0+¢—B+n—2; 1,06, 6; 1j 


_ (6— 8)! (o — gy" [14 nB | 
Or gt) (0—8--n—1)($—8--n— 1) | 


L (16) 


Similarly for D = 4 it may be shown that 
F, {—n, B, 6+¢—B+n—8; 1, 0, $; 1} 
_ (0—8)"1($— 8) | 14 Oo ë Om 
0g | (0—B+n—1)(p—B+n—1) 


booa e tei «ih 
(0— 8-4-n—1)(0—8--n—2)($—8-4-n—1)($—8--n—2) 


8. These last results suggest that the formula for the case of D = 2+k, 
where k is a positive integer, is 


F, | ^n, B, 0-+¢—B-+n—k—-1; 1, 6, $; 1} 


=f 8 aa F,| —n, B, —k; 1, —0--8—n4-1, —p+8—n+1;1}. 


This, however, is only a particular case of a more general formula ; for we 
can replace F, {...} on the right-hand side by F, {...}, and we then have 
a formula which, if it is true for all positive integral values of k, must be 
true universally. Replacing 06+¢—8+n—k—1 by y, the formula 
becomes 
0g F, {—n, B, y; 1, 0, $; 1} 
= (0—8)"($— 8)" F, | —n, B, Bty—6—9—n+1; 
1, —8+8—n+1, —¢+8—n+1; 1} (18) 

= (—04-8—n-rF1)*!(—94-8—n--1)! F, | —n, B, B+y—9—g—nt+1; 

1, —8+8—n+1, —¢+8—n+1; 1} (18a) 


= ing p. {—n, B, y'; 1,0, 9' ; 1], | (180) 
where y'— 84-y—0—4—n-F1, y — 84y —0'—49'—n-F1 
0 —46+8—n+-1, 8=—4'+B—n+1 . (9 


$ =—0+8—n+1, ¢ = —0'+8—n+1 
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To establish this, let us write 
Pin, B, y, 0, p) = OM 9 F,|—n, 8, y; 1, 9, 6; 1} 
= I (=) no) yf" (0-7) ^7" p+r", 
Vin, B, y, 0, 9) = (0—8) (9 —8)" F, | —n, 8, 8--y—50—$9—n4-1; 
1, —0+8—n+1, —¢+8—n+1; 1} 
=F (Yn (84-y—6—$—n-- 1)" 
x (0— g)^-"! (p— 8) ^77 : 
Ly = Pin, B, y, 0, 9) — Y (n, B, y, 9, 9); 


then we wish to show that, for any assigned values of 8, 0, and ¢, and for 
any assigned (positive integral) value of n, f,(y) is O for all values of y. 
Suppose this is true for values of n up to n—1 inclusive. Then 


Pin, 8, y 4-1, 0, 9) — (n, B, y, 0, 4) 
= = — np? (n—1, B+1, y +1, 0+1, $ 3-1), 


Y (n, 8, y+1, 0, 9) — Y (n, B, y, 0, 9) 
= — n (n—1, B+1, y+1, 0+1, $+1); 
and therefore f (y) = faty t1) = fy T2 =... 
Hence f, (y) is independent of y. Now write 
B+y—8—96—n+1 = 0, 
80 that Y^ reduces to its first term ; then 
y = 6t $—B-n—1, 


and we see from (18) that P and Y are equal, so that f,(y) = 0. Hence 
the step of the induction holds. But f„(y) = 0 for n — 0. Hence the 
theorem is true universally. 

It will be noticed that, if D and D' are the values of D for the two 


Series, D=2-y, D'=2~y, 


so that the formula gives us an approximate value for the sum of the co- 
efficients of a terminating six-factorial series for which D differs only 
slightly from 2. 


9. The method of § 7 can be used to obtain an expression for 


X ya x (S), 
5-0 
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where y,2* is the (s-+1)th term of a terminating series for which 

D = 2-+k, k being a positive integer, and y(s) is a polynomial in s of 

degree not exceeding k; the only difference being that the coefficients of 

the terms constituting V (s) are to be chosen so as to make Y (s) = x (s). 
Suppose, for instance, that we require the sum of the series 


F,{—n, B, y, e: 1,0, $, Y; 1}; 
the constants being subject to the conditions 
c=V+k, (14+6+¢+yW)—(—n+B+yte) = 2, 
where k is a positive integer. This is ostensibly an eight-factorial series; 
but, since YHON = tay yA, 


it is really of the form mentioned above. It will be found that the three 
typical formule are 


F,|—n, B, PA Vk ; 1, 0, $, Y; 1} 
t=k 
= 2 (—Yke(8—ytrk—20 


— 8) 0 (y — ye (a — ., — al (9—y—0'" (20) 
(8—,—1ty**Y yk 0:"- p" 


— ik)" (0—8—k-4- 0 ( —B—t)™ (21) 


t=k gu (0— — ky —)* t) (0 p)y-9 ( —8— tU 2 
= Z ko VH gione aod s 


these being all subject to the condition 


0-F$ = Btytk—n+1. 
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THE SYSTEM OF LINES OF A CUBIC SURFACE 
By G. T. BENNETT. 
[Received October 21st, 1911.—Read November 9th, 1911.] 
1. In a recent paper* the author gave a form of diagram by which the 


intersections, 195 in number, of the 27 lines of a cubic may be summarily 
represented. The diagram, as here repeated, 


fufefef_ NENPNEN 
/v/vf/ wf NYNINSN 


consists of nine strips arranged in triangular fashion so as to give 27 cells, 
in which the names of the lines are entered. A set of nine lines appear 
in each of three “ corners" of the diagram. The rule is that intersection 
occurs for any two lines which are in different corners and in the same 
strip, or in the same corner and not in the same strip. The object of this 
supplementary note is to show a method of filling up the diagram by 


* Proc. London Math. Soc., Ser. 2, Vol. 9, p. 349. 
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stages in such a way as to build up the configuration of lines in question 
ab initio, without any appeal to the geometry of cubies or quadries. The 
property of existence of the double six oceurs as an ineident of the 
process. 

The first stage consists in filling the nine cells of the top corner of 
the diagram with the lines in which any three planes z, y, z are cut by 
any three other planes z’, y’, z'. The lines may be regarded either as 
forming three triangles in planes z, y, z with the point z'y'z' as common 
centre of perspective, or conversely. The nine lines will be regarded as 
fixed base lines on which the rest of the figure is to be constructed. The 
two identical relations among the six planes may be written 


atyt2 = 2'+y'+2’, (1) 
az +-by+cz = a'x' +b'y' +c'e', (ii) 
whence the identity 
(atA z4- (b -À) y+ etA: = (a' 4-3) z' HOHA y' HeH, ii) 
true for all values of the parameter A. 


The second stage consists in supplying the first of the horizontal strips 
with six lines 1, 2, 8, 4, 5, 6. Such a set of lines are furnished by the 
following table :— 


2 | 4 6 


1 |(a*3)z- (a^*A)z' | (b+aAjy=(b'+anjy'| (c+A)z=(c+N)z' 


3 |(c+XA)z=(b'+ny' | (a+ajz=(c+a)e | (b+A)y = (a +A) 2’ 


5 | (b+A)y = (c tA)2' | (c+A)z = (a +a)z' | (a+a)z=(b+ajy' 
| 


The three planes whose equations appear in any row of the table are 
consistent in virtue of the identity (iii) and give a line of intersection, 
the name of which is put at the end of the row; and similarly for 
columns. Each of the lines 1, 8, 5 meets each of the lines 2, 4, 6; 
and each of the lines meets three of the fixed base lines. The condi- 
tions necessary to be observed in filing the strip of the diagram are 
all satisfied. The theorem which arises at this stage may be stated 
thus :—Given three triangles with a common centre of perspective, there 
exist a variable set of six lines, of which three meet the other three, such 
that each of the six lines meets three non-corresponding sides of the three 
triangles. (The variable lines satisfy 27 conditions with only 24 available 
parameters.) 
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The third stage consists in filling a second horizontal strip with six 
lines 1’, 2, 3’, 4’, 5', 6' obtained by changing the parameter A into a 
different value u. The fresh set of lines are properly related to the nine 
base-lines of the top corner, but they must also be properly related to the 
lines 1, 2, 8, 4, 5, 6. The twelve necessary intersections may be 
summarised as making a closed hexagon of the lines 1, 8’, 5, 1’, 8, 5’ and 
another closed hexagon of the lines 2, 4’, 6, 2', 4, 6'. Now consider any 
one of the intersections, say that of 1 and 8'. The planes 


(a+N)z = atr, b+Wy=b-+Ny, CHN = (C' +A) 2’, 
giving line 1, and the planes 
(c+u)z = (b u)y, (atue = (taz, — (bay = (a Tz, 
giving line 8', must be concurrent. Hence, by multiplication, 
SA) = flu), 


_ (a+ XXX) 
where JN = (a HACO 4- A) (e! +A) 


so that u is one of the other two roots of the cubic equation f(A) = k. 
The same condition gives rise to all the twelve intersections simul- 


taneously. The figure at this stage may be regarded as showing a 
variable double-six 135094 6 


1'8'5'2 4 6 


=k, say; 


(the only one in the figure), having each of its six pairs of lines meeting 
three non-corresponding sides of the three perspective triangles which 
form the base-lines. 

The final stage consists in filling the third horizontal strip with lines 
1", 2", 8", 4", 5”, 6", got by taking as parameter the third root v of the 
cubic equation f(A) = k. The last set of six lines are thus properly 
related to both the preceding sets and also to the base-lines. The con- 
struction of the configuration is now complete. If the parameter k is 
supposed to remain variable, the eighteen lines of the three horizontal 
strips are left poristically variable. They may be regarded as three 
double sixes (with each line common to two) resting on the nine base- 
lines: or they may be regarded as two perspective sets of nine lines, of 
the same kind as the base-lines of the top corner, with the three corners 
mutually related. 

The cubic surface containing the 27 lines has for its equation 


z'y2 = kryz. 
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It occurs here only as a final corollary to the elementary construction 
made with points, planes, and lines. 

2. Occasion may be taken here to supply an omission in $11 of the 
paper already quoted. In exhibiting sets of points such as 0, (a3 a,azag) 
and a, (CC C Cog) as being in perspective, the centre of perspective should 
be noted as cb». The line of collinearity of the points biaz, QC» and 
Cro dą is immediately apparent as the line of intersection of the two triple 
tangent planes 5,a,c,, and a4c,40,, and similarly for the remaining pairs 
of rays. The whole system of such perspectives on the sides of any one 
triangle of lines of the cubic is thus comprehended in the figure of lines 
in which the plane is cut by the remaining 44 triple tangent planes: 
namely, each side of the triangle counted four times, and 82 lines con- 
current, by sets of four, in eight points on each side. 

It may be worth stating a means of generating such a plane figure. 
The triangle being XYZ, let an involution of points containing the pair 
Y and Z have A and A’, B and B’, C and C', D and D', for other pairs. 
Starting from an arbitrary point P on XY a polygon PQRST may be 
drawn with its alternate vertices on XY and XZ and its consecutive sides 
passing through A, B', C, D' in order. It will be found that the position 
of T remains the same for all 24 permutations of the four letters A, B, C, 
D, the letters taken second and fourth being always accented: and further- 
more that the lines forming the 24 different routes from P to T' give, 
without deficiency or redundancy, the system of 82 lines in question. 

The theorem last stated holds good still if, more generally, the lines 
AY, XZ are replaced by a conic; and it takes a simple metrical form if 
Y and Z are supposed to be the circular points at infinity: namely, that 
taking a pencil of four pairs of lines a and a’, b and b’, c and c', d aud d' 
in symmetrie involution, suceessive reflection of an arbitrary point in 
a, U', c, d', or in any associated permutation, gives a closed system of 
16 image points. In this form the result is readily apparent by mere 
summation of angles. The figure is partially representative of the section 
of a cubie and its lines by a plane through one of the lines; and it may 
be completed by using an additional pair of reflectors e and e', so placed 
that the fifth and final image coincides with the original point. But the 
figure is mentioned only for the sake of its bearing on the more special 
case, and further consideration of 1t need not be pursued here. 
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Added October 96th, 1911.— 


A Barycentric Construction of the 27 Double Lines of a Class Cubic. 


The figure reciprocal to the more familiar one treated above consists 
of 27 lines concurrent by threes in 45 points. The triangular diagram 
summarising the system of intersections is again available. The proper- 
ties of the figure are immediately correlative to those of the original, and 
the analysis dealing with it may take precisely the same form. Neverthe- 
less much conciseness may be attained in the case of the reciprocal figure 
by the use of barycentric parameters. The following method of construct- 
ing the figure is an immediate interpretation, with slight modification 
only, of the analysis reciprocal to that which has been given. 

Take two triangles XYZ, X'Y'Z', and let their sides cut the common 
line of their planes in points A, B, C, A', B', C'. Let P be any point on 
the line. Let particles of mass z, y, z, at X, Y, Z be equivalent to unit 
particle at P: and let particles z', y', z' at X', Y', Z' be equivalent to 
minus-unity at P. The centroid of any set of the six particles at X, Y, Z, 
X’, Y', Z' is then the same point as the centroid of the remainder; and 
further the centroids of any three pairs are collinear. Let the centroid of 
zat X and x’ at X' be denoted by zz', and similarly for others. Consider 
the nine points arranged in the table :— 


zy | xz! yx 


They lie on lines 1, 3, 5, by rows, and on lines 2, 4, 6, by columns; 
and the lines 1, 8, 5 and 2, 4, 6 mutually intersect in the nine points. 
The set of lines 1, 2, 8, 4, 5, 6 are variable as P moves. The diagram of 
$1 represents the present process if the letters in the top corner are 
changed into capitals; and one of the horizontal strips is at present filled. 

If P moves to Q a set of lines 1’, 2’, 8’, 4’, 5’, 6’ are obtained. If, 
now, line 1’ meets line 8, it is one of the two lines meeting XX’, YY’, 
ZZ' and line 8. The plane through line 8 and either of these positions 
of 1' cuts the sides of the hexagon XX'YY'ZZ' in ratios whose product is 
unity. Hence the value of zyz/z'y'z' is the same for Q as for P: or, as 
equivalent, 


PA.PB.PC|PA'. PB'. PC = QA. QB. QC]QA' . QB’. QC. 
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This gives two alternative positions, say Q and R, for the point companion 
to P. The one symmetrical relation gives simultaneously all the twelve 
intersections necessary for entering the lines 1’, 2', 8’, 4’, 5’, 6’ in the 
second horizontal strip. As the associated pair of points P and Q vary in 
position the double six 

1 8 5 2 4 6 

vs 5' 2 4 6 


is itself variable, and rests on the nine lines joining the vertices of the 
triangles XYZ and X'Y'Z'. 

Finally, if the third point E is taken in addition, so that P, Q, R are 
a triad of points of the cubie involution determined by the two triads 
A, B, C and A', B', C', the set of lines 1", 2", 9", 4", 5", 6", fill the last 
strip properly and complete the configuration. 


Exratum.— Proc. London Math. Soc., Ser. 2, Vol. 9, p. 346, line 3 :— 


For ** from"' read *' form." 
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